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Seldon & Company’s Text-Books. 


DR. AVERY'S PHYSICAL SCIENCE SERIES. 


Ist. The Elements of Natural Philosophy. _ 

2a. A Teacher's Hand-Book: @ontaining Solutions to 
Problems, Additional Experiments, Practical Suggestions. 
ete., ete. 

3d. The Elements of Chemistry. 

4th. The Teachers Hand-Book, to accompany “ Avery’s 
spsteser= os” bo (in Press.) z 


The Elemenis of Natural “meat oa 460 pages. By 
ELr@r"Wl. Avery, Ph.D. 


The Book is an earnest and eminently successful atiempt to present the facts 
of the Science in a logical and comprehensible manner. The chapter especially 
Geroted to Energy has been pronounced, by competent and discriminating 
judges, the most satisfactory that has yet been written. ‘ 

The chapter on Electricity has met with the warmest expressions of ap- 
proral from prominent teachers, school supertntendents, and professors. The 
other chapters are equally good. 

The type is large and clear, the engravings are about four hundred in num- 
ber, and all artisticaliy executed. The printers and the engravers have tried to 
make this book as clear cut as the statements and definitions of the author. 


The Elements of Chemistry. A Text-Book ror Schools. 
By Enroy M. Avery, Ph.D., author of “ Avery's Elements of 
Natural Philosophy.” IIlustrated by nearly two hundred _ 
Weod Enegravings. 


We claim that this is the best book published on eae: yor School use. 

F is the most eleganily illustrated text-book on Chemistry that has been pwd 
fished For Schools. 

From the wonderful success which “ Avery's Naturat Philosophy” has 
secured (having been adopted withia the first year after its publication in 
over two hundred of the leading cities and schools of this country, and being 
generally admitted to be the leading school text-book on this sabject), it is 
but natural that both the public and the publishers should expect that his 
Chemistry would be a text-book of very wausual excellence. 


Sheldon & Company’s Text-Books. 


HISTORIES OF THE UNITED STATES, 


By Benson J. Lossrne, author of “Field-Book of the Revolu-- 


tion,” “Illustrated Family History of the United States,” &e. 


Lossing’s Primary History. For Becrxxers. A charm- 
ing little book. Elegantly illustrated. 288 pages. 


Lossing’s Outline History of the United States. One 
yolume, 12mo. = We invite the careful attention of 
teachers to some of its leading points. In elegance of appear- 
ance and copious illustrations, both by pictures and maps, we 

_ think it surpasses any book of the kind yet published. 


i. The work is marked by uncommon clearness of siotomens od 
#. The narrative is divided into SIX DISTINCT PERIODS, hamely: 
Discoveries, Settlements, Colonies, Tie Revolution, The Nation, 
and The Civil War and its consequences. —— 
3. The work is arranged in short sentences, so that the substance of 
each may be easily comprehended. 
The most important events are indicated in the text by heavy= 


4, 
rs 
5, Full Questions are framed for every verse. : 
6. A Pronouneing Vocabulary is furnished in foot-notes wherever 


. dA Brief Synopsis of topics is given at the close of each section. 
8. An Outline History of IMPORTANT EVENTS is given at the close 
of every chapter. 
9. The work is profusely illustrated by Maps, Charts and Plans ex- 
planatory of the text, and by carefully-drawn pictures of objects and events. 


Lossing’s School History. 383 pages. 
Containing the National Constitution, Declaration of 


Independence, Biographies of the Presidents, and Questions. 


This work is bei Be six chapters, each containing the record of an im- 
portant period. The First exhibits a general view of the Aboriginal race 
who occupied the continent when the Europeans came. The Second is a 
record of all the Discoveries and preparations for settlement made by indi- 
viduals and governments. The Third delineates the progress of all the Settie- 
ments until colonial governments were formed. The Fourth tells the story 
of these Colonies from their infancy to maturity, and illustrates the continual 
development of democratic ideas and paps tendencies which finally 
resulted in a political confederation. The Fifth has a full account of the im- 
portant events of the War for Independence ; and the Sixth gives a con- 
cise History of the Republic from iis formation to the present time, 


j i ils, and adapted to the 
These books are designed for different grades of pupils, Ege pia 


time usuaHy allowed for the study of this important subject. an € a 
the history of our country from its discovery to its present administration. 
The entire series is characterized by chastencss and clearness of style, accuracy 
of statement. beauty of typography, and fullness of illustration. The auihor 
spent the creater part of his life in collecting materia's for, and in writin 
, and his ability and ~eputation are a sufficient guarantee that the wor: 


uas been thoro' one, and a series of histories produced that will be in- 
valuable in comintees educating the youth of our country. 
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APE G EF 


THIS book is a new edition of the author’s Complete 
Algebra. The changes made in the original work are not 
sufficient to preclude the use of the old edition in classes 
with the new. The matter of the new edition runs article 
for article, and, with very inconsiderable differences, page 
for page, with the old. The changes made consist in the 
breaking up of the longer definitions and rules into short 
paragraphs, for the convenience of teacher and pupil in the 
class-room, the simplification of a few of the more abstruse 
demonstrations, the omission of quite a large number of 
“* suggestions ” to teacher and to pupil, and the substitution 
of simpler problems for a few that teachers generally have 
thought too difficult. These changes, together with the 
larger and more open page, and the more beautiful typog- 
raphy, it is thought will render the book still more accept- 
able to teachers than it has hitherto been. 

In effecting this revision the author has had the aid of 
several accomplished teachers who have been familiar with 
the practical workings of the book in the class-room. Of 
these, Prof. O. H. Churchill, of Oberlin College, has read 
the entire book and offered suggestions freely. With refer- 
ence to the changes made in the problems, the author has 
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been guided by the opinion of a large number of practical 
teachers who have used the book for years. 

The same thoroughness in the discussion of principles, 
comprehensiveness, philosophic accuracy, and clearness of 
statement, and the same careful adaptation to training the 
pupil to think clearly and express his thoughts with pro- 
priety, characterize this edition as won for the first its great 
popularity. This book is, therefore, not a mere child’s 
book, but is designed for pupils who have the knowledge 
of Arithmetic usually considered requisite for a commence- 
ment of this study. For less mature pupils the author has 
prepared another volume. 

This treatise is designed to lay the foundation of a good 
mathematical education. Algebra develops the mathemat- 
ical language, and is the great mathematical instrument. 
The Literal Arithmetic (see pages 1-210) is the basis of all 
mathematical training. Without a good measure of ability 
to handle the various forms of literal expressions—the more 
complex as well as the more simple—it is impossible to 
become a mathematician. Hence an unusual amount of 
care is bestowed upon this part of the work. A mere 
elementary knowledge of the simpler forms of numerical 
equations, is indeed easily obtained, but it is of very little 
worth. A thorough mastery of the elements of Algebra 
as presented in this volume is one of the most valuable 
_ acquisitions which can be secured in the schools, whether 
we consider its value as a mental discipline, or as a founda- 
tion for more advanced work. 

The attempt to train the pupil to methods of reasoning, 
rather than in mere methods of operating, has given char- 
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acter to the presentation of every topic. Propositions are 
clearly stated at the outset, and demonstrations are given 
in form, and with the rigor of a geometrical argument. 
That there is some defect in our methods of instruction, in 
this regard, must be painfully evident to every one who has 
been called to examine large numbers of our youth in this 
study. The author has examined for admission to college, 
from 25 to 150 different students from all parts of our coun- 
try, each year, for the last 27 years, and he has almost 
invariably found little or no knowledge of the processes as 
arguments, even when a good degree of skill in the use of 
the processes had been attained. Perhaps a majority of — 
those examined could multiply the square root of 2 by the 
cube root of 3, but scarce one in 50 could develop the pro- 
cess in a logical form, or, in most cases, give any rational 
account of it. Now, it need not be said that, in a course 
_ of education, this is a fundamental defect; it is failure just 
where success is vital. The processes of a mathematical 
science are of comparatively little worth to a great majority 
of those who study them ; the development of the reasoning 
powers to which such studies are addressed, is of the high- 
est importance to all. By teachers who cannot appreciate 
these truths, this book will very probably be misunderstood ; 
but to such as do feel the force of them, the author appeals 
with. the fullest confidence, not indeed that his book will 
meet the exigency, but that it will be welcomed as an effort 
in the right direction, and as a help in remedying this 
radical defect. __ 
The Introductory portion is found by many an adequate 
discipline for the younger and more immature pupils before 
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entering upon the treatise proper, while the Appendix 
makes the volume sufficiently comprehensive for many of 
our colleges. 

Grateful for the favor with which the original work, as 
well as all he has written, has been received ; the author has 
been stimulated to perfect, as far as possible, the different 
members of the Series, with the hope of rendering them 
still more useful. 

EDWARD OLNEY. © 


UNIVERSITY OF MICHIGAN, 
Ann Arbor, July, 1881. 
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of ALGEBRA 


HOW LETTERS ARE USED TO REPRESENT NUMBERS. 


Ex. 1. How many fives are 3 times 5 a 4 times 5 + 2 
times 5 2 Or 3 fives+ 4 fives+2 fives?* Or 3x54+4x5 
+2x5? Ans., 9 times 5, or 9 fives, or 9x 5. 

2. How, many dozen are 2 dozen+8 dozen+5 dozen+1 
dozen ? 

3. How many score are 3 score, 5 score, 8 score, and 
2 score ? 

4. Without performing any multiplications tell the sum 
of 2 times 8, 5 times 8, and 4 times 8. 

5. Needles are put up in papers, with the same number 
in each paper; how many are 3 papers-+5 papers + 4 papers 
+1 paper? 

Suggestion.—In each of the above exercises a certain number of 
units is taken in a group, the number being the same in each group 
in any one example; thus in Ex. 1, the groups are 5’s; in 2,a 
dozen ; in 3, a score; in 4, they are 8’s; in 5, some certain number, 
but we do not need to know what number. 


NOTE.—This Introduction is designed for pupils who have not 
studied the author's “ First Principles,’’ and for whom the body of 
this work may be deemed too severe. Somewhat matwre pupils, with 
a good knowledge of Arithmetic, will be able to commence at page 1 of 


the body of the work. 
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1. In Algebra we often wse letters to represent, or 
stand for, nwmbers. The following exercises will show 
how: 


6. Two times a certain number +7 times the same num- 
ber+ 4 times the same number, are how many; ¢. ¢, how 
many times that number ? 


7. Let a stand for a certain number. How many are 
4 times a+3 times a+2 times a? Ans., 9 times a. 


8. If we let m represent the number of needles in 1 paper 
of needles, how many needles are there in 5 papers+3 papers 
+1 paper, or how many times m are 57’s, 3m’s, and 1m? 
If m represents 25, how many are 9? 


2. Thus we may use any letter to represent any 
number, only so that it always means the same 
number in the same exercise. 


3. When a letter is used to represent a number, the 
figure which tells how many times the number repre- 


sented by the letter is taken, is just written before the 
letter, the word “times” being left out. 


Illustration. 3a means 3 times a, 4b means 4 times b, ‘7m means 
7 times m, 105¢ means 105 times the number represented by 2, what- 
ever that number may be. 


4, A Coefficient is a nwmber placed before a letter 
to tell how many times the letter is taken. 


A coefficient is therefore a factor. Thus in 5a, 5 and a@ are two 
factors of the number represented by 5a. The letters are called 
Literal factors. The figures are called the Numerical factors. Thus 
in 5a, 5 is the numerical factor. Letters may be used as coefficients 
as well as figures. If no figure stand before a letter, the letter is 
taken once, or its coefficient is said to be 1. 


Thus, m means one 
time m, and its coefiicient is 1. _ 


9. Mention the numerical coefficients and the literal fac- 
tors in the following expressions: 
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(1.) 6a 4-56 + 3m—4n, (3.) a—b—12¢. 
(2.) 8a—15m+22m—4b+2—y. (4.) 64+2c—m+4n—z, 


Queries.—Of what is 12 the coefficient in 122? Of what is & 
the literal factor? Of what is 12 the numerical factor ? 


10. What is the sum of 10a+5a+%a+2a?* If a stand 
for 13 what is the sum ? 
Ans., 10a+5a+7a+2a = 24a = 24x13 = 312. 
Query.—If the @ in 10a meant one number, in the 5a another 
number, the @’s in 7a and 2a still other numbers, could you answer 
this exercise in the same way? ‘You could not answer it at all. 


_ The @ must mean the same number all the time, in the same 
example. 


11. 3a+2a+5a+ 8a, are how many times a? Ans., 18a. 
How much is thisif @is6? Ans.,108. How much if a 
sis 11? Ans., 198. 


12. Eleven times 8, minus By times 8, are how many 
times 8? 

13. 11a—5a are how many times a? Eleven times any 
number, minus 5 times the same number, are how many 
times that number ? 

14. 12a—'Yaz = how many times x? How much is this 
if x represents 3? If 2 represents 24? Ans.~ to the 
last, 11. 

15. 56 + 46 + 106 — 120 = how many times 0? How 
much is 50+ 406+ 10b—124, if 6 = 32? 

16. How much is 3m+8m—4m+6m—5m—2m? How 
much is this if m = %? 

Solution. 8m+8m are 11m, 11m—4m are Tm, 7m+6m are 13m, 
18m—5m are 8m, 8n—2m are 6m. Hence the answer is 6m. If 
m = &, 6m = 6x%= 4. 


eS The pupil is presumed to be acquainted with the use of the signs. They are 
eeremes in the body of the full treatise, simply as a part of the science. 
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5. In such examples as the last you can add together all 
the quantities with the + sign into one sum, making in 
this case 17m, and all those with the — sign into another, 
making in this case 11m, and then subtract. Thus, 17m 
—11m is 6m, the same result as before. This is, generally, 
the better way to solve such examples. . 


17. How much is 10a7—4a—224+3¢—82+11la2? How 
much is it if zis 3? 


“18. How much is 10z—15z ? 


Suggestions.—Of course we cannot take 152 out of 107. But — 
we can take 10a of the 15a from the first 10x”, and there will then 
remain 52 of the 152, which cannot be taken out of the 10z. We 
indicate this by writing it —5a. This means that 5¢ was to be 
subtracted, but that we had nothing to take it from. 


19. How much is 3a—5x«—2x? Ans., —4x. 
Query.— What does this answer mean? 
20. How much is 12a4+3a—5a—20a? How much is 
this if a = 4. \ 
Query.—What does the answer mean ? 
21. How much is 2 times 3 times a certain number, asd? 
Ans., 6 times the number. 


22. How much is 5 times 7m? that is, 5 times 7 times a 
number which we will represent by m ? 
Ans., 35 times m, or 35m. 
23. How much is 6 times 8a? 1% times 3a? 10 times 


7b? 9 times 8y? 9 times 8 times a number are how many 
times that number ? 


24. How much is 3 times 7m, and 4 times 8m, minus 2 
times 22m, if m represents 6? Ans., 9m, or 54. 
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25. What is 10a divided by 2; that 1s, what is 4 of 

10a? 2a divided by 9 is how much? 
Ans. to the last, 3a. 

26. How many times a number is 10 times that number, 
divided by 2; that is, $ of 10 times a number ? 

27. How much is 4 of 48a? 25a divided by 5? +, of 
lla? lla divided by 11? ‘a divided by 7? 

28. Divide 10z by 5, then add 32, then multiply by 2, 
then subtract 4a, then divide by 3? What is the result? 


—— BRECTON Tl. 


COMBINATIONS OF LETTERS. 


6. When two letters representing numbers are writ- 
ten side by side, their product is indicated. 


Thus, a means the product of the two numbers repre- 
sented by a and 6, orax6. 3abc means 3 times the product 
of the numbers represented by a, 6, and ¢, or 3xaxbxe. 

[Note. Instead of saying, as above, the number represented by a, 
we usually simply say “the number a,” or, “a,” without using the 
word number at all. Thus we say 8 times the product of a, 6, 
and c¢.] 

4. If we want to represent the product of a number 
represented by a letter, as a, by itself a certain number 
of times, instead of writing ad, or aad, etc., as we 
might, we write a’, a’, etc. 

Thus. 5! means the same as 0000. a? is read ‘‘a square ;” 
a, “acube;” 04, “6 fourth power ;” 2°, “x fifth power ;”’ ete. 

[Do not read 0* ‘6 fourth,” but “& fourth power.” You will 
hereafter learn that 0” is “‘d fourth,” and is quite a different thing 
from 0*.] 


6 ' INTRODUCTION. 


The little figure placed at the right and a little 
above the letter is one form of what is called an 


Exponent. 


Thus in m?, 2 is the exponent of m, and m? means m times m. 
In 62°, 3 is the exponent of z, and 62° means 6 x@x2zx 2. 


[An exponent does not always indicate a product. It does this 
only when it is a whole number. Thus @~* does not mean aaa; 
and in a°, the exponent 2 has quite a different meaning from the 3, 
or —3, above. These other meanings of exponents will be ex- 
plained later in the work. ] 


Ex. 1. How much is 4a%, if a= 2, and 6=5? How 
much is 3a, if a=3, 6=2, 2=8? How much is 
ery, if a = 2;°6= ly fez st ; 


2. How much is a’? + 2ay — by, ee 4, 6=3, 
y=2? How much is 3a*%y—2ay? +58, the letters having 
the same values as before. How much is 5by—2ad'+ 4a8y* 
—2a? 


3. How many times ad? is 4a0? + 2at?— 3al?? How 
many times ay is 10a8y + 4a°y— 6a8y—ay ? 


4. How many times amy is 4 times 3am%4? How 
much* is 6 times 2amy3? 4 times 7a%J%c?? 10 times 
13mn?x3? 


5. How many times az is 4 of 20az? 4 of 35ax? 
102aa divided by 3? How much is ¢ of Ta 1252°y? 
divided by 25? 18ny8 divided by 9? 


8. We have learned in arithmetic that representing | 
numbers by the figures 1, 2, 3, 4, etc., is called Arabic or 
Decimal Notation. In like manner, representing numbers 
by the small letters of the alphabet, as a, , c, d, ---- 2, 
y, etc., is called Literal Notation. 


* This means the same as the preceding question. 
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The pupil will see that this Literal Notation is altogether a 
different thing from the Roman Notation, in which the seven capital 
letters, I, V, X, L, C, D, M, are used. Because the Literal Notation 
is so much used in Algebra, it is often called the Algebraic Notation. 
But this notation is just as much used in some other branches of 
Mathematics, as in Algebra. 


9. A Term is a group of letters combined together by 
multiplication, or division, or both. 


: 5 7 5a 
In the expression bara — 3a ee =; 5a’2, 3a, = and es 


are terms. 


A Monomial is an expression consisting of but one 
term. se 


A Binomial ‘is an expression consisting of ¢wo terms 
connected by the sign +, or —. 


A Trinomial has ¢hree terms. 
A Polynomial is an expression with more than one 


term. 

6. Point out the monomials, binomials, trinomials, and 
polynomials in the following: 2ax—30*, 5ay—bed+a—2y, 
3enay, ?—d*, a+m, at+b+ce—d, 225aed*, abcd, a—b, 
ab, c—ay+ax, +4, 100?+32y, Pv —y, 3a?may, —5x+3. 

10. Similar Terms are terms which have the same 
literal factors affected with the same exponents. 


” Point out the similar terms among the following: 
3ax%, 2ax, —5ara*, ax, 1%a2°, 16cy*, —12¢y?, 3a°2, —dcy’, 
6cy?, 10aa*, ey, 3a%x, Baa, 5la%x. 

ase. Positive Terms are terms which have the sign +. 

Negative Terms are terms which have the sign —. 


When no sign is expressed, + is understood. 
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RECTION IML 


HOW NUMBERS ARE ADDED IN THE LITERAL 


NOTATION. 


12. Rule.—I. Write the expressions so that similar 
terms shall stand in the same column. 


IT. Combine the terms in each column and write 
the result underneath with its own sign. 


The polynomial thus found is the swum. 


Ex. 1, Add 5ax—2cy, 3ax+4cy, cy—2ax, —4ax—3cy, 


—ax+5cy, and 2ax-+ 2cy. 


Operation.—Having written the numbers so 
that similar terms fall in the same column, we 
may begin to add with any column we choose. 
Adding the right-hand column we find it makes 
+7Tcy, and write this sum underneath the column 
added. In like manner the other column makes 
3az (or +38az), which, as it stands first, we write 
without any sign, as + will then be understood. 
The sum is 8a%+ Tey. 


(2.) 

Sed — 24 + 4ay 10am — 
red + 8a — Say — bam + 
8a — Ray 4am — 
— 6ed + l4zy Yam — 
— 3a— ‘Try — 9am + 
+ lla+ sy am + 

4ed — ld¢ am 


Sed + 24 + Say 


Sax — 2cy 
3ax + 4cy 
— 2ax + cy* 
— 4ax — 3cy 
—. az + Bey 
2az% + acy 
3ax + Tey 


(3.) 
3dy® + ae 
4dy® — 10a®x 
8dy8 — ax 
13dy5 + 6a’ 
2dy® — dare 
18dy5 — ae 
— 10ax 


* When no sign is expressed before a term, + is understood, 
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4, Add 5t—3a+b+7% and —4a—3x+25—9, : 
Sum, 2a—Ya+3b—2. 


5, Add 2a+3b—4c—9 and '5a—3b +: 2c¢—10. 
6. Add 3a+2b6—5, a+5b—c, and 6a—2c+3. 


7. Add 6ay—122*, —42?+3azy, 4a*—22y, and —3ay 
+ 42°, Sum, 4ay—82?. 


8. Add 3a?+4bce—e?+10, —5a®+6dc+2e—15, and 
—4a*— 9bc—- 102421. 2 


9. Add 5xy—3cx, 4a’y, ldcx, 13cy—ab, 1lab—12cx 
—9a*y, and —10ab—13cy. 


10. Add Yaa+3cy—5ax—cy + 3cy—ax+ lax—dy + 3e. 
11. Add —3ex8+ Bay, ax—3y, and 5—32*. 


HOW NUMBERS ARE SUBTRACTED IN THE LITERAL 
NOTATION. ; 


13. Rule.—Change the signs of the terms in the 
subtrahend, or conceive them to be changed, and add 
the result to the minuend. 


Ex. 1. From 5dy—6a?+3a* subtract 2by + 3a? +2, 


Operation. 
5by — 6a? + 328 Minuend, — 


—2by —3a?— 2° Subtrahend with signs changed. 
- The Remainder sought, which is the sum of the minu- 
Bby — 9a? =f 2x { end and the subtra end with its signs changed. 


8. From 3ar+50%y'—2m? take 3aa—D°y8— 3m? 
; Rem., 60y3 +m, 
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eo 
8. From 10a—3d+2e—a* subtract d—5e+2°. 
Rem., 10a—4b+ Te—22*. 
4, From 122y—3e+ad take buy + e—2ab. 
5. From 5@y—3ab take mz—2c*y. 
Rem. tey—3ab—mz. 
6. a w—I1lzyz+3a take —6zxyz+ 7—2a—dzry:. 
Rem., w+5a—%. 
14. When there is a term in the subtrahend which has 
no similar term in the minuend, we see that this term 
appears in the remainder with its sign changed. 
7. From 6ae?—2bdy3+4e—3ey take —2ae®+38y—3z 
—3cy +m. Rem., 8a2—2by8—3b8y + Ta—m. 
8. From 8m%z3—3a—4d take a&@—&. 
Rem., 8ma8—3a—46—2+B. 
9. From a?+2ad+28 take a®§—2ad+&. 
10. From +28 take @—R. 
11. From 3em—y take 26—3e. 
12. From 2°—2zy+1 take 4zy. 


RECTION V. 


HOW NUMBERS ARE MULTIPLIED IN THE LITERAL 
NOTATION. 


15. To multiply two Monomials together. 


Rule.—I. Multiply the nwmerical coefficients. To 
this product affix the literal factors, affecting each 
letter with an exponent equal to the sum of the 
exponents of that letter in both terms. 


MULTIPLICATION IN THE LITERAL NOTATION. 11 
IT. If the signs of the terms are alike, the sign 
of the product is +; if unlike, —. 


Ex, 1. Multiply 5az? by 3a’2°. 


Operation.—The product of the numerical coefficients 
3 and 5is 15. To this we affix the letters a and a; and Saar 
as a has an exponent 1* in the multiplicand, and 2 in the 9 
ae aa ED el Saran 
multiplier, we give it an exponent 3 in the product, and ——— 
© an exponent 5 for a like reason. The product is there- 1oaeae 
fore 15 a*a°. —— 


2. Multiply 10mn? by 3mn®. 3ay by 4a®y, Tex by 3ea. 
2a by a’. 

3. Multiply —5a? by 66. Product, —30a°*%. 
_ 4. Multiply —3a~ by —2a%x’y. Product, 6a'.c5y. 

5. Find the products of the following: —‘a’x by 2axy; 
10c?ma* by —3m*x; 9a by 4b; —am by —axy; 3ed? by 
—ab; —izxy by —x#y?; 3aa* by —5a*; —Tay by —10a%y ; 
5abx by —ca*; ax by cy. 


16. To multiply two Eigtors together when one or both 
are Polynomials. 


Rule.— Multiply all the terms of the multi plicand 
by each term of the multiplier, and age the pro- 


ducts. 


Ex. 1. Multiply 2a’x—3dy+4m by 2a%d?mn. 


Operation. —- It is immaterial 2a’ —3by + 4 
where we write the multiplier, 2a3h2m 
but we may as well write it as in (i SOE Tee 
arithmetic. So also it makes no Bmax —barbimy + 8a%m 
difference whether we begin at the 


* When no exponent is expressed, 1 is always understood. 
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right hand or the left to multiply. Jt is eustomary to arrange 
the letters in a term alphabetically ; thus we write 4a°b?mz instead of 
4b°a*2m, or any such form. There would be really no difference in 
the value of the terms, however, in whatever order the letters 
came, 


2. Multiply 6ax—da®x+3ax> by 2a*%2®; 2%my—3ey* by 
smc; 4ab—3ced +a by ay; a+b—c by x; 10a*m*x—Aany 
+3mas by 6a’y’. 


3. Multiply 3a*x?—2ay+52y by a@—2zxy. 


Operation. 
3a°x*? —2ays + Say 
a?—2ay 
Product by @’, 3a‘? —2a*y’ + Seay 
Product by —2ay, —Ga*a*y + 4ary*—102y* 


Sum of partial prod’s., 3a*2°—2a'y® + 5a*xy— ba*a*y + 4avy*— 102°y? 


There being no similar terms in these partial products, we can 
add them only by connecting them with their proper signs. 


4. Multiply 2—2ay+y? by 2a—3y. 


Operation. 
Y—2Qey+y? 
° 27—8y 
Product by 22, 2a>—4Aa*y + 2ry? 
: Product by —8y, —82"y + 6ry*?§—3y* 

Entire product, 2a —Ta°y + 82y?—3y*> _ 
Multiply a+n by a—n. Prod., a—n*, 
. Multiply at+a°+a@+a->-1 by a@—1. 

. Multiply @—2ab+8 by &@+2ad+B. 
Multiply m+n2 by m+n. 


CoO tn an 


Multiply m—n by m—n. 
10. Multiply 427—9y? by «+ 2y. 
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11. Multiply together z—3, x—5, x—4, and «—7, 
Prod. x!—1928 +1312®—3892 +420. 
12. Multiply 2+y4?+2—ay—az—yz by «+y+z. 
Prod. 2+ y+ 2A2—sa2yz. 


RYH ECTION VI. 


HOW NUMBERS ARE DIVIDED IN THE LITERAL 
NOTATION.° 


17. To divide Monomials when dividend and divisor 
consist of the same letter affected with exponents. 


Rule.—Swbtract the exponent of the divisor from 
that of the dividend. The common letter with this 
difference as an exponent is the quotient. If the 
signs of the divisor and dividend are alike, the 
ston of the quotient is + ; if wnlike, —. 

Ex. 1. Divide & by o& - Quot., a’. 

The student will observe that the product of the divisor and 
quotient must always equal the dividend. In this case, a* x a’=a’. 


2. Divide —a? by 2%. Quot., —2x. 
3. Divide —m* by —m*. Quot., m. 
4, Divide 4° by —34. . Quot., —2. 


5. Give the quotients in the following cases: y'’+y'; 
—e+at; ——a®; —&P+—. 


18. To divide one Monomial by another when there is 
no letter in the divisor which is not in the dividend, and 
no exponent in the divisor is greater than the exponent 
_of the same letter in the dividend. 
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Rule— Divide the numerical coefficients, and to 
the quotient annex the literal factors, affecting 
each with an exponent equal to its exponent in 
the dividend minus that in the divisor, and sup- 
pressing all factors whose exponents are 0. If 
the dividend and divisor have like signs, the quo- 
tient will have the sign + ; tf unlike, —. 


Ex. 1. Divide 156%2*y by 3dzy. Quot., 50x. 
2. Divide 21a%m8ny? by —a*mny. Quot., —3my. 
3. Divide —105a8y? by —21a*. Quot., day’. 
4. Divide —18mn’z by 6mnz. Quot., —3n. 


Give the quotients in the following: 
5. 12a’y? + 3ay. 


6. — 64ay? + 16a5y?. 

7. SilatyS + — 27asys, 

8. — 35a + — Taba’. 
9. 


24miy? - — 8miy?. 


19. General rule for dividing one Monomial by another. 


Rule.— Write the divisor under the dividend in 
the form of a common fraction, and then reduce 
this fraction to its lowest terms by cancelling all 
factors common to both numerator and denom- 
tnator. 


The sign of the quotient is determined as in the 
last case. 


10. Divide 180%? by 4a%2. 


Operation. 180°x°+4a*a? = <7 Now in 18 and 4 there is 


a common factor 2 which can be cancelled ; the a? in the numerator 
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will cancel two factors of @ from @ in the denominator, and leave 
a factor @ in the denominator, and in like manner 2? in the denom- 
inator cancels x* from the x in the numerator. , leaving a therein, 


18a72* Ox 
Hence, oe a 
11. Divide 12m?y? by 10m%y. 
Operation. 
Ce es 12m?y* Sx, 6y? 
12m*y?-10m'y = apr 
12. Divide 4802228 by —32a%3y2, Quot., — ag, 
13. Divide —30d528y by —40d5z+. | Quot., Ae 
14. Divide 6az by 4by. ~~ Ouot, 287, 
2by 
Ne llmy 
3 15. Divide —1llmy by 10nz. Quot., re 


_ Ex’s 16 to 21. Find the quotients in the following cases: 
240°x?—1l5ma?; —2laz* by —14am*; —dab by day; 16a*y? 
by —12a*/? ; aes by —32°; —4mn' by 8mn. 


20. To divide a Polynomial by a Monomial. 


Rule.— Divide each term of the dividend by the 
divisor; and write the quotients, connecting them 
with their own signs. 


22. Divide ci he a Ldata®y® by 3a*ay’. 
Operation. 
80727? ) 6a?aty’—12a°x*y* + 15a4a°y® 
2a°y' —Aaay* + 5a°a*y 
23. Divide 12a*y®’—16a5y5 + 20a%y!—28a'y® by —4aty®. 
24. Divide 15a*bc—20acy’+5ed? by —5abe. ne 
Quot., —3a+>-— oF 
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25. Divide 16m?a8—24m'2°+10miz3 by 2m*a2%, 
26. Divide 35a%b*y?+ 28a5l"*y3—49ab5y* by — Tab y?. 


21. To perform division when both ides: and divisor 
are Polynomials. 


Rule.—I. Arrange both dividend and divisor with 
reference to some letter found in both, t. e., place 
that term first at the left which has the highest 
exponent of this letter, the term containing the 
next highest exponent of this letter next, ete. 

IT. Divide the first term of the dividend by the 
first term of the divisor for the first term of the 
- quotient. 

ITI. Multiply the Dietios by this term of the 
quotient, and subtract the product from the divi- 
dend. To this remainder bring down as many 
terms of the dividend as may be necessary to form 
a new dividend. 

IV. Divide the first term of this new dividend by 
the first term of the divisor, and proceed as before, 
repeating the process till the dividend is all used. 
Ex. 1. Divide 6a*2*—4aa°—4a8z + 2+ at by —2az+a?+2% 

Operation.—Arranging dividend and divisor with reference to 
a, and proceeding according to the rule, we have the following : 

@—2ax+2° ) a*—4a°a+ 6a°a*—Aaz* + x* ( a?—2ae+2" 
a —2a°e+ ara? 
—20°%a + 5a7a? —4aa® 
—2a®e + 4a7a" — 2ax® 


aa" — 2ae8 + x 

a2? —2ax® +24 
The polynomials might equally well have been arranged with 
reference to «. Thus z*—2ar+a?) «t—4aa* + 6aa2—4a°2-+a'. This 


arrangement would give 2?—2ag+a? tor the quotient, which is 
essentially the same-as before, 
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2. Divide 2y?+a4+y4 by xy +a?+ y% 
U0t., c— , 

. Divide a?+2ab+0? by ato. : oo 

. Divide @—2ab+2 by a—d. 

. Divide 4ax+4a?+ a? by 2+. 

. Divide a+ + a?+a5 by @&—ab+e. 

. Divide 10ac¢+3¢ + 3a?+ 402+ 8ab+ 8be by Shas seo 

. Divide a—y by x—y. 


! 


aon Do fF 


Operation. 
t—y) By? (a+ ary 42%? +a0y* +y" 


9. Divide z‘—y" by e+. 
10. Divide 4a4—d+ by 2a—. 

11. Divide 20axt + 4a6 —4a6— 250°" by 2a8+ 2a°—daa. 
12. Show that (a@—é3)+(a?+ab+6) = a—6. 


A LITTLE ABOUT FACTORING. 


22. The Factors of a number are those numbers 
which multiplied together produce tt. 


Thus 3 and 4 are the factors of 12, because 3x4 = 12. 
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So a+b and a—®é are the factors of a’—Jé?, because 
(a+b) x (a—b) = a@—6&. Try it, and see. 

Ex. 1. What is the product of @ and 6? What are the 
factors of ab ? , 

2. What is the product of 3,7,and y? What are the 
factors of day? 

3. What does a? mean? What are the factors of a? 
What of a°0?? Of 5a80?? - 

Suggestion.—Such an expression as 5a°}? may be resolved in a 
great variety of ways: thus 5, a, a, a, 6, and 6 are-its factors; also, 
5, a’, and 07; also, 5, a?, a, and 0’; also, 5a, a, b and 8, etc. 

4. What is the product of a and e+y? What are the 
factors of az+ay ? 

5. What is the product of 3a and a—6? What are the 
factors of 3a°—3ab? Of 2a—2ab? 


THE SQUARE OF THE SUM OF TWO NUMBERS. 


Ex. 1. What is the product of a+6 and a+6? What 
are the factors of a?+-2ab+-6?? 


2. What is the product of +y and z+y? What are 
the factors of 2+ 2ay+y?? 


3. What is the product of 1+2 and 1+”? What are 
the factors of 1+-2a+4-22? 


23. We see from the last examples that the sqwarc of 
the sum of two numbers equals the square of one of 
them, + twice the product of the two, + the square 
of the second. Thus (a+6) x (a+6) is the square of the 
sum of the two numbers a and 4, and is equal to 
a+ 2ab+ 

This principle, and those in 24 and 25, are of great im- 
portance in factoring. 
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THE SQUARE OF THE DIFFERENCE OF TWO 
NUMBERS. 

Ex. 1. What is the product of z—y and.z—y? What 
are the factors of e—2ay +-y"? 

2. What is the product of m—n and m—n? What are 
the factors of m?—2mn-+ nn? ? 

3. What is the product of 1—z and 1—z? What are 
the factors of 1—2z2-+-2?? 

4. What is the product of 2—z and 2—z? What are 
the factors of 4—4x7+2? ? ; 


24. From these examples, we see that the square of 
the difference of two numbers is equal to the square 
of one of them, — twice the product of the two, + the 

square of the other. Thus (x—y) x (e—y) =#—2ay + y. 


THE PRODUCT OF THE SUM AND DIFFERENCE 
OF TWO NUMBERS. 

Ex. 1. What is the product of z+y and z—y? What 
are the factors of z?—y?? 

2. What is the product of a+ and a—b? What are 
the factors of a®—0?? 

3. What is the product of 1+ and 1—2? What are 
the factors of 1—2*? ; 

4, What is the product of 2+a and 2—a? What are 


the factors of 4—2?? ; 
285. We sce, from these examples, that the product of 


the sum and difference of two nwmbers is equal to the 
difference of their squares: Thus (z+y) x @—-yJ=e—Y¥. 


Ex. 1. What are the factors of 2a—2b? 
9. What are the factors of 3a*—3a%x ? 
8, What are the factors of e+ 2cd+d?? 
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. What are the factors of a?—2am-+m? ? 
. What are the factors of a’—e? 

. What are the factors of z?—2x+1? 

. What are the factors of 9—2?? . 
. What are the factors of a?+2a+1? 


OF oP 


QRECTION VII. 


HOW OPERATIONS IN FRACTIONS ARE PERFORMED 
IN THE LITERAL NOTATION. 


26. For the various operations in fractions in the 
literal notation, the ordinary rules of arithmetic for the 
corresponding cases apply, only, that the fundamental 
operations of addition, subtraction, multiplication, and 
division are performed by the preceding rules. 


TO REDUCE FRACTIONS TO THEIR LOWEST 
TERMS. 


27. What is the rule for this operation in arith- 
metic ? 
25a°m = 


Bx. 1. Reduce —— Bami2 a '0 its lowest terms. Result, = 


2. Redneon 1s Se to its lowest terms. 
12a?t?— 16a%d 
‘Saba +405? 
Suggestion.— Divide numerator and denominator by 4a7b. 


282? 
4, Reduce bce ie ct to its lowest terms. 
Taby 
14a*2?—21aa® + 56a522 


2808 —35ax4 


3. Reduce to its lowest terms. 


5. Reduce to its lowest terms. 
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6. EES tes on Saar aay len 9 its lowest terms. 


Suggestion.—Try a+. and see if it will not divide both terms 
of the fraction. , 


4. ee a to its lowest terms. Result aes 
= = 
—n 


m 
a ics to its lowest terms. 


8. Reduce — > 


Suggestion.— Will any monomial divide the terms of the fraction? * 


IMPROPER FRACTIONS REDUCED TO WHOLE 
OR MIXED NUMBERS. 


28. What is the rule for this operation in arith- 
metic? 


Ex. 1. Reduce = a to an integral form. 


Result, x—a. 


Suggestion.—Divide the numerator by the denominator. 


10a?— 13ax— 32 


2. Reduce FP 


to an integral form. 


: Roe eo __ 972 
1208 + 8aew—3act—2ax 1 a, integral form. 
4c? —ax 7 


3. Reduce 
10a? Fabs it 
5a+a2 


RO ae to an integral form. 
8ce+2ax* ; 


4. Reduce to an integral form. 


5. Reduce 


6. Reduce wt to an integral or mixed form. 


— 
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y) ay+b 
Sores 


Operation. 
ate 
y 


The term ay can be divided by y, giving 


a, But we can only-indicate the division of b by y, by writing it in 
the form - and as the sign of both} and yis+, the quotient © is +, 
and is to be added to a. 


20a°—10a%+4 


6. Reduce Bx 


to an integral or mixed form. 


Result, 4a2—24- . 


a 
7. Reduce = a to an integral or mixed form. 
Result, 2a 2. 


Query.—Why has ~ the — sign? 


Sa ae 
8. Reduce pal onda to an integral or mixed form. 
a+az 
Result, eat e———_ 
“+e 
9. Reduce —— ee ies to an integral or mixed form. Also, 
ab— 
x 


MIXED NUMBERS REDUCED TO IMPROPER 
FRACTIONS. 


29. What is the rule for this operation in arith- 
metic ? 


Ex. 1. Reduce pe to the form of a fraction. 


Operation.—The integral part isa. This multiplied by a makes 
a, From this } is to Re subtracted, because of the — sign. Thus 
—b 


we have for the result ~ 
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2. Reduce guia to the form of a fraction. Also, 
3a. 


8. Reduce a+z2— to the form of a fraction. 


a+ 2ax+27 
a—2z 
Suggestions.—The integral part, a+, multiplied by the denom- 
inator a—2, gives a?—2’, From this subtracting a? +.2ax+ 2°, as the 
sign before the fraction indicates, we have —2aa—2a*, Hence the 


—2a0— 22? 
result is —— : 
a—nx 


We may also write this thus: 


@+2ar+2?  v—a’—(a?+ 2aa+2%) 
ac a—2 : 


Now the quantity in the parenthesis is to be subtracted from the 
a*—z’?, Hence, changing the signs of the terms in the parenthesis, 
a —2 — a —2ax—2* 


and dropping the marks, we have a Adding 
similar terms, this becomes 
4, Reduce 1— ea 2ab +0 to the form of a fraction. 
a+ & 
2ab- 
Result, Cre 
2 a 
5. Reduce fogs cub as to the form of a fraction. 
5 — 22? 
Result, a+e e 
6. Reduce Foie eit ct ttiiction 
112?+5 
Result, ee 


By 
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TO REDUCE FRACTIONS TO EQUIVALENT FRAC. 
TIONS HAVING A COMMON DENOMINATOR. 


30. Give the rules of arithmetic for this process. 


We shall use only the method of multiplying both terms 
of each fraction by the denominators of all the other 
fractions. 


ag 


Ex. 1. Reduce — ro to equivalent fractions having a 


Results, aoe oe anf 
xyz? xyz? XYZ 


common denominator. 


2. Reduce é ; = »z to equivalent fractions having a 
by’? y’ 4 
a Gio = <6 
zy’ oy? 3 
3aa—sBay 3bx+3by cx? —cy* 
3a?—3y?? Bar—3y?’? 3a2®—3y?" 


common denominator. Also, 


Results of the last, 


TO ADD FRACTIONS. 


31. Lepeat the rules of arithmetic for this purpose. 


= ares az 5 and - Sum, oe, 
2. Add =, and ae sum, BE. 
3. Add — etal ee Sum, a 
4. Add 2+", ana eee Sum, at 
6. Add 74, ana t+ + Sum, SA 
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~ 


TO SUBTRACT FRACTIONS. 


32. What is the rule given in arithnvetic for this 
purpose. a 


22 x 5a 
Ex. 1. From 3 take Zz Rem., TF 
a b 2a—3b 
2. From 3 take 3" _ Rem, - é 
e—1 L-+2 20211 
3. From ae take — Rem., is 
4, From rae take ee _Rem., 
x—Y Z+Y x—y 
1—2? 1+22 — 4a? 
5. From ina take aro Rem., oe 


MULTIPLICATION OF FRACTIONS. 


33. How is a fraction multiplied by a whole 
number ? 


15a 
Kx. 1. Multiply <7 5 PY 5a’. Prod., “oF 
Malthe pea eD, (i eee 
2. ultiply 35 ae Tae 
1—2 
3. ‘Multiply 2 aa Prod., ere 
fee ee! 
4, Multiply ba apy Sa. Prod. 7 
/ a a 
5. Multiply 3a by z Prod., 


2 
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—2ab +h a@—2ab+b 

6. Multiply “ oun by a+. Prod., rates 
: 20a 
7. Multiply 10a? by Prod. —— 


8, Multiply _ by 6; by 8; by 10. 


— 


9. Multiply — by 3; by 5. 


34, Give the rule for multiplying one fraction by 
another. 


da 


Ex. 1. Multiply = by me Prod., aR 
2. Multiply ; by . Prod., iy 
3. Multiply se by ad Prod., a 
4, Multiply Sst by aia Prod., cat 
5. Multiply ot by Pods ee 


DIVISION OF FRACTIONS. 


35. How is a fraction divided by a whole number ? 


MSA Red 3a 
Ex. 1. Divide Be by 2a’. Quot., ie 


pos 
2. Divide Be by 2a*b. Quot., BH 
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' aaa a+b 
3. Divide ——~ by a—2. * 
Ayge zty 9%  Quot., ery 
Sen —0" e2— PP 
4. Divide Ee by z—y 0b. = >" 


36. How is any quantity divided by a fraction? 
Ans. By multiplying it by the divisor inverted. 


Ex. 1. Divide 6 by ae : Quot, %. 
2. Divide = by “ , ii Quot., = 
8. Divide ie by ro ; Quot., ==. 
4. Divide “=> by me 

OR oer ee ar 
6. Divide = TY py FY. Quot,, 2— 4. 
6. Divide aS —— Quot,, "A=, 


HOW PROBLEMS ARE SOLVED IN ALGEBRA. 


Ex. 1. John is 3 times as old as James, and the sum of 
their ages is 32; how old is each? — 
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Solution. —To solve this by Arithmetic, we reason thus: Since 
John’s age is 8 times James’s, both their ages together make 4 
times James’s age, and this is 32 years. Now 4 times James’s 
age = 32 years. Hence, James’s age is } of 32, or 8 years ; and 
John’s age being 3 times James’s, is 8 x 8, or 24 years. 


To solve it by Algebra, we proceed as follows: Let 2 represent 
James’s age; then, since John is 3 times as old, 3a will represent 
his; the sum of their ages will be 3¢+a. Now since the sum of 
their ages is 32, 83e+a = 82; or, 4a = 32. If 4a = 32, « = } of 82, 
ora = 8. Hence, James’s age is 8, and John’s being 32, is 3x 8, 
or 24. 


37. The expression 3x+2 = 32 is what is called an 
Equation; and it is by the use of equations that we 
solve problems in Algebra. 


2. A merchant said that he had 72 yards of a certain 
kind of cloth, in three rolls. In the first roll, there were 
a certain number of yards ; in the second, 3 times as many 
as in the first; and in the third, twice as many as in the 
first. How many yards were there in the first roll ? 


Suggestions. 


The equation is U+8r+2a = 72 
Now, «+32 + 2a is 6a, hence 62 = 72 
And if 6% = 72, 2, or 1a, is 4 of 72, t= 12 


Queries.—What does the x stand for? Answer, The number of 
yards in the first roll. In this problem which is the most, «+ 3a+4 2a, 
or 72? To start with, do you know how much ais? Then is ita 
known, or an unknown quantity, at the outset ? 


38. The answer to a problem is represented in the 
beginning of the solution by one of the latter letters of 
the alphabet, usually z, if there is need of but one letter, 
and is called the Unknown Quantity. 


3. A boy on being asked how old he was, replied, “If 
you add to my age 3 times my age, and 5 times my age, 
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and subtract twice my age, the result will be 49 years. 
How old was he ? 


Suggestions. 


The equation is a+ 30+5e—227 = 49 
. Hence, since 2+ 32+ 5a—2z is 72, Ya = 49 
If 7 = 49, « = 3 of 49, or Ge Tf 


4. There are three times as many girls as boys in a 
party of 60 children. How many boys are there? How 
many girls? 

5. In a barrel of sugar weighing 200 lbs., there are three 
varieties, A, B, and C, mixed. There is 7 times as much 
of B as of A, and twice as much of C as of A. How much 
of A is there? How much of each of the other kinds? 

Ans., Of A, 20 Ibs.; of B, 140 lbs. ; of C, 40 Ibs. 

6. There were 4 kinds of liquor put into a cask, 2 times 
as much of the second as of the first, 2 times as much of 
the third as of the second, and 2 times as much of the 
fourth as of the third. The cask sprang a leak, and three 
times as much leaked out as was put in of the first kind, 
when it was found that there were 36 gallons remaining. 
How much was there put in of each kind ? 

Suggestion.—The equationis «#+22%+47+8r—3e = 36. 


7. In a pasture there are a certain number of cows 
and 23 sheep, in all 34 animals. How many cows are 
' there ? 

Solution.—As it-is the number of cows we seek, let x represent 
the number of cows. Then 2+23 is the number of animals in the 
pasture, and the equation is 

U4+23 = 34. 

Now the #+23 means just the same thing as the 34, that is 
a+23 = 34. So, if we subtract 23 from each, there will be just as 
~ much left of one as of the other. Subtracting 23 from «+ 23, there 
remains 2, and subtracting 28 from 34, there remains 11. Hence 
m= 11; that is, there are 11 cows, 
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39. The part of an equation on the left of the sign = is 
called the First Member. and that on the right, the 
Second Member. 


Note.—The pupil must not think because these examples are so 
simple that he can “ do them in his head,” that therefore algebra is 
a very clumsy method of solying problems, He will find by and 
by, that though the equation does not really help any in the solu- 
tion of such simple questions, it will solve a great many very diffi- 
cult ones about which he might puzzle his brains a great while to 
no purpose, if algebra did not come to his aid. Stick to it, then, 
and learn how to use this new instrument, the Hguation, and you 
will by and by find it Woneerrany useful. It is a grand patent for 
solving problems. 


8. In a certain pasture there are three times as many 
horses as cows, and 20 sheep. In all there are 100 animals. 
How many cows are there? How many horses? 


Suggestions. 

The equation is “+ 32+ 20 = 100 
Subtracting 20 from each member, «+32 = 80 
Uniting the terms of the first member, 4a = 80 
Dividing each member by 4, x = 20 


Hence there are 20 cows; and, as there are three times as many 
horses as cows, there are 60 horses. 


9. In a basket of 60 apples there are 4 times as many 
red apples as yellow,and 10 green apples. How many 
yellow apples are there? How many red? 


10. John and James together have 75 cents. James 
has 25 cents less than John. How many cents has John ? 


Suggestions.—Let 2 represent the number of cents which John 
has. Then, as James has 25 cents less, e—25 will represent what 
he has. But both together have 75 cents, Hence the equation is 


Now, if we drop the —26 from the first member, we make this 
member 25 greater than it now is, 7. ¢,%+# is 25 greater than 


‘ 
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«+x—25. Therefore, if we add 25 to the second: member, making 
it 100, the members will still be equal.* 


This gives +2 = 100 
or, 2a = 100 
Hence a= 50 


That is, John has 50¢. 


11. A merchant has 90 yards of cloth in two pieces. 
The longer piece lacks ten yards of containing 3 times as 
much as the shorter. How much in each piece? 

Suggestion.—The equation is «+32—10 = 90, 


12. Divide the number 50 into two parts so that one 
part shall lack 10 of being 5 times the other. 

Suggestions.—The parts are represented by a, and 5z—10. They 
are 10 and 40. 

18. Divide the number 50 into 3 parts, such that the 
second shall be 5 more, and the third 15 less than the first. 

The parts are 20, 25, and 5. 
Suggestion.—The equation is 7+%+5+a#—15 = 50. 


14. There are 52 animals in a field. Twice the number 
of cows+11 is the number of sheep, and 3 times the num- 
ber of cows —13 is the number of horses. How many of 
each kind ? Ans., 9 cows, 29 sheep, and 14 horses. 


15. A man said of his age, 
“Tf to my age there added be 
One-half,+ one-third, and three times three, 
Six score and ten the sum will be. 
What is my age? Pray show it me.” 


Suggestion.—The equation is e+e ato = 130. 


* The word “ Transposition ” is purposely omitted from this introduction. Nor 
is the idea designed to be presented. It will be better for the pupil to “think - 


out” the process, as above. 
+ Meaning “‘ one-half my age,” “‘ one-third my age.” 
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Subtracting 9 from each member, 


SENG 
a 3 SIP bie 
Now, we can get rid of the fractions in the first member by mul- 

tiplying it by 6, the product of both the denominators. Thus, 6 
times the first member is 6¢+38¢+2e. Then, if we also multiply 
the second member by 6, the products will be equal. For if two 
quantities are equal, 6 times one of them is equal to 6 times the 
other, 


Hence we have 62+32+ 2a = 726 
Uniting terms, lig = 726 
Dividing by 11, : x = 66 


16. Mary gave half her books to Jane, and one-third of 
them to Helen, when she had but 2 left. How many had 
she at first ? 

Suggestions.—Let @ represent the number of books Mary had at 
first. Then she gave Jane 5 and Helen 3 books. And what she 
gave the other girls, added to what she had left, makes all she -had 
in the first place. Hence the equation is 

2 2 


Multiplying each member by 6, 3a + 2@+12 = 6a 
Subtracting 52 from each member, ie 
That is, Mary had 12 books at first. 


17. A boy lost 25 cents of some money which his uncle 
gave him, and gave half he had left to his brother. He 
then earned 50 cents, when he had just as much as his 
uncle gave him. . How much did his uncle give him? 


Suggestions.—Let z = the number of cents his uncle gave him. 
Then he had e—25 cents after losing 25 cents. After giving away 


half of this, he had the other half, or ~— : cents, left. He then 


‘earned 50 cents, and the amount he had was equal to what his 
uncle gave him, 
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Hence the equation is a 50=2 
Multiplying each member by 2, t—25 +4100 = 2e 
Uniting, —25+ 100 makes 75, and +715 = 2@ 
Subtracting z from each member, ' = 2 


18. A boy being asked how many marbles he had, said, 
“Tf I had five more than I have, half the number sub- 
tracted from 30 would leave twice as many as I now have.” 
How many marbles had he? 


Suggestions.— Letting x represent the number of marbles the boy 
had, the equation is 
+5 ‘ 
380——— = 2z. 
3 2a, 

Now there is a little peculiarity about this equation, which the 
pupil must be careful to notice whenever it occurs, or he will make 
a great many mistakes. It is this: When we multiply each mem- 
ber by 2, to get rid of the fraction, we must write 60—«—5 = 4a. 


The mistake would be to write 60—#2+5 = 42. The explanation 
is, that the — sign before the fraction Bee does not belong to the 
2, but to the fraction as a whole. The sign of 2 in the fraction 


2 
What then becomes of the — sign before the fraction, if it is not the 


same as the sign of « in the equation 60—a—5 = 4a? It has been 
dropped, since the thing signified by it has been performed, and 
the — sign before the @ is the sign of that term in the original 


equation, changed. In like manner we subtract +5, by changing 
The boy had 11 marbles. 


49 i +, since wher no sign is expressed + is understood. 


its sign. 
19. What is the value of x in the equation 3¢— 


oe ae 


Suggestions.—Multiplying each member by 3, 
Wehave 9v—2 +20 = 64 


Hence, = 6 
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20. Find the value of « in the equation 


Fe = pied Ans. « = 5. 
2 3 
21. What is the value of z in the equation 
a—1 e+4 _ r+3 x ea 
a ee era ? Ans., & = A0z85. 
22. Show that in 
e—1 28—a¢~ 442 
Be sis 5 Sito Shang 


23. Two boys were to divide 32 marbles between them 
so that $ of what one had should be 5 less than what the 
other had. How many was each to have ? 


Sugg2stions.—Letting x = what one had, 
then 32—a = what the other had. 
The equation is 5+5 = 32—2, 
or oe +5 = 2. 


Quory.— Why will either equation answer the purpose ? 

24. What number is that to which if 7 be added, half 
the sum will be 8 more than 4 of the remainder of the 
number after 3 has been subtracted ? 

Equation a -- = = 8. Ans., & = 18. 

25. The sum of two numbers is sixteen, and the less 
number divided by three is equal to the greater divided by 
five. What are the numbers ? 


Suggestion.—Let 2 and 16—2# represent the numbers. 

26. Divide twenty-two dollars between A and B, so that 
if one dollar be taken from three-fourths of B’s share, and 
three dollars be added to one-half of A’s money, the sums 
shall be equal, How many dollars will each haye ? 
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27. The sum of two numbers is thirty-three. If one- 
sixth of the greater be subtracted from two-thirds of the 
less number, the remainder will be seven. What are the 
numbers ? 

28. The sum of A’s and B’s money is thirty-six dollars. 
If five-eighths of B’s, less two dollars, be taken from three- 
fourths of A’s, the difference will be seven dollars. How 
many dollars has each ? : 

29. The difference between two numbers is twenty-five ; 
and if twice the less be taken from three times the greater, 
the remainder will be eighty. What are the numbers ? 

30. A and B gain money in trade, but A receives ten 
dollars less than B. If A’s share be subtracted from twice 
B’s, the remainder will be fifty-seven dollars. How much 
money did each receive ? 

31. One number is four less than another, and if twice 
the less be subtracted from five times the greater, the 
remainder will be thirty-eight. What are the numbers ? 

32. Two farms belong to A and B. A has twenty acres 

less than B. If twice A’s number of acres be taken from 
three times B’s, the remainder will be one hundred. How 
many acres has each? 
' 33. One number is seven less than another, and if three 
times the less be taken from four times the greater, the 
remainder will be six times the difference between the two 
numbers. What are the numbers? 

34. Anna is four years younger than Mary. If twice 
Anna’s age be taken from five times Mary’s, the remainder 
will be thirty-five years. What is the age of each ? 

35. One number is ten less than another. If three times 


- the less be taken from five times the greater, the remainder 
will be seven times the difference of the two numbers. 


’ What are the numbers ? 


) 
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SANTRODUCTIIWS 


GRECTON I. 


A BRIEF SURVEY OF THE OBJECT OF PURE MATHE- 
MATICS AND OF ITS SEVERAL BRANCHES. 


1. Pure Mathematics is a general term applied to 
several branches of science, which have for their object the 
investigation of the properties and relations of quantity 
—comprehending number, and magnitude as the result of 
extension—and of form. 


2. The Several Branches of Pure Mathematics are 
Arithmetic, Algebra, Calculus, and Geometry. 


3. Arithmetic, Algebra, and Calculus treat of number, 
and Geometry treats of magnitude as the result of extension. 


4. Quantity is the amount or extent of that which may 
be measured ; it comprehends number and magnitude. 


The term quantity is also conventionally applied to sym- 
bols used to represent quantity. Thus 25, m, XI, etc., are 
called quantities, although, strictly speaking, they are only 


representatives of quantities. 

It is not easy to give a philosophical account of the idea or ideas, 
represented by the word Quantity as used in Mathematics; and 
~ doubtless, different persons use the word in somewhat different 
senses, It is obviously incorrect to say that “ Quantity is anything 
- which can be measured.” Quantity may be affirmed of any such 
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concept; nevertheless, it is not the thing itself, but rather the 
amount or eatent of it. Thus, a load of wood, or a piece of ground, 
can be measured; but no one would think of the wood or piece of 
ground as being the quantity. The quantity (of wood or ground) 
is rather the amount or eatent of it. 


The word is very convenient as a general term for mathematical 
concepts, when we wish to speak of them without indicating 
whether it is number or magnitude that is meant. Thus we say, 
““m represents a certain quantity,” and do not care to be more 
specific. 

As applied to number, perhaps the term conveys the idea of the 
whole, rather than of that whole as made up of parts. It is, there- 
fore, scarcely proper to speak of multiplying by a quantity ; we 
should say, by a number. On the other hand, when we apply the 
term quantity to magnitude, it is with the idea that magnitude 
may be measured, and thus expressed in number. 


The distinction between quantity and number is marked by the 
questions, ‘‘ How much ?” and “ How many?” 


“ 5. Number is quantity conceived as made up of parts, 
and answers to the question, ‘‘ How many?” 


Thus, a distance is a quantity; but, if we call that distance 5, 
we convert the notion into number, by indicating that the distance 
under consideration is made up of parts. Again, m may mean a 
value, as of a farm. We may or may not conceive it as a number 
(as of dollars). If we think of it simply in the aggregate, as the 
worth of a farm, m represents quantity ; if we think of it as made 
up of parts (as of dollars) it is a number. 


6. Number is of two kinds. Discontinuous and Con-- 
tinuous. 


¢@. Discontinuous Number is number conceived as 
made up of finite parts l or it is number which passes from 
one state of value to another by the successive additions 
or subtractions of finite units; 7. ¢., units of appreciable 
magnitude. 
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8. Continuous Number is number which is conceived 
as composed of infinitesimal parts yf or it is number which 
passes from one state of value’ to another by passing 
through all intermediate values, or states. 


Number, as considered in Arithmetic, and in this volume, is 
Discontinuous Number, Thus 5 grows till it becomes 9, by taking 
on additions of units of some conceivable value ; as when we consider 
it as passing from 5 to 9, thus, 5, 5+1 or 6, 64+1 or 7, 7+1 or 8, 
8+1or9. If the increment were any fraction, however small, the 
Sorm of the conception would be the same. 

Time affords a good illustration of Continuous Number. We 
usually conceive time as a discontinuous number, as when we think 
of it as made up of hours, days, weeks, etc. But it is easy to see 
that such is not the way in which time actually grows. A period 
of one day does not grow to be a period of one week by taking on 
a whole day at a time, or a whole hour, or even a whole second. 
It grows by imperceptible increments (additions). These incon- 
ceivably small parts, by which time is actually made up, we call 
infinitesimals; and number, when conceived as made up of such 
infinitesimals, we call Continuous Number. 


9. Arithmetic treats of Discontinuous Number,— 
of its nature and properties, of the various methods of 
combining and resolving it, and of its application to prac 
tical affairs. 


The leading topics of Arithmetic are: 
hile Notation; i. e., methods of representing number, as by the 
characters, 1, 2, 3, 4, etc., or by letters, as, a, b, m, n, 2, Y, ete. 
2. Properties of Numbers or deductions from the methods of 
Notation. 


3. Reduction, as from one scale to another, from one denomina- 
tion to another, from one fractional form to another, or, in short, 
from any one form of expression to another equivalent form. 


4. The various methods of combining number, as by addition, 
multiplication, and involution. 


5. Resolving Number, as by subtraction, division, and evo- 


 -Jution. 
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And all these processes as affected by the use of any notation, 
and upon integral or fractional discontinuous numbers of any 
kind. ; 

Arithmetic, therefore, philosophically considered, embraces 
much that is usually classed as Algebra. Thus all that usually 
precedes Simple Equations, and all that is embraced in this Part I, 
is simply a repetition and extension of the processes of Arithmetic 
with a new notation—the literal. Again, logarithms are nothing 
but a new scheme of notation, by means of which certain com- 
binations are more readily effected; and the making of logarithms 
is but a reduction from one form of expression to an equivalent 
one in another notation. In the ordinary notation, a certain 
number is represented thus, 256; in the logarithmic notation it is 
2.40824. 


10. Algebra treats of the Hgwation, and is chiefly 
occupied in explaining its nature and the methods of 
transforming and reducing it, and in exhibiting the 
manner of using it as an instrument for mathematical 
investigation. , 


The whole province of the relations of quantity, continuous or 
discontinuous number, is covered by Algebra, so far as the equation 
can be made the instrument of investigation. Much, therefore, of 
what is found in our Arithmetics can be more expeditiously treated 
by Algebra. Such are the subjects of Ratio, Proportion, the 
Progressions, Percentage, Alligation, etc. In fact, the equation is 
the grand instrument of mathematical investigation, and demonstrates 
its efficiency in every department of the science. To hope to get on in 
mathematics without Algebra, is to expect to walk without feet. 


11. Calculus treats of Continuous Number, and is 
chiefly occupied in deducing the relations of the infini- 
tesimal elements of such number from given relations 
between finite values, and the converse process, and also 
in pointing out the nature of such infinitesimals and the 
methods of using them in mathematical investigation. 


12. Geometry treats of magnitude and form as the 
result of extension and position. 
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The principal divisions of the science of Geometry are: 


1. The Ancient, Special, or direct Geometry (the common Geome- 
try of our schools), including Trigonometry, Conic Sections, and all 
other geometrical inquiries conducted upon these methods. 

8. The Modern, Indirect, or General Geometry (usually called 
Analytical), and 


3. Descriptive Geometry. 


SYNOPSIS. 
Subject of Section. | Quantity: Uses of the term. 
Definition of Pure Mathematics: | Number: Illustration of: Kinds 
Several Branches of. ‘ of: Illustration of kinds. 
Subject Matter of the Several | Arithmetic: Topics of. 
Branches. Algebra—Calculus—Geometry. 
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LOGICO-MATHEMATICAL TERMS. 


15. A Proposition is a statement of something to be 
considered or done. 


- Mustration. —Thus, the common statement, ‘ Life is short,” is a 
proposition; so, also, we make, or state a proposition, when we 
say, ‘Let us seek earnestly after truth.”—‘ The product of the 
divisor and quotient, plus the remainder, equals the dividend,” and 
the requirement, “To reduce a fraction to its lowest terms,” are 
examples of Arithmetical propositions. 


14. Propositions are distinguished as Avioms, Theorems, 
Lemmas, Oorollaries, Postulates, and Problems. 


15. An Axiom isa proposition which states a princi- 
ple that is so simple, elementary, and evident, as to require 
no proof. 


Illustration —Thus, “A part of a thing is less than the whole of 
it,” “ Equimultiples of equals are equal,” are examples of axioms. 
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If any one does not admit the truth of axioms, when he understands 
the terms used, we say that his mind is not sound, and that we 
cannot reason with him. 


16. A Theorem is a proposition which states a real or 
supposed fact, whose truth or falsity we are to determine 
by reasoning. 

Ilustration.—“‘ If the same quantity be added to both numerator 


and denominator of a proper fraction, the value of the fraction will 
be increased,” is a theorem. 


17. A Demonstration is the course of reasoning by 
means of which the truth pr falsity of a theorem is made 
to appear} The term is also applied to a logical statement 
of the reasons for the processes of a rule. A solution tells 
how a thing is done; a demonstration tells why it is so done. 
A demonstration is often called proof. 


18. A Lemma is a theorem demonstrated for the 
purpose of using it in the demonstration of another 
theorem. 


illustration.—Thus, in order to demonstrate the rule for finding 
the greatest common divisor of two or more numbers, it may be 
best first to prove that “A divisor of two numbers is a divisor of 
their sum, and also of their difference.” This theorem, when 
proved for such a purpose, is called a Lemma. 

The term Lemma is not much used, and is not very important, 
since most theorems, once proved, become in turn auxiliary to the 
proof of others, and hence might be called lemmas. ~ 


19, A Corollary is a subordinate theorem which is 
suggested, or the truth of which is made evident, in the 
course of the demonstration of a more general theorem, 
or which is a direct inference from a proposition. 

Illustration.—Thus, by the discussion of the ordinary process of 
performing subtraction in Arithmetic, the following Corollary might 
be suggested: “Subtraction may also be performed by addition, as 


we can readily observe what number must be added to the subtra- 
hend to produce the minuend.” 
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20. A Postulate is a proposition which states that 
something can be done, and which is so evidently true 
as to require no process of reasoning to show that it is 
possible to be done. We may or may not know how to 
perform the operation. 


Illustration. —Quantities of the same kind can be added together. 


21. A Problem is a proposition to do some specified ~ 
thing, and is stated with reference to developing the 
_ method of doing it. 


Iflustration.—A problem is often stated as an incomplete sentence, 
as, “To reduce fractions to forms having a common denominator.” 


22. A Rule is a formal statement of the method of 
solving a general problem, and is designed for practical 


application in solving special examples of the same class. 
Of course a rule requires a demonstration. 


23. A Solution is the process of performing a problem 
or an example. It should usually be accompanied by a 
demonstration of the process. 


24. A Scholium is a remark made at the close of a 
discussion, and designed to call attention to some particular 
feature or features of it. 


Illustration. —Thus, after having discussed the subject of multi- 
plication and division in Arithmetic, the remark that “ Division is 
the converse of multiplication,” is a scholium. 


SYNOPSIS. 
Subject of Section. Lemma. Jii—Why the term is 
Proposition. 7/.—Varieties of. unimportant. 
Axiom. Tl:—One who will not | Corollary. 4. 
admit the truth of. Postulate. Jd 
Theorem. JU. Problem. How stated. IU. 


Demonstration. Difference be- ; Rule. 
tween a solution and a demon- | Solution. 
stration, F ! Scholium. 7. 


PART lI. 


_ ‘@CHAPTER, I. 


FUNDAMENTAL RULES. 


25. A System of Notation is a system of symbols 
by means of which quantities, the relations between them, 
and the operations to be performed upon them, can be 
more concisely represented than by the use of words. 


SYMBOLS OF QUANTITY. 


26. In Arithmetic, as usually studied, numbers are rep- 


NOTE.—Part First treats of the familiar operations of Addition, 
Subtraction, Multiplication, Division, Involution and Evolution, and 
the theory of Fractions. The only difference betiveen the processes here 
developed and those with which the pupil is already familiar, grows 
out of the notation. Hence appears the appositeness of the term 
Literal Avithmetic. _ Hence, also, the teacher should be careful that — 


the pupil see the unity of purpose, and the reason for any difference 
in method of execution, 
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resented by the characters, 1, 2, 3, 4, 5, 6, 7, 8, 9, 0, 
called Arabic figures, or, simply, figures. 


2%. In other departments of mathematics than Arith- 
metic, numbers or quantities are more frequently repre- 
sented by the common letters of the alphabet, a, 4, c, 

-.™, NM... , y, 2 These letters may, however, be, 
sails in Arithmetic; and the Arabic figures are used in all 
departments of Bo ematios 

This method of representing quantities by letters is 
often called the Algebraic method, and the method by 
the Arabic characters, the Arithmetical. It would be 
better to call the former the Literal method, and the 
latter the Decimal. 


28. The Literal Notation has some very great advan- 
tages over the decimal for purposes of mathematical’ 
reasoning : 

1st. The symbols are more general in their significa- 
tion ; and 


2d. We are enabled to detect the same quantity any- 
where in the process, and even in the result. Thus it 
happens that the processes become general formulas, or 
rules, instead of special solutions. 


Iilustration.—To illustrate the first statement, suppose we say a 
boy has 7 apples; you know just how many are meant. But when 
we say a boy has d apples, nobody can tell how many he has. In 
fact, it is not designed to tell the exact number, but only to say 
that he has some number. Again, 7 represents the same number of 
units always; but a letter may be used to represent any number of 
units we please; or, it may be used, as swe have just said, without 
our caring to specify any precise number of units. This may seem 
to be a very unsatisfactory kind of notation; but with patience its 
advantages will appear. The following examples will illustrate 
the general, or comprehensive character of the literal notation 
more fully. 
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EXAMPLES. 


‘Ex.1. A boy has 8 marbles which he sells for three cents 
each, and takes his pay in pencils at 6 cents each. How 
many pencils does he receive ? 


Suppose we answer that he receives 3 times 8 divided 


by 6, or — pencils, without giving the number more 


explicitly. 


Now take a similar example, using the literal nota- 
tion; thus, A boy sells a certain number of marbles 
which we will represent by c, for a number of cents 
each, which we will call m, and takes his pay in pen- 
cils at b cents each. How many pencils does he 
receive ? : 


We will answer as before, and say he receives ¢ times m, 


divided by 8, or — 

The pupil will notice this difference between the answers; 
both, as they now stand, simply tell what operations to perform in 
order to get the answers; but, in the former case, we can perform 
the operations and get the explicit answer, 4, while in the latter 
case, we can only leave it as it is. 


pencils, 


cxm 
Such an answer as b 


at all; and indeed it is not an answer in the same sense as he has 
been accustomed to think of answers; nevertheless it is often more 
useful. Notice that the answer 4 is only true for the specific 
xm 


may seem to the pupil to be no answer 


example, while the answer : is true in every like example, 

We also observe that the quantities 3, 8, and 6 do not appear 
distinctly in the numerical answer, 4; but the ec, m, and b do in the 
literal, and would, in general, however complicated the problem. 
The literal answer is equivalent to the rule, Multiply the price 
of one marble by the number of marbles, and divide the product by the 
price of a pencil, 
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2. One boy sold 5 pears at 3 cents each; another 
sold 6 apples at 2 cents each; and a third sold 3 melons 
at 8 cents each. How much did they all receive? . 

Ans., 51 cents. 

8. One boy sold J pears at ¢ cents each; another sold 
m apples at » cents each ; a third sold d melons at g cents 
each. How much did they all receive ? 

| Ans.,bxce+mxn+d xg cents. 

Suggestions.—Notice that in the 3d example the several quanti- 
ties of the problem are distinctly seen in the answer, but not so in 
the answer to Hx. 2. Moreover, the answer to Hz. 3 is equally true 
for any and all values of 6, ¢, m,n, d, and g.—Consider in like 
manner the two following : 


4, If I buy 5 cords of wood at 4 dollars per cord, and 
pay for it in cloth at 2 dollars per yard, how many yards 
are required ? Ans., 10 yards. 

5. If I buy a cords of wood at 6 dollars per cord, and 
pay for it in cloth at ¢ dollars per yard, how many yards 
my Ans., - yards. 


6. A man had a flock of m sheep. He lost 2n of them 
and raised 10a. After which he sold the flock at $c 
per head, taking his payment in cloth at $0 per yard. 
What operations must be performed on these numbers in 
order to ascertain the number of yards of cloth received ? 
And how will this number be represented ? 

Migs: C ee 


7. A man bought 3 horses. He gave for the first twice 
as much as for the second, and for the third c times as 
much as for both the others. If x represents the price 
of the first, how much did he give for the third ? 


fas ae (« + 5) C. 
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29. In using the decimal notation certain laws are 
established in accordance with which all numbers can 
be represented by the ten figures. Thus, it is agreed 
that when several figures stand together without any 
other mark, as 485, the right hand figure shall signify 
units, the second to the left, tens, the third, hundreds, 
etc.; also that the swm of the several values shall be 
taken. This number is, therefore, 4 hundreds + 3 tens 
+ 5 (units). 


30. In like manner, certain laws are observed in ones 
senting numbers by letters. 


FIRST LAW. 


Known Quantities, that is such as are given in a 
problem, are represented by letters taken from the first 
part of the alphabet; while Unknown Quantities, or 
quantities whose values are to be found, are represented 
by letters taken from the latter part of the alphabet. 


Illustration—A grocer has two kinds of tea, one of which is 
worth @ cents (any given number being meant by @) per pound, 
and the other b cents. How many pounds of each must he take to 
make a chest of ¢ pounds, which will be worth d dollars? In 
this problem, a, 6, ¢, and d are the given or known quantities, 
and hence are represented by letters from the first part of the 
alphabet. The wnknown or required quantities are the number of 
pounds of each of the two kinds of tea. We therefore represent 
the number of pounds of the first kind by 2, and of the second 
kind by y. 


Scholium.—This law is not very rigidly adhered to, except that 
letters after and including », are generally used to represent wa- 
known quantities, while the others are used for known quantities. 
But it is sometimes convenient to use a different notation. Thus, 
in problems in Interest, the principal may be represented by p, 
whether it is known or mene the interest, in like manner, by 4, 
the rate per cent. by 7, the time by #, etc. , 
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Accented letters, as a’, a", a’, a”, etc., (read “a prime,” 
| “a second,” “a third,” etc.), and letters with subscripts, as 

Gy, My, As, A, etc., (read “a sub 1,” “a sub two,” etc.), are 
sometimes used. This form of notation is used when there 
are several ike quantities in the same problem, but which 
have different numerical values. Thus, in a problem in 
which several walls of different heights, breadths, and 
lengths, are considered, we may represent the several 
heights by a’, a’, a’, etc., or a, ds, ds, etc.; the thick- 
nesses by 0’, 6”, b'”, etc., or b,, b., bs, etc., and the lengths 
by F5.1, ¢-,.ebc., or./,, 1,, 1,, etc. 


The Greek letters are also often used both for known 
and unknown quantities. 


The student will notice a difference between Algebra and 
Arithmetic, in that, in Algebra, the unknown quantities 
(what he has called the ‘‘ Answers” in Arithmetic) are 
represented in solving a problem, and are used in the 
solution just like known quantities. This device gives 
Algebra a great advantage over Arithmetic, 


SECOND LAW. 


When letters are written in connection, without any 
_ sign between them, their product is signified. Thus abc 
signifies that the three numbers represented by a, 3, and ¢ 
are to be multiplied together. 


Scholium 1.—There is here an interesting difference between 
this notation and the decimal. There are two points of difference ; 
1st, The place of a letter, as at the right or left, has nothing to do 
with its value; and 2d, The sign understood between them is that 
of multiplication instead of addition, as in the decimal notation. In 
- the decimal system, if we write the three figures 5, 4, and 3, as we have 
written the letters a, 6, and c, thus 548; 1st, Each figure has a. par- 
- ticular value dependent upon the place it occupies, the 5 repre- 
senting hundreds, the 4 tens, and the 3 units; 2d, The amount 
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represented is 500+40+3. Moreover, the several letters are not 
at all restricted in signification; @ may represent 5, 48, 10.06, or 
any other number, however small or however large, and integral, 
fractional, or mixed; and the same is true of any other letter. In 
fact, the meaning usually is, that @ represents any number, b any 
other, and ¢ any other, ete. The same letter, however, means the 
same thing throughout one problem. Such expressions as abe, 
mnay, ete., are read by simply naming the letters in order. 


Scholium 2.—When figures are written in connection with let- 
ters, their relation to the letters is the same as that of the letters 
to each other. Thus 4ab means the continued product of 4, a, and b. 
Also 125ay means the continued product of 125, 2, and y. 


31. A character like a figure 8 placed horizontally, «, 
is used to represent what is called Infinity, or a quantity 
larger than any assignable quantity. 


Scholium.—By an infinite quantity is not meant one larger than 
any other, or the largest possible quantity. It simply means a 
quantity larger than any assignable quantity ; 7. ¢., larger than any 
one which has limits. Thus, a series of 1s, as 111, etc., repeated 
without stopping, represents an infinite quantity, because, from the 
method of conceiving the quantity, it is necessarily greater than 
any quantity which we can assign or mention. If we assign a row 
of 9s reaching around the world, though it is an inconceivably 
great number, it is not as great as a series of 1s extending without 
limit. Moreover, one infinite may be larger than another; for a 
series of 2s extending without limit, as 2 2 2 2, etc., is twice as large 
as a series of 1s conceived in the same way. It is never of any use 
to try to comprehend the magnitude of an infinite quantity; we 


can not do it; although we can compare infinites just as well as 
finites. ; 


SYMBOLS OF OPERATION. 
o2. The Symbols of Operation used in Algebra 
are the same as in Arithmetic, or in any other branch of 


mathematics ; but, to refresh the memory, we will repeat 
them. - 


33. The perpendicular cross, +, is called the plus sign, 
and read ‘‘ plus.” It signifies that the quantities between 
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which it is placed are added together. Thus, @-4+26b-vem 
is read, ‘‘a plus 2cb plus xm.” Anes 


34. A short horizontal line, —, is called the minus sign, 
and is read ‘‘minus.” It signifies that the quantity before 
which it is placed is to be subtracted. Thus, a—2cb—am 
+ 12az is read, “a minus 2cb minus zm plus 12 az.” 


_865, An§-shaped symbol placed horizontally, ~, is some- 
times used to signify the difference between two quantities. 
a~b is read, “‘the difference between a and 0.” This 
sign differs from the preceding in that it does not indicate 
which of the two quantities is to be taken as the subtra- 
hend, while the minus sign requires us to consider the 
quantity before which it is placed as the subtrahend. 


36. The oblique cross, x, and a simple dot, -, are each 
signs of multiplication. In the case of literal factors, the 
sign is usually omitted, according to the second law of 
notation. Thus, 4xaxe, 4-a-c, and 4ac, signify exactly 
the same thing. 


37. The signs of division are, a horizontal line between 
two dots, having the dividend at the left and the divisor at 
the right, as 12ac+-26; or the dots without the line, as 
12ac: 20; or the line without the dots, the dividend being 


written above and the divisor below it, as +2 each of which 


is read, “12ac divided by 20.” In performing division, 
the divisor is sometimes written at the left of the dividend 
and separated from it by a curved line ; the quotient is 
then written at the right and separated from the dividend in 
the same manner: as, 2a)12ac(6c, in which 2c is the divisor, 
12ac the dividend, and 6¢ the quotient. Sometimes, espe- 
- cially in Algebra, the divisor is written on the right of the 
dividend, and separated from it by a vertical line, the quo- 


- 
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tient in this case being written under the divisor. Thus, 

12ac |2a is the last example above, expressed in a differ- 
6e 

ent form. 


Scholium.—It is very inelegant, though quite common in some 


parts of the country, to read such expressions as tae “*12ac over 


26 
20.” We should read “ 12ae¢ divided by 20.” 


[Note.—Let great care be taken that the nature of exponents, as 
explained in the succeeding articles, be clearly comprehended. No 
little difficulty arises from an imperfect understanding of this nota- 
tion. A very common, though very erroneous method of reading 
such expressions, greatly aggravates the difficulty. ] 


38. A Power of a number is the product which arises 
from multiplying the number by itself, 4. ¢., taking it a 
certain number of times as a factor. 


39. A Root of a number is one of several equal factors 
into which the number is to be resolved. 


40. An Exponent is a small figure, letter or other 
symbol of number written at the right and a little above 
another figure, letter or symbol of number. 


41. A Positive Integral Exponent signifies that the 
number affected by it is to be taken as a factor as many 
times as there are units in the exponent. It is a kind of 
symbol of multiplication. 


illustration. 2° (read, “2, third power’’), signifies that two is to 
be taken three times as a factor, 7. ¢., 2x2x2, or 8. 3* (read, “3, 
fourth power”), signifies 3 x 3 x 3x 3, or 81; 81 is the fourth power 
of 3, because it is the product of 3 taken four times as a factor. a’ 
is aaaaa, @", read “x, mth power,” or “a, exponent m,” is aw... 
etc., till m factors of # are taken. 


42. A Positive Fractional Exponent indicates a 
power of a root, or aroot of a power. The denominator — 
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~ specifies the root, and the numerator the power po the 
number to which the exponent is attached. 


Illustration. 8% (read “8, exponent 2,” not ‘8, 2 power,” there 
is no such thing as a § power), is the second power of the third root 
of 8. The third root of 8 being 2, and the second power of 2 being 


4, 85 =: 4, We may also understand the power to be taken first, 


and then the root, as will-be demonstrated hereafter. Thus, 83 
is the third root of the second power of 8. The second power of 8 
is 64, the third root of which is 4, which is the same result as was 


obtained by taking the root first, and then the power. (125) is 5. 

(125)8 is 25. (32)8 is 8. an (read “‘#, exponent m divided by n”) 
eans that x is to he resolved into n equal factors, and the product 
f m such factors taken. 


43. A Negative Exponent, either integral or frac- 
tional, signifies the reciprocal of what the expression would 


be if the exponent were positive. 


. 1 
Illustration. 37‘ (read “3, exponent —4”) signifies = or 


ony 1 son ee: -2. 1 -$._ 1 
2~* is 55 OT ¢- wv is ip ote Also 8 etn am ag 


44, The Radical Sign, ,/, is also used to indicate 
the square root of a quantity. When any other than the 
square root is to be designated by this, a small figure speci- 
fying the root is placed in the sign. Thus “/5 signifies 
the 3d, or cube root of 5, and is the same as 5s, 9/34a08 
indicates the 5th root of 340° and is the same as ( (34ab3)8. 


Scholium.—Read /5ac bad (“the square root of 5ae,” not “ radical 
Sac”). The latter expression is generic, and applies as well to 


A/5ac, or \/5ac. Besides it is inelegant. 


Let the pupil read the following examples and give the 
signification of each, 
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EXAMPLES. 

Ex. 1. 250-03. Read, “25, a exponent —2, 4 exponent 
%.” It means 25 multiplied by ee multiplied by the square 
of the cube root of &. (See articles 109, 110.) 

2. “wr Read, “2, exponent a 1.” Since a 1 is 


M—nN m1 ay z 
, a ig the same as z *, and hence means that 2 is 


to be raised to a power indicated by m—n, and the nth root 
of this power extracted. 


3. Read and explain 2a8b-. 12amy <. 


+ SYMBOLS OF RELATION. 


45. The Sign of Geometrical Ratio is two dots 
in the form of a colon,:. Thus a: 2, is read “a is to ,” 
or, “the ratio of a to 6.” It means the same as ad. 


46. The Sign of Arithmetical Ratio is two dots 
placed horizontally, -- . Thus a - 0 is read, “the Arith- 
metical ratio of a to 6 and is equivalent to a—é. 


47. The Sign of Equality is two parallel horizontal 
lines, =. Thus, 2cx = ay, is read, “2ex equals xy.” 5ac 
—2by = 327 is read, “d5ac minus 2dy equals 32°.” 

Four dots in the form of a double colon, ::, is the sign 
of equality between ratios. Thus, a:6::¢:d, read, “a is 
to 6 as c is to d,” means that the ratio of a to 5 equals the 
ratio of ¢ to d, and may just as well be written a:b =c:d, 


or ; a 2 all of which expressions mean exactly the same 
thing. 


48, The Sign of Inequality is a character somewhat 
like a capital V placed on its side, <, the opening 
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being towards the greater quantity. Thus a>d is 
read, “‘a greater than 0.” m<m is read, ‘‘m ig less 
than 2.” . 


49, The Sign of Variation is somewhat like a 
figure 8 open at one end and placed horizontally. Thus, 


c 
an-= 


: ; Cc 
is read, “ @ varies as —.” 
d d 


SYMBOLS OF AGGREGATION. 


50. A Vinculum is a horizontal line placed over severai 
-terms, and indicates that they are to be taken together. 
The parenthesis, ( ), the brackets, [ ], and the brace, { |, 


have the same signification. 


Illustration. @w+6xcd—e means that (a+) is to be multiplied 
by (cd—e). (a+6) x (ed—e) also means the product of (¢+6) and 
(ed—e). Brackets and braces are used when one parenthesis would 
fall within another. Thus, j2+[a+(b+¢)2]y} u, signifies that the 
product of (6+c) multiplied by 2, is to be added to a, and this 
sum multiplied by y; to this product ¢ is to be added and the sum 
multiplied by w. 


51. A vertical line after a column of quantities, each _— 


having its own sign, signifies that the aggregate of the col- 
umn is to be taken as one quantity. Thus +a] is the 


same as (a—b+c) a. aoe 
+e 


SYMBOLS OF CONTINUATION. 


§2. A-series of dots, ...... , or of short dashes, - - - 
---, written after a series of expressions, signifies “ &e.” 
Wa Fc) ABE od . av™ means that the ser:es is 
to be extended from ar*® to ar”, whatever may be the value 


of n 
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SYMBOLS OF DEDUCTION. 


58. Three dots, two being placed horizontally and the 
third above and between, .*., signify therefore, cr some 
analogous expression. If the third dot is below the first 
two, *.*, the symbol is read “since,” ‘‘because,” or by 
some equivalent expression. 


POSITIVE AND NEGATIVE QUANTITIES. 


54. Positive and Negative are terms primarily ap- 
plied to concrete quantities which are, by the conditions. 
of a problem, opposed in character. 

Ilustration.—In estimating the value of a person’s estate, his 
property may be called positive, and his debts negative. Distance 
up may be called positive, and distance down, negative. Time 
before a given period may be called positive, and after, negative. 


Degrees. above 0 on the thermometer scale are called positive, and 
below, negative. 


55. The signs + and — are used to indicate the char- 
acter of quantities as positive or negative, as well as for the 
purpose of indicating addition and subtraction. (See 
article 57.) 


56. In problems in which the distinction of positive 
and negative is made, each quantity is to be considered 
as having a sign of character, expressed or understood, 
besides the plus or minus sign, which indicates whether 
it is to be added or subtracted. The positive sign need 
not be written to indicate character, as it is customary to — 
consider quantities whose character is not specified <s 
positive. 

Illustration 1.—In the expression a)+m—cz, let the problem out 


of which it arose be such, tnat a, m, and 2, tend to a positive result, 
and } and ¢ to an opposite, or a negative result, Giving these 
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quantities their signs of character, we have, (+a) x (—)) + (+m) 
—(-e) x (+a,) which may be read, “positive a multiplied by 
negative 6, plus positive m, minus negative ¢ multiplied by posi- 
tive «.”  Suppressing the positive sign, this may be written, 
a(—b) + m—(-e)x, by also omitting the unnecessary sign of 
multiplication. 

lIlustration 2.—As this subject is one of fundamental importance, 
let careful attention be given to some further illustrations. We are 
to distinguish between discussions of the relations between mere 
abstract quantities, and problems in which the quantities have 
some concrete signification. Thus, if it is desired to ascertain 
the sum or difference of 468, or m, and 3827, or m, as mere num- 
bers, the question is one concerning the relation of abstract 
numbers, or quantities. No other idea is attached to the expres- 
sions than that each represents a certain number of units. But, 
if we ask how far a man is from his starting point, who has gone, 
first, 468, or m, miles directly east, and then 327, or », miles 
directly west; or if we ask what is the difference in time between 
468, or m, years B, C., and 327, or n, years A. D., the numbers 468, 
or m, and 327, or n, take on, besides their primary signification ‘as 
quantities, the additional thought of opposition in direction. They 
therefore become, in this sense, concrete. 

Again, a company of 5 boys are trying: to move a wagon. 
Three of the boys can pull 75, 85, and 100 pounds each; and 
they exert their strength to move the wagon east. The other two 
boys can pull 90 and 110 pounds each; and they exert their 
strength to move the wagon west. It is evident that the 75, 85, 
and 100 are quantities having an opposite tendency from 90 and 
110. Again, suppose a party rowing a boat up a river. Their 
united strength would propel the boat 8 miles per hour if there 
were no current; but the force of the current is sufficient to carry 
the boat 2 miles per hour. Which way will the boat move, and 
how fast? The 8 and 2 are quantities of opposite character in their 
relation to the problem. Once more, in examining into a man’s 
business, it is found that he has a farm worth m dollars, personal 
property worth » dollars, and accounts due him worth ¢ dollars. 
There is a mortgage on his farm of 6 dollars, and he owes on account 
a dollars, The m,n, and ¢ are quantities opposite in their nature 
to band a. This opposition in character 1s indicated by calling those 
quantities which contribute to one result positive, and those which con- 
tribute to the opposite result negative. 
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57. Purely abstract quantities have, properly, no dis- 
tinction as positive and negative ; but, since in such prob- 
lems the plus or additive, and the minus or subtractive 
derms stand in the same relation to each other as positive 
and negative quantities, it is customary to call them such. 


(Ilustration.—In the expression, 5ae—38cd + 8ay—2ad, though the 
quantities, a, c, d, x and y be merely abstract, and have no proper 
signs of character of their own, the terms do stand in the same 
relation to each other and to the result, as do positive and negative 
quantities. Thus, 5ac and 8zy tend, as we may say, to increase the 
result; while —8cd, and —2ad tend to diminish it. Therefore the 
former may be called positive terms, and the latter negative. 


58. Scholium.—Less than zero. Negative quantities are fre- 
quently spoken of as ‘“‘less than zero.” Though this language is 
not philosophically correct, it is in such common use, and the thing 
signified is so sharply defined and easily comprehended, that it may 
possibly be allowed as a conventionalism, To illustrate its mean- 
ing, suppose in speaking of a man’s pecuniary affairs it is said that 
he is worth “less than nothing ;” it is simply meant that his debts 
exceed his assets. If this excess were $1000, it might be called 
negative $1000, or -$1000. So, again, if a man were attempting to 
row a boat up a stream, but with all his effort the current bore him 
down, his progress might be said to be less than nothing, or nega- 
tive. In short, in any case where quantities are reckoned both 
ways from zero, if we call those reckoned one way greater than 
zero, or positive, we may call those reckoned the other way “ less 
than zero,” or negative. 


59. The value of a Negative Quantity is conceived to 
increase as its numerical value decreases. 


Ilustration.—Thus —3 > —5, as a man who is in debt $3, is bet- 
ter off than one who is in debt $5, other things being equal. If a 
man is striving to row up stream, and at first is borne down 5 miles 
an hour, but by practice comes to row so well as only to be borne 
down 3 miles an hour, he is evidently gaining; 7. ¢., —8 is an in- 
crease upon —5. Finally, consider the thermometer scale. If the 
mercury stands at 20° below 0, (marked —20°) at one hour, and at 
—10° the next hour, the temperature is increasing; and, if it in- 
crease sufficiently will become 0, passing which it will reach +1°, 
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+2°, etc. In this illustration, the quantity passes from negative to 
_ positive by passing through 0. This is assumed as a fundamental 
truth of the doctrine of positive and negative quantities, viz. : THaT 
A QUANTITY IN PASSING THROUGH 0 MAY CHANGE ITS SIGN. 

[It appears in geometry, that a quantity may also change its sign 
_ in passing through infinity. Thus the tangent of an are less than 
90° is positive; but if the arc continually increases, the tangent 
becomes infinity at 90°, passing which it becomes negative. ] 


NAMES OF DIFFERENT FORMS OF EXPRESSION. 


60. A Polynomial is an expression composed of two 
or more parts connected by the signs plus and minus, each 
of which parts is called a term. 


61. A Monomial is an expression consisting of one 
term. 

A Binomial is a polynomial having two terms. 

A Trinomial is a polynomial having three terms. 

» Mlustration. 5a2>—cdi +a—A (a+b) is a polynomial of 4 terms. 
The first three are monomial terms, and the last is a binomial term. 
bac—ef and a*+y’ are examples of binomials. 2a%x#y—125d-"+ 12 
is a trinomial. : 


G2. A Coefficient of a term is that factor which is 
considered as denoting the number of times the remainder 
of the term is taken. 

The numerical factor, or the product of the known fac- 
tors in a term is most commonly called the coefficient, 
though any factor, or the. product of any number of factors 
in a term may be considered as coefficient to the other 
part of the term. 

lIlustration.—In the term 6a, 6 is the coefficient of a. In aa,a 
may be called the coefficient of 2, or 1 may be called the coefficient 
of az. In 6aay, 6 is the coefficient of aay, 6a of ay, and bax of y. 
In 5 (ab—c), 5 is the coefficient of (ab—c) ; and in (2a?—cd) vy, (2a* 
—cd) is the coefficient of ay. 


ws 
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63. Similar Terms are such as consist of the same let- 
ters affected with the same exponents. 

Wlustration. 5a, 13ab, and abd are similar. —162*y3, 5a*y?, and 
ays are also similar to each other. 4ab, 5ab*, and — 2a? are dis- 


se bs 1 
similar, as are 8aa, —5baz, 4ex*, and 52y. 


EXERCISES IN NOTATION. 


Ex. 1. Write in mathematical symbols, 5 times the square 
root of a, added to the cube of the sum of a and 8. 
Result, (a+6)8+5 V/a, or (a+ b)e + Bae. 
How many terms in this result? What kind of a term is 
the first one ? 


2. Write the second power of a, plus 3 times the product 
of ¢ square multiplied by 0, diminished by m times the 
cube root of the binomial, the square root of a minus the 
cube of 0. 

Result, a? 4-307 —m (a? —B)8, or a+ 30eb—m /a%—B. 

3. Write three times a into 4, plus the binomial a minus 
6, divided by the sum of a square and 6 cube. 


4. Write the fraction, the product of the sum of a and } © 
into the sum of x and y, divided by the square root of a 
diminished by the cube root of 0. 

_ Result, es (49). 
Va—WVb 

5. Write the fraction, a@ fifth power diminished by 3 
times a square } cube, divided by the square root of the 
binomial x square diminished by y square. 


6. Write the square root of the sum of x and y equals c¢ 
minus the square root of the sum of w and 8. 

7. Write the fraction, the binomial 3 times z plus 1, 
divided by 5 times #, minus the fraction 3 times the bino- 
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mial z minus 1, divided by the binomial 3z plus 2, is 
greater than 9 divided by 11. 

8. Write the square root of the fraction, 6 divided by a 
plus z, plus the square root of the fraction ¢ divided by a 
minus 2, equals the 4th root of the fraction, 4 times the 
product of 6 and c, divided by a square minus @ square. 


9. Write a exponent 4, minus 4 exponent —m. Write the 
result in three different forms. 


10. Write, a exponent = ; is to the binomial d minus 2 


exponent —%, as 5 times ¢ square plus d, is to the 5th root 
of x 4th power. 


2 iE 
Result, an; —————— 
WV (b—a)? 


What binomials are there in the last result ? 


1 Be+d: Vat 


EXERCISES IN READING AND EVALUATING 
| EXPRESSIONS. | 


Read the following expressions, and find the value of 
each, when a = 6, b= 5, c = 4, and Ct. 
1. a+2ab—c+d. Result, 36+60—4+1, or 93. 


2. 2a@—3a*%+e. Result, —44. 


3. 3 (a—b?)—a (+d). Result, 15. 


_ 4, Between the expression — and /5a°—(é+-40), 


which of the signs, =, >, OF <; is correct ? , 

Read and evaluate the following, calling a = 16, 6= 10, 
c=6,m=4,4=5,y=1. 

5. (b—2) (Vato) +V (a—8) (ety): Result, 6. 


we 
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6. Vc (a+b)—Ve (a—D). Result, 6.49, nearly. 


4. 50aa' * + 4a—100 [a—(22+3)} Patel. coil 


~ 2a7@—y®” em 
2 = ee or ies 
8. 3a paler +g) Result, 41. 
Suggestion—Any power of 1 is 1. 
e—P x ae 
9. geen es me? b. Result, 2451. 


10. Find the value of a/22—3a+e/2?+3a, when 
4=.), and @ = S. 


11. Find the value of a+ ,4/(+y)—(a—d) */(a—y), 
when a = 10,6 =8, = 12, and y = 4. 


Suggestion. 4/(#+y) is equivalent to 4/z+y, the parenthesis 
and the vinculum having the same signification. 


yx 12. If ¢=2; b= 2 = 6, and y=5, show that 
Vi(ard)y} +1 (a+2) (y—2a)f +04 (y—dPrat = 9. 
13. With the same values show that (ay) (bx +a®+3)-= 


_ {6 (e—y)—[(ax)2—142] } 20ay 
(b—ayr 


14. Find the value of /10+n—(10+n)! if n = 6. 


15. Find the value of (5m?+5 /z)?+0/m-+g}, if 
m= 4, anda — 9. 

Test Questions.— What are the chief points of difference between 
the Arabic or Decimal notation, and the Literal or Algebraic ? 
What is meant by the terms positive and negative as applied to 


quantity? What is the meaning of the negative sign when prefixed 
to an exponent? Read 


ab—b8 
a/30—2y 


—= ©, or =, or <, or > W/ma—y : 4m. 
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SYNOPSIS FOR REVIEW. 


DEFINITION. 
Arabic. See Arithmetic. 
4 1. More general. 
Advantages. { 2. Can trace quantities. 
Examples. 
Known quantities. 
SVURDES «oF Unknown quantities. 
. Accents, subscripts, and 

QUANTITY. Literal. ist Law. reckiiciiens: 


Difference between Alge- 
bra and Arithmetic. 
= Letters in connection. 
2nd Law. i Two points of difference. 
Figures with letiers. 
Infinity. Meaning of. 


t 


a a 
te 5—- Ss eine ONDE 0 d)a(e, FE y. 
Definitions of 
Power, 


SYMBOLS OF Root 
OPERATION AND Gxcaabok 
DEFINITIONS. Integral Exponent, How read. Hxamples. 
Fractional Exponent, ; . 


z Negative Exponent, 
(o) Radical Sign. 
F ag 
eometrical Ratio. 
aoe np | -Arithmetical Ratio. 
FE DEFINITIONS. | Equality: 
(o) Inequality. 
z Variation. 
SYMBOLS OF Ving as {1, {}, |. 
inculum. 
AGGREGATION. { Vertical Line. 
SYMBOLS OF CONTINUATION. .....-- ptt reee P 
SYMBOLS OF DEDUCTION. 3H en : 
Definition. 


Two signs of every quantity. 
POSITIVE AND Plus and minus terms become positive and negative. 


NEGATIVE Meaning. 
QUANTITIES. ‘Less than zero.” } How negatives increase. 
How a quantity changes sign 
Polynomial. Term. 
Monomial. 
FORMS OF Binomial. 
EXPRESSION. Trinomial. Illustrations, 
Coefficient. 
Similar Terms. 
EXERCISES IN. 


EXERCISES IN READING AND EVALUATING EXPRESSIONS. 
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:@|DDITION: 


GEECTION II. 


64. Addition is the process of combining several quan- 
tities, so that the result shall express the aggregate value 
in the fewest terms consistent with the notation. 

65. The Sum or Amount is the aggregate value of 
several quantities, expressed in the fewest terms consistent 
with the notation. 


Iustration—To add 346, 234, and 15, is to find an expression 
for their aggregate value in the fewest terms consistent with the 
decimal notation. The swm or amount is 595, because it is such 
simplest expression for the aggregate. In like manner the sum of 
4ac+5b+2e, 13ac+2b+82, and 126492, is 17ac+19%+190, be- 
cause it is the simplest expression for the aggregate value consistent 
with the literal notation. 

If the pupil is acquainted with other scales of notation he knows 
that with radix 100, 595 would be represented by 2 figures, since 
all numbers less than 100 would be represented by one figure. 


66. Prop. 1.—By Addition similar .terms are 
united into one. 


Demonstration.—Let it be required to add 4ac, 5ac, —2ac, and 
—sac. Now 4ac is 4 times ac, and 5ac is 5 times the same quantity 
(ac). But 4 times and 5 times the same quantity make 9 tinies 
that quantity. Hence, 4a¢e added to 5ae make 9ac. To add —2cae 
to 9ae we have to consider that the negative quantity, —2ac, is so 
opposed in its character to the positive, 9ac, as to tend to destroy 
it when combined (added) with it. (As if 9a¢ were property, and 
—2ac debts.) Therefore, —2ac destroys 2 of the 9 times ac, and 
gives, when added to it, Tac. In like manner —8ae added to Tae, 


ADDITION. _. 29 


gives 4ac. Thus the four similar terms, 4ac, 5ac, —2ac, and: —8ac, 
haye been combined (addéd) into one term, re and it is evident 
that any other group of similar terms can ihe treated in the same 
manner. Q. E. D. 


EXAMPLES. 
Hix. 1. Add 13m’n, —10m?n, —6m2n, 5m®n, and —4m2n. 


Model Solution.—Adding together 13m?n and —10m?n, the 
—10m*n destroys 10 of the 13 times m?n and gives 8mn. Adding 
3m*n and —6m*n, the 8m’n destroys 8 of the —6mm and gives 
—8m*n. —3m'’n added to 5mn destroys 3 of the 5 times m?n 
and gives 2m’n. 2mn added to —4m?n destroys 2 of the —4mn 
and gives —2m?n. Hence the sum of 13min, =—10m'n, —6m'n, 
5m?n, and —4m% is —2m?n. 


2. Add 18aa?, —daz3, —10ax?, 4axt, and —6az3, ex- 
plaining as above. Result, azx®. 


3. Add —5c%2?, —2ci2?, Scsa?, 3cin?, and —Aci22, ex- 
plaining as before. Result, 0. 


4, Add 8axz, 6ax, —az, 2az, aa, and daz. 
5. Add 2by*, —6by*, —bdy’, 8by*, 3dy?, and —2by. 


6. Add daz’, —2az’, 3az*, os ai and aa*. 
Sum, —2ax* 


7. Add 522, —6z3, —102%, 3x3, and 112%. 
8. Add —6a*, 2a?, —5a?*, 407, —3a?, and a. 


9. Add —2av/z, av/2,,—3aV2, Vax, and —4aV/z. 
Sum, —av/z. 


10. Add —2am?, 4a\/m, 3am*, and —av'm. a 
Sum, Aa’ m. 


11. Add 10atat, —4a34/x, —2a8z*, and 4a8W/z. 
12. Add iftam, 24am, —8am, and am. Sum, 2am. 
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-13. Add 2%a2, —a®, —28a%, and —4a2. Sum, —6a’. 
14. Add 3m?, —}m?, m?, and — $m? Sum, 23m’. 
15. Add 74/2, —5/z, 12/2, and —3/z. Sum, 11/2. 
16. Add 90, 34, —$b, —8d, and — 4d. Sum, —40. 


_ 67. Cor. 1.—In adding similar terms, of the terms are all 
positive, the sum is positive; if all negative, the sum is 
negative; if some are positive and some negative, the sum 


takes the sign of that kind (positive or negative) which is the 
greater. 


Scholium.—The operation of adding positive and negative quan- 
tities may look to the pupil like Subtraction. For example, we 
say +5 and —8 added make +2. This looks like Subtraction, and 
in one view, it is Subtraction. But why call it Addition? The 
reason is, because it is simply putting the quantities together—agegre- 
gating them—not jinding their difference. Thus, if one boy pulls 
on his sleigh 5 pounds in one direction, while another boy pulls 
3 pounds in the opposite direction, the combined (added) effect is 
2 pounds in the direction in which the first pulls. If we call the 
direction in which the first pulls, positive, and the opposite direction 
negative, we have +5 and —3#toadd. This gives, as illustrated, +z. 
Hence we see, that the sum of +5 and —3 is +2. 

But the difference between +5 and —8 is 8, as appears in the 
following illustration: Suppose one boy is drawing his sleigh for- 
ward while another is holding back 3 lbs. If it takes just 10 lbs. 
to move the sleigh itself, the first boy will have to pull 13 Ibs. to 
get it on. But if instead of holding back 3 \bs., the second boy 
pushes 5 \bs., the first boy will only have to pull 5lbs. Thus it 
appears, that the difference between pushing 5 lbs. (or +5) and 
holding back 3 Ibs. (—8) is 8 lbs. 

In like manner the sum of $25 of property and $15 of debt, that 
is the aggregate value when they are combined, is $10. +25 and 
—15 are +10. But the difference between having $25 in pocket, and 
being $15 in debt, is $40. The difference between +25 and —15 is 40. 


17. A thermometer indicated +28° (28° above 0); it 
then rose 10°, then fell 3°, then rose 2°, and again fell 7°. 


What was the sum of its movements ; or, how did it stand 
at last? 
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Model Solution.—Calling upward movement + and downward 
—, the movements were +10, —3, +2, and -7, the sum of which is 
+2. Hence it rose 2°. As it originally stood at 28° above 0, and, 
in the whole, rose 2’, it stands at last 30° above 0. 

18. A party are rowing up a stream, and alternately row 
and rest. During 3 periods of rowing they advance 3mn, 
amn, and 6mn rods. But during the corresponding periods 
of resting, they float down 5mn, mn, and 4mn rods, What 
was the result ; did they, on the whole, ascend or descend, 
and how much? In other words, what is the sum of 
+3mn, +2mn, +6mn, —5mn, —mn, and —4mn? 

Ans. They ascended mn rods. (+mzn.) 

19. A man has a farm worth $100cd, on which there is a 
mortgage of $15cd; he has personal property worth $8cd, 
and accounts due him of. $2cd, but owes on account $5cd, 
and on note $7cd. What is the sum of his effects? Or 
what is the sum of +100cd, —1dcd, + 8cd, +2cd, —5cd, 
and —‘cd? Ans. He is worth $83ed. (+ 83cd.) 


68. Cor. 2.—The sum of two quantities, the one positive 
and the other negative, is the numerical difference, with the 
sign of the greater prefixed. 

69. Cor. 3.—/t appears that addition in mathematics does 
not always imply increase. Whether a quantity is increased or 
diminished by adding another to it depends upon the relative 
nature of the two quantities. If they both tend to the same end, 
the result is an increase in that direction. If they tend to oppo- 
site ends, the result is a diminution of the greater by the less. 


¥0. Prop. 2.—Dissimilar terms cannot be united 
into one by addition, but the operation of adding ts 
_ represented by writing them in succession, the positive 
terms being preceded by the + sign and the nee 
by ee — sign. 
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Demonstration.—Let it be required to add +4cy’, +8ab, —2ay, 
and —mn. 4ey? is 4 times cy’, and 3ab is 3 times a, a different 
quantity from cy?; the sum will, therefore, not be 7 times, nor, so 
far as we can tell, any number of times, cy? or ab, or any other 
quantity, and we can only represent the addition thus: 4cy*+3ab. In 
like manner, to add to this sum —2ay we can only represent the 
addition, as 4cy?+8ab+(—2ay). But since 2vy is negative, it tends 
to destroy the positive quantities and will take out of them 2zy. 
Hence the result will be 4cy?+3ab—2ay. The effect of —mmn will be 
the same in kind as that of —2zy, and hence the total sum will be 
4cy? 4+ 8ab—2ay—mn. As a similar course of reasoning can be 
applied to any case, the truth of the proposition appears, 
Q. E. D. 


Scholium.—In such an expression as 4cy? + 8ab—2ay—mn, the — 
sign before the mn does not signify that it is to be taken from the 
immediately preceding quantity; nor is this the signification of 
any of the signs. But the quantities having the — sign are consid- 
ered as operating to take away so much from any which may have 
the + sign, and vice versa, 


EXAMPLES. 


Ex. 1. Add together 5az, —10cy, 80, and —n. 


Model Solution. 5aa and 10cy being dissimilar will not unite 
into one term, since one is 5 times az, and the other is 10 times cy, 
a different quantity ; therefore I can only represent the addition, as 
5aw+ (—10cy). But the 10cy being negative tends to offset 
positive quantities, and will take out of such its own value. 
Hence 5aa+ (—10cy) is 5a~—10cy. To this adding 88, 
which is positive and hence will go to increase the result, I 
have 5az — 10cy + 8b. Finally, as » is negative it diminishes the 
result by its numerical value, and I have for the sum 5aa—10cy 
+ 86—n. 


2, Add together 4am, —2cy, —8a, and 5én, explaining —— 
as aboye. 


3. Add —2emi, 4em, ere and 10cm, explaining 
as before. 
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4. Add Ya-*>, —32a-%, 6mn, and —5a*, explaining as 
before, and find the numerical value of the result if a — 3, 


- 6=18,2=8,m =2, andn=5. Result, 21. 


@1. Cor.—Adding a negative quantity is the same as sub- 
tracing a numerically equal positive quantity; that ‘is, 
m-+(—n) 7s m—n. 


72. Prob.—To add Polynomials. 


Rule.—/. Write the polynomials so that similar 
terms shall fall in the same column. 

IT. Combine each column into one term, and write 
the result underneath with its own sign. 


The polynomial thus found is the sum sought. 


Demonstration.—As the object is to combine the quantities into 
the fewest terms, it is a matter of convenience to write similar terms 
in the same column, as such, and only such, can be united into one. 
(66, 70.) Now, since in polynomials the plus and minus terms 
stand in the same relation to each other as positive and negative 
quantities (67), they may be considered as such, and united by 67. 
The partial sums will then be dissimilar terms and will be added 
by connecting them with their own signs (70). Q. E. D. 


EXAMPLES. 
Ex. 1, Add together 16ac—2m+ ay, 3m— day —d—2ae, 


—3ay—4ac—6m, and 2mn—dac+ 8zy. 


Model Solution.—Writing the first polynomial as it stands, I 
arrange the others so that 


l6ac— 2m + xy : similar terms shall stand 

— ac + 38m — bry —d in the same column, for 
“— 4ac — 6m — 3zy convenience in uniting 
“— dace + 8ay +2mn them. There being no 


Yac,— 5m,+ xy,—d,+ 2mn term similar to +2mn i 
Yac —5m+ «cy —d+ 2mn bring it down, and in like 


- 
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manner —d. 8ay and —82y are 5ay. 5ay and —Say are 0. 0 and 
ay, or simply +y, is the sum of the similar terms in ay. Writing 
this result I pass to the next column. —6m and +8m are —3m. 
—8m and —2m are —5m which being the sum of the similar terms 
in m, is written down. In like manner the sum of the terms in ae 
is 7ac. The partial sums are, therefore, 7ac, —5m, +ay, —d, and 
+2mn. But these being dissimilar terms are added by connecting 
them with their own signs (70); whence, the sum of the several 
polynomials is 7ae—im+ay—d+2mn. 


In like manner solve and explain the following : 


2. Add 6z+5ay, —3x+2ay, x—Gay, 2x+ay. 
Sum, 62+ 2ay. 


3. Add 3ay—7, —ay+8, 2ay—9, —3ay—11, and 10ay 


—13. Sum, llay—382. 
4. Add —3ab+%z, 3ab—10z, 3ab—6z2, —ab+ 92, and 

2ab+ 4c. Sum, 4ab+ 42. 
5. Add —6a?+26, —3b+2a?, —da’—8b, 4a?—2b, and 

9b—3a?. ' Sum, —8a?—20. 


6. Add 3a*b? — 7ab+ + 5axy, — arb? — 2abt — axy, abs 
—Vaxy+8ab, —10ab‘+ ab? + 3axy, and —5a°b>+ 18ab4. 
Sum, 0 
7. Add 18aa°—14y?+3ack—mn?*, 4aa?+15y?—3a%c, 4y° 
—1%ax? + 2ac8 + 2m?n+3mn’?,’and 10y?—a’®e. 
Sum, 15y?+5ac3 + 2mn?—4a8c + 2m?n. 


8. Find the sum of 2034+ 407—ca*, 2c’a?+ 408— 60%, 


and 2b¢a—4ce*2?+ 20% Sum, 8a®—3e2*. 
9. Find the sum of 8a*%®—3zy, 5ax—5ay, IYay—Saz, 
2a°2? + ay, and daw—3ay. — Sum, 10a?x? + 5ax—ay. 
10. Find the sum of 262—12, 322—2ba, 5a®@—3/a, 61/ % 
+12, a +3, and 5a%— 7/2. Sum, 144?—44/x+3. 


11. What is the sum of 20a?e?a + 15ah—15a*c*x— 23ah ? 
Ans:, 50°c’x—B8ah. 
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12. What is the sum of lézy — 4hm + lay 4- 48hm?- 
Ans., 33ay + 39hm. 


13. What is the sum of 5c — 49an + 10c!’+ 14an? 
Ans., 15¢e4 — 35an. 


14. What is the sum of 10a%y? — 1%sk + l5aty? + 5sk 
— 4atyt? Ans., 2laty? — 12sk. 


Scholium !.—In practice, the expert will not take the trouble to 
arrange the polynomials, but will simply select and combine the 
similar terms, writing each result in the total sum, at once. Thus, 
in solving Hz. 7, when the object is simply te find the sum, and not, 
as above, to explain the process, we proceed as follows: Noting the 
13aa*, we cast the eye along till we find the similar term, +4a2’, 
and say “+1%az’?;” again, casting the eye along till we find 
—1az*, we say “0.” Therefore nothing is written in the sum for 
these terms, as they mutually destroy each other. Again, looking 
to —14y?, and then on to 15y, we say “y’,” and, passing on to 
+4y?, say “dy?,” and again passing on to 107? wed say “159.” 
This being the sum of the terms in y’, it is then written in the 
answer. In the same manner the work is carried on to completion ; 
i. €., only naming results, and writing them in the total sum. 


In this manner, write the answers in the following ex- 
amples: 


15. Add 3a — by + 4c, 2a — 2y.— 3e¢, and —#+3y-+e. 
Sum, 4a — 4y + 2c. 


16. Add lla + 13%—‘td, 4a —10%—2d, and — 9a 
—2z + 3d. Sum, 6a + 2a — 6d. 


17. Add 3ac —4by + 2mm —16, by — 5mn + 11, 


3mn — 2axa +5, and — by + mn — az. 
Sum, mn — 36y. 


18. Add 6amx — 3b + 4exy — 2aa*, 4b — 3cxy + dan”, 
ge — xy — Sama — 3ax*, and dry — 6 — b. 
: Sum, 12cry — 2ama + 4ey — 6. 
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19. Add 2ay — 2a%, 32 + ay, 2 + ay, and 4a? — dye. 


20. Add 2ax — 30, 32” — 2aa, 5a? — 32%, and 3\/a+10. 
Sum, 82? — 20. 


21. Add 8a’a — 3ux, tax — day, Ixy — 5ax, and 2a*.? 
. Fey 


22. Add 6ax2+5/z, —2aa® — 622, 3aa*—102?, — Yaa? 
+ 3/2, and aa + 11/2. 


23. Add 6ay — 12a, — 4a? 4 3xy, 422 — 2zy, and 
— 3xy + 42°. 


24. Add 4ax — 130 + 32%, 52% + 3ax + 92%, Yay —4Vx 
+ 90, and /x + 40 — 622. 


25. Add 3a-2 + 4de —@ +10, —5a2 + 6bc+ 2e — 15, 
and — 4a-* — 9b¢ — 10e? 4- 21. 


26. Add Ya—5y3, 8/74 2a, 5y8—4/2, and —9a+%/x 


together. Sum, 14/2. 
27. Add 4mn+3ab—4e, 3x—4ab + 2mn, and 3m? — 4p 
together. Sum, 6mn — ab — 4c + 38x 4+ 3m? — Ap, 


28. Find the sum.of 3a? + 2ab +40, 5a? — Sab + 20?, 
— a+ 5ab— &, 18a? — 20ab — 1902, and 14a? — 3ab 
+ 2007. 


29. Find the sum of 423 — 5a3 — 5a2? + Gata, 6a® +. 323 
+ 4ax* + 2a, — 17a + 19a2? — 1lda*z, 13ax? — 2%a2a 
+ 1808, 3a%z — 2008 + 1208, and 3la% — 223 — 3laa 
— Va. Sum, — “a3 — a3, 


30. Find the sum of 2ab + 12 — ay, ay + xy + 10, 
Bay? + 2a%y — ay, day + 11+ avy, and 1% — 2a%y — aby. 
‘Sum, 2ab + 50 + day — a2y + 4er/y. 
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81. Add 2?+ar—ab, ab— V/a+2y, Se —4ab, at 


+V/2—2, and ee 
Sum, 20? +8ax—4ab + 4ey—z. 


32. Add taby—20Vy +1, V xy + Bay? +2, 3yV2—V/ ye 
—6, 9yVz—4ytx—3, and 1+ Yay?—2yza%. 
Sum, 1Saty + 32y? + af: 


Scholium 2.—The object and process of addition, as now ex- 
plained, will be seen to be identical with the same in Arithmetic, 
except what grows out of the notation, and the consideration of 
positive and negative quantities. For example, in the decimal 
notation let it be required to add 248, 10506, 5008, 81, and 106. 
The units in the several numbers are similar terms, and hence are 
combined into one: so also of the tens, and of the hundreds. To 
make this still more evident, let « stand for units, ¢ for tens, / for 
hundreds, ¢h for thousands, and ¢.th for ten thousands, 248 is then 
2h+4t+8u, 10506 is 1¢.th+5h+6u, 5008 is 5th+8u, 81 is 8t+1u, 
and 106 is 14+6u. Writing these so that similar terms shall fall 
in the same column, we have the arrangement in the margin. 
Whence, adding, we get the sum. The process of carrying has no 
analogy in the literal notation, since the relative values of the terms 
; are not supposed to be known. 

2h + 4¢ + 8% Again, there is nothing usually. 


1t.th + 5h + 6u found in the decimal addition 
5th: + 3u like positive and negative quan- 

i 8i + 1wv tities. With these two excep- 

Ih + 6% tions the processes are essen- 


1t.th + 5th + 9h + 4¢ + 4u tially the same. The same may 
15944 be said of addition of compound 


numbers. 


¥3. Prop. 3.—Literal terms, which are similar only 
with respect to part of their factors, may be united 
_into one term with a polynomial coefficient. 


_ Demonstration.—Let it be required to add 5az, —2ex, and 2ma. 
' These terms are similar, only with respect to w, and we may say 5a 


‘ 
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times z and —2c¢ times # make (5a—2ce) times 2, or (5a—2c)a@. And 
then, 5a—2c times # and 2m times # make (5a—2c¢+ 2m) times @, or 
(5a—2c+2m)a. Q.E.D. — 


EXAMPLES. 
Ex. 1. Add az, —da*, —2ca?, and 4nz*, with respect 
to 2. Sum, (a—b—2c-+ 4m) 2°. 


2. Add 4ay, 3axy, —10may, and cxy, with respect to zy. 
Sum, (44+3a—10m-+-c) xy. 
3. Add amz-+ 2dy, 2ca— 3dy, and 3dz+5y, with respect 
to z and y. Sum, (am-+ 2e+3d) a+ (5—d) y. 
4, Find the sum of aa*+ by?+ cxy, and ma*—ny?— pay. 
Sum, (a+-m) 2+ (b—n) y?+ (e—p) xy. 
5. Find the sum of aa8+ ba?+ cx, and a*a3—B8a2— c's. 
Sum, (a+a?) + (b—6) 2+ (e—c) a. 
6. Find the sum of (a—b+c) V2, (a+b—c) V2, and 


(6+c—a) V2. Sum, (a+b+c) V2. 
7. Find the sum of cae + 3be — haat + 30, 
ed chit gh 
A483 


Sum, 3(a+h) we + 5be + $025, 


8. Add arty? + 2a~my$ 208, — Bsaty® 4+ 2ra-my? — 
+ 628, 3aty?—2b22-my? 4 3a, and —2a5 + cy. 


74, Prop. 4.—Terms which have a common com- 
pound, or polynomial factor, may be regarded as 
similar and added with respect to that factor. 

Demonstration. 5(2*—y’), 2(2*—y”) and —8(«*—y’) make, when 
added with respect to («’—y*), 4(2?—y*), for they are 5+2—8, or 4 
times the same quantity (@’—y*), In a similar manner we may 
reason on other cases. Q. E. D. : 
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EXAMPLES. 
Exes Find the sum of Wz+n—322, 5a&—2 /a+n, 
3Ve+n—Va?, and 102?+8 V/x+n. se 
Sum, 10 /a+n+5a2. 


2. Find the sum of 6a—6 (a—d)+7%, 3a+12(a—d)—8, 
and 2 (a—b)—3a—20. Sum, 6a—21+8 (a—d). | 


8. Find the sum of 7(m4+3)—16(m—3), 8(m+3) 
+7 (m—3), and 3 (m—3)—4 (m+3). 
Sum, 11(m+3)-—6 (m—3). 


4. Find the sum of 4 e304 Va 8 +4 Va 88 


ee a 30 Sum, 35; Va—36. 
5. Add 3(a—c) (a+ 4°), a ee eee Fst, 
(e+y)? Vary 
1 
5(a+e) (e+y)* ine 3 (3a+¢)_ 
Va+y 


6. Find the sum of a (a+b)+3 Va—a, —4a (a+6) 
+ Ya(a— a), —6a Va—x2+1la(a+ b), —2a(a +d) 
—2(a—a)*, and 5a (a+b) +14 Va—e. 


”, AddaVz—y+bayt+e (a+), —bey+ (a+c)(a+z2)? 
+(a—y)b, 2bey + (a—1) Ve—y—a (a+ 2) | 
Sum, 2a (x— y)* + 2bay + 2c (a+2)?*. 


8. Show thet 4/ait: by + ax —z+amy+coVu+de+y 
= (am+b-+1) y+ (c+1) a? + (d—1) 2+ 42. ; 


Test Questions.—Does addition always imply a 
When does it not? When does it? What is addition ? 
similar terms added? How are dissimilar added? Give the Rule 


for adding polynomials and demonstrate it? 


n increase? 
How are 
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tive = Subtraction of 
Postiive. 
Sch. 1.—Practical method. 


PROB. Toadd Polynomials. RULE. Drm. | Sch. 2.—Same as in Deci- 
| _- mal Notation. ; 


SYNOPSIS. 
Addition. 
eae 
Sum, or Amount. 
Cor. 1.—Sign of sum. 
: Cor. 2.—Sum of Positive 
Z |. Similar Terms. Dem. and Negative. _ 
ros) Cor. 3—Addition not al- 
— | PROPS. aways inerease, 
fe ( Sch.—Sign of term. 
= \ 2. Dissimilar Terms. Dem. 4 bis ahsclre suciak fed += 
(=) 
(=) 
i 


3. Terms Partially Similar. 
PROPS. 
4. Compound Similar Terms. 


475. Subtraction is, primarily, the process of taking a 
less quantity from a greater. 


In an enlarged sense, Subtraction comes to mean taking 
one quantity from another irrespective of their magnitudes. 


Subtraction also comprehends all processes of finding the 
difference between quantities. 


The terms Minuend, Subtrahend, and Remainder, are used as in 
Arithmetic. 


40 
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76. The Difference between two quantities is, in its 
primary signification, the number of units which lie between 
them ; or, i¢ 1s what must be added to one in order to produce 
the other. 

When it is required to take one quantity from another, 
the difference is what must be added to the Subtrahend in 
order to produce the Minuend. 


Scholium.—The most comprehensive and fundamental notion of 
difference is this: Having reached any specified point in a scale of 
numbers, or in estimating magnitude, in what direction, and how 
Jar must we pass to reach another specified point in the scale of 
numbers, or in the value of the magnitude. 


(Hustration— When we ask, ‘‘ What is the difference between 3 
and 8?” we ordinarily mean, ‘“‘ Over how many units must we pass 
in reckoning from 3 to 8?” That is, “How many units added to 
3 will make 8?” 

Let us use the following device to illustrate the whole subject. 
Consider A the zero point on the line BC. Call distances to the 


‘ 
4 


- + 


| here Pr ree 
—m,—9,—8,—7,—6,—5,—4, —-3,—2,—1, 0 +142, +B,44,45,46,4% 48,4 , +m 


right of A positive (+), and distances to the left negative (—). Also 
call reckoning towards the right positive and towards the left 
negative, from any point on the scale. 

ist. The difference between 8 and 8, means either, how far, and 
in what direction must we go to pass from 8 to 8 or to pass from 8 
to 8% In the first case we pass 5 to the right, and say 3 from 8 is 
+5, understanding that 3 and 8 are both positive. But to pass 
from 8 to 8, we pass 5 towards the left, and hence say 8 from 3 
gives —5. These two operations are represented thus: 8—3 = 5, 
and 8—8 = -5. 

2nd. The difference between —3 and —8 means either, how far, 
and in what direction must we pass to go from —3 to —8, or from —8 
to -8? To pass from -3 to —8, we pass 5 towards the left, and 
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hence say —3 from — 8 gives —5. That is -8—(—3) = —5. But to 
pass from —8 to —8, we pass 5 to the right, hence -3—(—8) = +5. 

8d. The difference between —3 and +8 means either, how far and 
in what direction must we pass to go from —3 to +8, or from +8 to 
~3? In the first case we get +8—(-—3) = +11, since we pass 11 
to the right. In the second case we get —3—(+8) = —1]1, since to 
go from +8 to —3 we pass 11 to the left. 

Tn each and all of these cases, the question is, ‘‘What must be 
added to the quantity conceived as the Subtrahend, in order to 
produce the Minuend?” considering, in each instance, the number 
of units between the two given terms as the numerical value of the 
difference, and its sign as determined by the fact as to whether we 
reckon to the right (up the scale), or to the left (down the scale), 
in passing from the Subtrahend to the Minuend. 


77. Prob.—To perform Subtraction. 


Rule.—Chandége the signs of each term in the subtra- 
hend from + to —, or from — to +, or conceive them 
to be changed, and add the result to the minuend. 


Demonstration.—Since the difference sought is what must be 
added to the subtrahend to produce the minuend, we may consider 
this difference as made up of two parts, one the subtrahend with its 
signs changed, and the other the minuend. When the sum of these 
two parts is added to the subtrahend, it is evident that the first 
part will destroy the subtrahend, and the other part, or minuend, 
will be left. 

Thus, to perform the example: 


From 5ax—6b—8d— 4m 
Take 2ax+2b—5d+ 8m 
Subtrahend with signs changed, —2av— 24 5d— 8m 
Minuend, Saz—6b—8d— 4m 
Difference, 3av— 8b + 2d —12m 


If the three quantities included in the brace are added together, 
the sum will evidently be the minuend. If, therefore, we add the 
second and third of them (that is the subtrahend, with its signs 
changed, and the minuend) together, the sum will be what is 
necessary to be added to the subtrahend to produce the minuend, 
and hence is the difference sought. Q. B.D. 
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EXAMPLES. 
Ex. 1, From 446+ 3c?—zy subtract 3ay—2z + 2ab—c, 


Model Solution.— Writing the subtrahend under the minuend so 
that similar terms shall fall under each other, for the convenience 
of combination, I have 


4ab + 3c? — ay 
2ab — co + day — Re 
2ab + 4c? — day + 22 


The difference sought may be considered as consisting of two 
parts: 1st, the subtralond with its signs changed, and 2nd, the 
minuend itself. The sum of these two parts is the difference, since 
it is what is necessary to be added to the subtrahend to produce 
the minuend. Therefore conceiving the signs of the subtrahend to 
be changed, and adding, I have 2ab+4c*—4ay + 2z, as the difference 
sought. 


A more detailed Explanation is as follows: The first question is, 
What must be added to —2z to produce the corresponding term in 
the minuend? This is evidently +22, as there is no corresponding 
term in the minuend, and I have only to write a term in the. differ- 
ence which will destroy —2z when added to it. Passing to the 
next term, I inquire, What must be added to +3zy to produce 
—ay? First, I must add —8ay (the term with its sign changed) in 
order to destroy the +8zy, and then I must add —ay in order to 
make the —ay of the minuend. So in all I must add —3ay and 
—ay, or —4ay. —Any is, therefore, the difference sought. Passing 
to the next term, What must be added to —c* to make +3? I 
must add +c? (to destroy —c’) and +8c* (to make up the required 
term in the minuend), or in all +c? and +8¢’, or +4¢*; which is the - 
difference. Finally, the term to be added to 2ab in order to make 
4ab is composed of the two parts —2ub and +4ab, which make 2ab. 

It thus appears that 2ab + 4c?—4ay + 22 is the difference, since i 
- is what must be added to the subtrahend to produce the minuend. 


2. From 4a—30?+2cy—11 take 20+ + 2xy—5. 
ee Rem., 2a—40?—6. 


” 
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3. From 15ax+2ey—6a*2? take —5ax—4b*y —3a°2. 
Rem., 20ax + 6b°y—3a'2. 


4, From 8a2b%—3ay+15—2v/zy take 8+102y—3atb? 
+27 ay. 
Rem., 11a*b*—13ay + 1—4W/ zy. 
5. From 40a —3¢ + 12b3y? take 8b3y? + 4a2a% — 2d. 
Rem., 4634? —3¢ + 2d. 


6. From @—2ad+@ take a*?+ 2ab+ 6. 
Rem., —4ab. 


7. From a&’—& take &—2ab—0*. Rem., ab. 


8. From 24ry?—14my+182*y?—14+4 27a? take 1izy’ 
—10my—42*y? + 20x —8. 


9. From 17%pma* — 18n3 + 19m* — 24 take Tpma?—4n3 
+10m*—1%. 


10. From a?+ 2a0+ 6 take a@—2ad+ &. 
11. From a Fe 3076 + 3ab?-+ 6 take a®—3a*b + 3ah°?—B. 
12. From a3 + 2atyt+-y3 take w3—2ety3 + yf. 
13. From 6*/2-+y+ 4a take 3 (w+ 9)?#—40°2. 
Diff, 3V a+ y+ 8a? 


cael —Regard 4/a+y as one quantity, and observe that 
3 (w+y)® is the same as 3 Vary. 


14. From 62—3 Vay +17(a+ 6) take 2¢+7 Vay 
+4 (a +0). Diff., 42—10 Vy +13(a+). 
15. From 10—a+6—c+2 take a+b—c—2z—90. 


16. From 6ni-+4n—fa—1 take 2m—in+4a—2. _ 
Diff, 4m+n—a+l, 
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Scholium 1.—When several polynomials are to be combined, 
some by addition and some by subtraction, it will be found expe- 
dient to write them so that similar terms will fall under each other, 
writing the several subtrahends with their signs changed, and then 
add the quantities as they stand. » 

17. From the sum of Ray’ —2b + 3a2, 2ay?+-b—az, and 
3b—ay?+3—y, subtract 3ay*+ 4b—az+ y. 

Result, —2b+3axr+3—2y. 

18. From the sum of 3a?+ay’—2bdy, 5a?+3ay?—3by, 
and 32y*+ 4a°+ by, subtract 2a?—2xy?—5by +5. 

Result, 10a*+ 8xy* + by—S. 

19. From the sum of @’—3y?+52y, 30°? -+3y?—2zy, 
and 5y°?+ 3a*b°—ay +6, subtract a7b?+ xy—y?. 

Result, 6a°b? + 6y?+ay +9. 


20. To 5ax*—%cb+8m?—2c-", add 8cb—4e-” + 2az?, 
then subtract 10m*—5ay+3cb—12c-", add 6mt—11cb +3n 
—4az, subtract —16aa2—2m?+4cb, add 5mt+ 6c-”, and 
subtract 4ay—2n. 

Result, 19ax®—22cb + 11m* + 12c-" + xy +5n. 


21. To Yoy* + 8ax—5b, add 4b—2cy-§ +m, then sub- 
tract 5ax—4m+3 and —3aa+dcy*—6, add 10ax—2d 
+8m—3, and subtract 3m—10cy-t—2m. 

Result, 10cy-* + 16aa—3b + 12m. 


Scholium 2.—The proficient solves such examples as the above, 
and, in fact, all kindred ones, without re-writing the quantities. 
Thus, to obtain the result in Hz. 20, he looks at 5aa°, casts his eye 
along till he sees 2a”, says 7az*; then looks forward to —4aa’, and 
says 8az"; then notices —16aa? in a subtrahend, and hence thinks of 
“dt as +16a27, and says 19a@*. Again taking up —7cb, he looks 
along noticing the similar terms and says, mentally, —4cb, —7eb, 
—18¢b, —22cb. Again, he takes up 8mz, and running through 
- with the similar terms, says, —2m#, 4m}, 6m, 11m. And so for 
all the other terms, 
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This is the practical way of solving such examples ; and the pupil 
should exercise himself till he can write out the result at once. He can 
go over the preceding examples thus, and should also solve, with- 
out writing, those which follow. 


22. From 132°—2azr—9@ take 5a —Tax—B. 

23. From 20az—Vx+3d take 4ax+523—d. 

24. From 5a64+2?—c-+ be —8 take —2ab+ be. 

25. From az-°—axr2+4 ca—d- take az8—ax2—ex— 2d. 
Dif, a(x 8—2)+ (e+e) z4d. 


Suggestion —This would at first become az—*—az*+cr+er4d. 
But this may evidently be written as above. 


26. From 2y—3 /zy—6ay take 322y +3 (xy)'§—4ay. ® 
27. From the sum of 4av—150+ 423}: 522+ 3az+10V/2, « 
and 90—2az—12V/z; take the sum of 2aw—80+%a%, 
ta—Saxz—70, and 30—42%, —22%+ 4a°?, iff 
Result, 1lax+60—at—4er, 


78. Cor. 1—When a parenthesis, or any symbol of like 
signification (50), occurs in a polynomial, preceded by a — 
sign, and the parenthesis or equivalent symbol is removed, the 
signs of all the terms which were within must be changed, since 
the sign — indicates that the quantity within the parenthesis is ~ 
a subirahend. 


28. Remove the parenthesis from the polynomial 3atz 
+28y°— (Satv—2m’z + 88y?) and represent the result in its 
simplest form. Do the work mentally, writing only the 
result. 

Result, 2m%z—2atx— 6b*y?. 

29. Remove the parenthesis from 5a—46+3c—(—3a 

+2b—c). : Result, 8a—-6b + 4c. 
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30. Remove the parenthesis from 4a pene (a — 42) 
+ (%—8a). Result, —5a. 


 Queries.—In Zz. 28 is the sign of 5a2z changed? What is its 
sign as it stands in the parenthesis? Is the — sign which appears 


in the result before 5a2a, the same as the one before the parenthesis 
in the example? No. What became of that before the parenthe- 
sis? Ans. The operation which it indicated having been per- 
formed, it was dropped. In Hx. 30, why are not the signs of the 
terms in the last parenthesis changed ? 


79. Cor. 2.—A parenthesis preceded by the — sign can 
be placed around any number of terms by changing the signs 
of all the terms. The reason of this is evident, since by 
removing the parenthesis according to the preceding corollary, 


_ the expression would return to its original form. 


31. Introduce within a parenthesis the 3d, 4th and 5th 


_ terms of the following expression: 6ax—2ced—8m+5x—2y 


+a—A4a. 
Result, 6ax—2ced—(8m—5x-+ 2y) +x2—Aa. 
32. Introduce within a parenthesis the last three terms 
of 4ay+2ch—8a%—5 +420. — 
Result, 4ay + 2ch—(8xe+5—20). 
33. Include in brackets the 3d, 4th, and 5th terms of 
5ax—22°+32—12ay+15. Also the 4th and 5th. Also 


the 2d and 3d. 
Form of the first and last, 5axa—2x*+ (82—1Ray + 15), 


5ax— (2a*—32)—12ay +15. 

pigs the last is the sign of 2a” changed ? 

34. Prove that (8a—6y) + (4y—4z) + 2(@ + 2) =a 
+ 2y. 
35. Prove that 4 (a+b—c) +4 (b+c—a) = 6. 

86. Prove that 6a—4b—2 (a+b) = 2 (2a—38). 


, < oe 
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37. Prove that z+ 6a?y +3—(x?+4e?y+1)=2(2°y+1). 
*88. Prove that 4(a—5d+4c) + $(5b — 2a + $c) =14e 

—fzb— 4a. 

89. Prove that 4(a—a+1)+4(2e—a+2) = 7, (10a? 
—'ta+10). I 

40. Prove that sa+4d—(4a—}0) = 8. 

41. Prove that 4(9—152)—4(12—20z) — 4 (45xz—20) 
= 1—4z. : 

42. Prove that 4(a—4o+4e) +4 (a—46+4c) = 74,(900 
— 366 + 25c). 


80. Cor. 3.— When several parentheses occur, included the 
one within the other, begin the removal with the inside one. 


43. Remove the parentheses and other marks of aggre- 


gation from 4a— § —[c—d + (42?—1)—ay]—3y}. 
Result, 4a+ce—d+42?—1—azy+3y. 
44, Show that a—[b—{c—(d—e—/)}] 
= a—[b— fo—(d—e +3] 
= a—|[b— fe—d+e—f}] 
= a—[b—c+d—e+f] 
= a—b+e—d+e—f. 

45. Remove the marks of aggregation from the expres- 
sion 7a— {3a—[4a—(5a—2a)]?, and afterwards reduce 
the result to its simplest form. Also combine and remove 
at the same time. Result, 5a. 

46. Remove the marks of aggregation from a+ 2b— }6a 
—[3b+ (8%—2 + by—2) + 4a]—3d}. 

Result, 8b—a+ Va—by—2. 

Scholium 3.—Terms having common literal factors may be 


regarded as similar with respect to these, and treated accordingly, 
the other factors in each term being regarded as coefficients, 


- —————- — ¢ 


* This, and the examples which follow in this section, may be omitted and taken 
in the review after Fractions, if thought best by the teacher. 
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47. From ax+by—cz take my—na-+ 2z. 
Result, (a+) «+ (b—m) y—(e+2) z. 
48. From az*+bay+cy* take dz’—hay+ ky. 
Result, (a—d) # + (b+h) ay+ (c—k) y?. 
49. From 1/2 aty+ 3ax—12 take 4(a+ y)e + b—2ax. 
Result, 5ax—8 («+ y)?—12—b. 
50. From a’a’—4azy+4a’x*y? take c?a*—8caxy + 622y?. 
Result, (a®—c?) 2? —(4a—8c) xy + (4a°—6) 27/2. 
Show that the second term in the last result may be + (8c—4a), 
51. From +2? — 7? — 2 (a +a)'+3 take —3/ate 
+4 (22?—y?)?—1. Result, (a+ajb—3-/P—y +4. 


SYNOPSIS FOR REVIEW. 
Subtraction. 


Subtrahend. 
DEFINITIONS. Misuend, 
F SCHOLIUM. 
Difference. | ILLUSTRATION. Dracram. 
GENERAL Sox. 1.—Both add, and eub. 
PROBLEM. } Rule. DEM. { eee. 2,—Practical method. 


Cor. 1—To remove. 
BRACKETS. Cor. 2.—To introduce. 
_{ Cor. 3.—Several. 
TERMS PARTIALLY SIMILAR. Sch. 3. 


SUBTRACTION. 


Test Questions.—What to answers can you give to the ques- 
tion, ‘‘ What is the difference between 10 and es Why do you 
change the signs of the subtrahend in subtracting? Why do you 
‘add the subtrahend, with signs changed, to the minuend ? When 
do you change the signs in removing a parenthesis? Why? What 
becomes of the sign before the brackets? In removing @ parenthe- 
sis preceded by a — sign, is the sign of the first term changed as 
well as the others? State in the briefest manner the theory of sub- 
traction? Reply. Subtraction is finding the difference between 
quantities, that is, finding what must be added to one quant to 
produce the other. This difference may always be. considered as 


3 
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consisting of two parts, one of which destroys the subtrahend, anc 
the other part is the minuend itself. Hence, to perform subtrac- 
~ tion, we change the signs of the subtrahend to get that part of the 
difference which destroys the subtrahend, and add this result to 
the minuend, which is the other part of the difference. 


GRECTION IV. 


81. Multiplication is the process of finding the sim- 
plest expression for a quantity which shall be as many 
times a given quantity, or such a part of that quantity, as 
is represented by a specified number. 

The quantity to be multiplied is called the Multi. cand 
The number by which we multiply is called the Multiplier. 
Taken together, the multiplier and multiplicand are called 
Factors. The result is the Product. 


82. Cor. 1—The multiplier must always be conceived as 
an abstract number, since it shows HOW MANY TIMES the mul- 
tiplicand is to be taken. 

Thus, to propose to multiply $12 by $5is absurd. Wecan under- 
stand that 5 times $12 is $60; but what is meant by 5 DoLLARS 
times ? 

83. Cor. 2.—The product is always of the same kind as 
the multiplicand. 


84. Scholium.—It is frequently convenient in practice to speak 
of the multiplier as positive or negative, although, literally under- 
stood, this is a contradiction of Cor. 1, which requires the multi- 
plier to be conceived as mere number. In a strict analysis, the 
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multiplier in such cases is to be considered, first, without reference 
to its sign, 7. ¢., as abstract, and then the sign is to be interpreted 
as indicating what is to be done with the product, when it is taken 
in connection with other quantities. ; 


85. Prop. 1.—The product of several factors is the 
same tn whatever order they are taken. 


Demonstration.—lst. ax, is a taken 6 times, or a+a+a+a 
+@----- to 6 terms. Now, if we take 1 unit from each term 
(each a), we shall get 6 units; and this process can be repeated a 
times, giving a times 0, or dx a. 2. @Xb=b)xa. 

2nd. When there are more than two factors, as abe. We have 
shown that aj = ba. Now callthis product m, whence abe = mc. 
But by part 1st, me = em. .. abe = bac = cab= cba. In like man- 
ner we may show that the product of any number of factors is the 
same in whatever order they are taken. Q. E. D. 


Scholium.—If the multiplicand is concrete, the reasoning is still 
the same. Thus $axb = $a+$a+$a+$a, ------- etc. to b 
terms. Now take $1 from each of the terms of $a each, and we 
have $0; and this process can be repeated a times, giving $b xa. .". 
$a xb = $bxa. Notice that in each case the multiplier is abstract. 


86. Prop. 2.—When two factors have the same 
sign their product is positive; when they have dif- 
ferent signs their product is negative. 

Demonstration.—1st, Let thefactors be +a and +2. Consider- 
ing a as the multiplier, we are to take +3, a times, which gives +a, 
a being considered as abstract in the operation, and the product, 
+ab, being of the same kind as the multiplicand ; that is, positive. 
Now, when the product, +ad, is taken in connection with other 
quantities, the sign + of the multiplier, a, shows that it is to be 
added ; that is, written with its sign unchanged. .". (+8) x (+4) 
= +ab. ; : 

Qnd. Let the factors be —a and —d. Considering a as the mul- 
tiplier, we-are to take —2, a times, which gives —ad, a being con- 
sidered as abstract in the operation, and the product, —ab, being of 
the same kind as the multiplicand; that is, negative. Now, when 
this product, —a®, is taken in connection with other quantities, the 
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sign — of the multiplier shows that it is to be subtracted ; that is, 
written with its sign changed. ... (—d) x (—a) = 

3d. Let the factors be —a and +b, Considering @ as the multi- 
plier, we are to take +6, a times, which gives +b, a being consid- 
ered as abstract in the operation, and the product, +40, being of 
the same kind as the multiplicand; that is, positive. Now, when 
this product, +a), is taken in connection with other quantities, the 
sign — of the multiplier shows that it is to be subtracted; that is, 
written with its sign changed. .-. (+0) x(—a) = — 

4th. Let the factors be +a and —}. Considering a as the mul- 
tiplier, we are to take —bd, a times, which gives —ab, a being 
considered as abstract in the operation, and the product, —ab, 
being of the same kind as the multiplicand; that is, negative. 
Now, when this product, —ab, is taken in connection with other 
quantities, the sign + of the multiplier shows that it is to be 
added; that is, written with its own sign. .. (—0)x(+a@) = — 
Q. E. D. 

87. Cor. 1.—The product of any number of positive fac- 
tors is positive. 

Thus (+a) x (+0) x (+e) x (+d) = abed, since (+a) x (+6) 
= +ab, which, in turn multiplied by +c, gives +abe, etc. 


88. Cor. 2.—The product of an even number of negative 
factors is positive; since we can multiply them two and tuo, 
thus obtaining positive products, which positive products multi- 
plied together make the complete product positive. 

Thus (—a) x (—d) x (—e) x (—d) x (—e) x (—f) = (+0) x (4a) 
x(+e) = +abedef, or abedef. 

89. Cor. 3.—The product of an odd number of negative 
factors is negative ; since, by the last corollary, the product of 
all but one (an even number) of such factors is positive, and 
then this multiplied by the remaining negative factor gives 
(+) x (—), and hence is. negative. 


90. Prop. 3.—The product of two or more factors 
consisting of the same quantity affected with expo- 
nents, is the common quantity with an exponent 
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equal to the sum of the exponents of the factors. 
That is, axa" =a™*"; or am. q-as = gmtnts, ete., 
whether the exponents are integral or fractional, positive 
or negative. 


Demonstration.—Ist. When the exponents are positive integers. 
Let it be required to multiply a by a. a= aaa, and a? = aa. 
«. @ xa’? = aaa-aa=a’, That is, there are three factors each a, in 
a’, and two like factors in a’; and, as the product consists of all the 
factors in both multiplier and multiplicand, it will contain five 
factors each a, and hence is @’. 


In general: To multiply a” by a" anda’. a” = aaa ---- tom 
factors, a” = aaaaa ---- to m factors, and a = aaaaa---- to 8 
factors. Hence the product, being composed of all the factors in the 
quantities to be multiplied together, contains m ++ 8 factors each a, 
which isrepresented a”+"+*, Since it is evident that this reasoning 
can be extended to any number of factors; the proposition is 
proved in the case of positive integral exponents. 


2nd. When the exponents are positive fractions. Let it be required 
to multiply 648 by 646. Now 643 = 4-4, i. ¢., 2 of the 3 equal 
factors which make 64, In like manner 648 ig 2-2°2-°2-2, And 
since 4:4 is 2-2°2-2, 643 x 648 = 2-2-2-2x2-2-2-2°2 = 2 or 9 
of the 6 equal factors into which 64 is resolvable, and may be 
represented 64% .-. 648x648 — 2° — 64¢ = 645+ 8, 


In general, let a® be multiplied by a, a® means m of the n 
equal factors composing a. Now, if each of these n factors be 
resolved into 6 factors, a will be resolved into bn factors, and to 


: m 
make the quantity a” we shall have to take bm instead of m factors. 
m bm c 
Hence a*=a™, In like manner @ may be shown equal to 
¢ m c by ¢ 
ain ; whence a* xa? = aa x ab, This now signifies that a is to be 
resolved into dn factors, and bm-+em of them taken to form the 
1m ¢ bm en bm-ton mo : a 
product. ... a®xa@ =a™xam—a ™, or a 3, Finally, as it is 
evident that this reasoning can be extended to any number. of fac- 
.tors, the proposition is proved in the case of positive fractional 
exponents. : , 
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3d. When the exponents are negative. Let it be required to multi- 


‘LT peat 
ply e-s by 2a. ees 2 and 2-7 is 3 A Ca a as * 93 
= 5 Or 2-4 


ma) 


1 1 
In) general, a" X@—* = 6," >t horg, = — in and,.@—* = 4 


1S li 1 1 
— IL a a b th Tre- 
(43). Whence axa" = Ge em ae ae CREO PTS 


: : 1 
ceding parts of this demonstration; and by (438) a = morte: 
This reasoning may also be extended to any number of factors. 


Ga De 


EXAMPLES. 
Ex. 1. Prove as above that 812 x81? = 81** and that 
gi’s* — 813. 
2. Prove that m* xm? = m+®, 


3. Prove that 167! x 167! = 1674, 
4. Prove that 257? x 25% is 1, 


5. Prove that a? xa? is a. 


Scholium.—-The student must be careful to notice the difference 
between the signification of a fraction used as an exponent, and its 
common signification. Thus % wsed as an exponent signifies that a 
nnmber is resolved into 3 equal factors, and the product of 2 of them 
taken; whereas 2 used as a common fraction signifies that a quantity 
is to be separated into 3 equal parts, and the sum of two of them 
taken. 


91. Prob.—To multiply Monomials. 


Rule —MWVultiply the numerical coefficients, and 
to this product affix the letters of all the factors, 
affecting each with an exponent equal to the sum - 
of all the exponents of that letter in all the factors. 
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The sign of the product will be + except when there 
is an odd number of negative factors; in which 
case tb will be —. 


Demonstration.—This rule is but an application of the preced- 
ing principles. Since the product is composed of all the factors of 
the given factors, and the order of arrangement of the factors in the 
product does not affect its value, we can write the product, putting 
the continued product of the numerical factors first, and then 
grouping the literal factors so that like letters shall come together. 
Finally, performing the operations indicated, by multiplying the 
numerical factors as in the decimal notation, and the like literal 
factors by adding the exponents, the product is completed. 


EXAMPLES. 
Ex. 1. Multiply together 3a°bz,; 2cb’y, and dac’a. 
Model Solution.—Since the product must contain all the factors 
of the given factors, and the order of arrangement is immaterial 


($5), 8a°ba x 2cb*y x Baca = 8°2-5 xa*ax bb? x cc? x va xy, Which, 
by performing the cos ations indicated, becomes 30a*b*c*x*y. 


2. Multiply together 3abzy, 2a*ba%, 10ca*, 4y°, and a. 
Prod., 240a°b?cxty’. 


3. Multiply together 5aa*, —2by, —3a*c, aa8, and —2y’. 
Prod., —60atbca*y’, 


4, Multiply teehee mar, 2m, —3aa*, —5m’, and 40%” 
Prod., 120a*m®*#ae+r+n, 


5. What is the product of —2c"d, —10ac%, —dx, 


—Aama”, and —c. Ans. —S0amttem +n +egsgntt, 
6. Multiply 32% by Qa. Prod., 6%. 
7. Multiply 60a% by 8a%. Prod., 480a%. 


8. Multiply 3a%d* by — tare. Prod., —21atbt. 
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9. Multiply 5a%0 by Yatb-*c. Prod., 35a%e. 
10. Multiply 10a by 3a™. Prod., 30. 
11. Multiply By by 6y?. Prod., 18y >» 
12. Multiply 130” by 52™, Prod., 652°». 
13. Multiply —50a" by —4a®. Prod, 200a®. 


14. Multiply 30900" by 9ambn. Prod., 2781amym+n, 
15. Multiply —5ay~ by —3a%y%. Prod., lizy. 


16. Multiply 2? by 27. Prod, a. 
17. Multiply 7 by 2—™. Prod., 1. 
18. Multiply ab-¢ by a®b°. Prod., a. 
19. Multiply ax by a’. Prod., atx. 
20. Multiply Wa? by Va’. Prod., a®. 


92. Prob.—To multiply two factors together when on 
or both are polynomials. 


Rule—Multiply each term of the multiplicand by 
each term of the multiplier, and add the products. 


Demonstration.—Thus, if any quantity is to be multiplied by a 
+b—c, if we take it @ times (i. ¢. multiply by a), then } times, and 
add the results, we have taken it a+0 times, But this is taking it 
¢ too many times, as the multiplier required it to be taken a+3 
minus ¢ times, Hence we must multiply by c, and subtract this 
product from the sum of the other two. Now to subtract this pro- 
duct is simply to add it with its signs changed (77). But, giving 
the — sign of ¢ its effect as we multiply, will change the signs of the 
product, and we can add the partial products as they stand, 
Q. E. D. 
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EXAMPLES. 
Ex. 1. Multiply 2a—3d+44¢ by 3a+2b—5e. 


Model Solution.— Writing the multiplier under the multiplicand, 
as a matter of convenience, I have 


2a — 3b + 4c 
8a + 2b — 5e 
6a? — Yab + 12ac 
+ 4ab -— 60? + 8be 
—=-l0a¢ —+ 15be — 20¢? 


6a? — 5ab + ac — 60? + 23be — 200° 


Now taking the multiplicand 8a times, I have 6a°—9ab+ 12a. 
Taking it 2b times, I have 4ab—60°+ 8bc. I have thus taken it too 
many times, by 5¢ times. Hence I am to take it 5¢ times, and then 
subtract this partial product from the others. Therefore I multiply 
by 5c, and change the signs as I procee?, and finally add the three 
partial products, I thus obtain 84+ 20—5e times the multiplicand. 


2. Multiply “+y by «+y. Prod., 2?+2xy+y?. 


3. Multiply 5e+4y by 3¢—2y. 
Prod., 152? + 2xy'—8y. 


4. Multiply #+2y—y* by ty. 
Prod., e—2xy*?+y°. 


5. Multiply 2ac—3dby by 2°—3y’. 
Prod., 4ac’—6bhey —6ac*y? + 9by?. 


Multiply #++ e—ab—ac—be by a+b+e. 


7, Multiply as +30 -+3ae2+a8 by a&§—3e'a+ 3a22—2. 
. Prod., a&—8ata? + 3a*x!—2'. 


8. Multiply «2? by a?-+2. 
: pag p68 ¢ 
9. Multiply together (a+8), (@?+ab+0), (a—4), and 
(@—ab-+0). 
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Suggestion.—Perform this first by multiplying together I and J, 
and then III and IV, and taking the product of these products. 
2d, By multiplying the product of I and UI into the product of II 
and IV. 8d, By multiplying the product of I and IV by the pro- 
duct of II and III. Result in each case, a°—b*. 


10. Multiply a3—a* by m*—n?. 
Prod., am*—m?a— ain? + n?28. 
11. Multiply 2a?+2a+5 by a—a. 
Prod., 2a*+3a?—da. 
12. Multiply 2a°+42?+82+16 by 3x—6. 
Prod., 6a4—96 
13. Multiply at+b—e by m—n. 
Prod., am—an+ bm—bn—cm+en. 
14. Multiply zt+2ey+yt by Y—y*. Prod., a2—y*. 
15. Multiply 2—4¢%+16 by «+5. 
Prod., w+ a?—42-+4+80. 
16. Multiply at—ay+a%y’—ay+y* by a+y. 
Prod., &+y. 
17. Multiply 2*—50z—100 by x+2. 
Prod., #—482?—200z—200. — 


18. Multiply 2¢°+3x2—1 by 2a°—3x+1. 
Prod., 42*—9a?+ 62—1. 
19. Multiply 2#—d% by 22+. 
Prod., xt — bia? + bat —B8, 
$0. Multiply at—o-? by a2. 3 
Prod., a —a'b-t—asb +08. 
21. Multiply 2a-$—30 by 2a74 +308, 
=o Prod., 4a7~—99%, 


+ 


“MULTIPLICATION. _ 59 
22. Multiply af+atyt+aty$+y% by ct—yt. 
Prod., 2—y-*. 
23. Multiply a +0" by a+". oe 
Prod., nen argm + angn ae Gm+n, 
24. Multiply af yt by a—yf, Prod., xs—ys. 
25. Multiply ms+m?n?+n? by mt—nt. 
Prod., m—n. 


26. Multiply 3a——2b"-* by 2a—30. 
Prod., 6a”—4ab""— 9a"? + 60". 


27. Multiply 2a-7b—% + a-%bP by 3ab3 —abvb—*”, 
‘Prod., 6a?™—P + 3um™—*npp — 20" *Pb—7 — aPb?, 


93. Definition —When an indicated operation is performed the 
expression is said to be expanded. 


28. Expand (a+b) (a—b); also (a+y) (@+y)3 also 


(e—a) (a+ ax-+a*) ;-also (m+mn)(mn +n) —(m—n)(m—n). 
Last result, 4mn. 


THREE IMPORTANT THEOREMS. 


94. Theorem.— The square of the sum of two 
quantities is equal to the square of the first, plus 
twice the product of the two, plus the square of the 


second. 


Demonstration.—Let be any one quantity and y any other. 
The sum is «+y; and the square is, the square of the first, a, plus 
twice the product of the two, 2ay, plus the square of the second, 
y. That is @+y)’ = a+2y+y. For @ty)’= (@+y) @+y) 
which expanded becomes a+ 2ey+y". QE. D. 
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EXAMPLES. 
Ex. 1. What is the square of 2a?+32*? 


Model Solution—This is the sum of the two quantities 2a° and 
827, and hence by the theorem the square equals the square of the 
first, 4a*, plus twice the product of the two, 12a*2?, plus the square 
of the second, 9a*. .*. (2a?+ 8a)? = 4a* + 12072? + 92". 


Scholium.—The pupil should give mentally the squares of the 
following expressions: : 


2. Square Aa? + 2a. Result, | 16a+ 160224 422 
3. Square a ?+ay. Result, x§ + 2aty + sp. 
4, Square 5a°+ 3050, = Result, 25a-4++ 30a? + 9a%d4. 
5. Square jab-?+ gr°1071. ; , 
Result, ta?b 4+ 2ab 8x1 + 44h 2, 


95. Theorem.—The square of the difference of two 
quantities is equal to the square -of the first, minus 
twice the product of the first by the second, plus the 
square of the second. 

Demonstration.—Let « and y be any two quantities. The dif- 


ference is a—y. Now (a—y)? = (e—y) (w—y) which expanded 
gives 27—2ey+y*. Q. B.D. 


EXAMPLES. 
Ex. 1: Square 2u—3y. Result, 42°—12ay + 9y?. 
2. Square 2 ty—2y*. Result, x *y*—4aty3 + 4y1, 


ue au m m 
3. Square 2a*—36 * Result, 4a* —12a"b * 4.957%, 
4, Square m—?—n-4%. Result, m—?®—2m—Pn-4 + n—%4, 
1 m 
5. Square 3a "—2b *. ; 


Result, 90° "120 "> 4.457%, 
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96. Theorem.— The product of the sum and dif- 
ference of two quantities is equal to the difference 
of their squares. 

Demonstration.—Let x and y be any two quantities. Their sum 
is@+y, and their difference is z—y. Now (#+y) multiplied by 


(2—y) gives, by actual mulplication, z’—y?, or the difference of the 
_ squares of the two quantities. Q. E. D. 


EXAMPLES. 
Ex. 1. Find the product of 2a?+30 and 2a*—30. 


Model Solution.—Here I have the sum of the twe quantities 2a? 
and 30, to be multiplied by their difference. Now (2a?+30) x (2a? 
—3b) is, by the theorem, the square of 2a’, or 4a*, minus the square 
of the second, or 967... (2a?+ 8b) (2a7—3b) = 4a'— 90? 


2. Find the product of a+20 and a—20d. 
Prod., @—46b*. 


3. Find the product of 2a+36 and 2a—3d. 
Prod., 4a?— 96. 


4, Find the product of 7a+26 and Ya—2d. 
Prod., 49a°—40*. 


5. Find the product of 5a3+ 60? by 5a°—60. 
Prod., 25a°—3604. 


6. Find the product of m+n? and mt —nt, 
Prod., m—n. 


7. Find the product of 2hat+3tyt and 2tat—3ty?. 
Prod., 2x«—3y. 


8. Find the product of 3a°*+ 2atot and 30% —2atd?. 
Prod., 9a't’—4ab*. 
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SYNOPSIS FOR REVIEW. 


{ ow { Multiplication. Tetiice sie 
© | Multiplier. $i: Brod webiitice mashed: 
fe Multiplicand. COR. 4 gou.—How the sign of a mul- 
— Product.  tiplier is to be understood. 
i | Factors. | 
a 1. Two factors. 


2. More than two. 
Scu.—Multiplicand concrete. 


eg eat: | Give +. 

| Give — 
( 
| 
4 


1. Order of Factors. DEM. 


2. Law of Signs. 
Positive Factors. 
COR. Even No. Negative Factors.: 


Ly 
2. 
3. Odd No. Negative Factors. 
1. 
2. 
3. 


FUNDAMENTAL 
PROPOSITIONS 


Positive Integer. 
Positive Fraction. 
Negative Integer. 
Negative Fraction. 


TO PERFORM Prob. |. WHAT? Rutz. Demonstration. 
MULTIPLICATION. | Prob. 2. WHAT? Rutz. Demonstration, 


THREE f !. Square of Sum. Demonstration. 
IMPORTANT 2. Square of Difference. Demonstration. 
THEOREMS. 3. Product of Sum and Difference. Dem. 


3. Laws of Exponents. DEM. 


MULTIPLICATION. 


Test Questions.—State and demonstrate the law of the signs in 
multiplication. How are expressions consisting of the same quan- 
tity affected by exponents, multiplied? How many cases arise ? 
Demonstrate each. What is the difference between the square of 
the sum, the square of the difference, and the product of the sum 
and difference of two quantities? Demonstrate. What is the 
product of a and a*? Prove it. What of a’ and a-*? Prove it. 


What of aé and a? Prove it. What of a and a—™? + Prove it. 
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97. Division is the process of finding how many times 
one quantity is contained in another. 

The Dividend is the quantity to be divided. The 
Divisor is the quantity by which we divide. The Quo- 
tient is the result, which shows how many times the divisor 
is contained in the dividend. The Remainder is what is 
left of the dividend after the integral part of the quotient 
is produced. 


98. Scholium 1.—Division is the converse of multiplication. 
Since a product consists of (contains) as many times the multiph- 
cand as there are units in the multiplier, the multiplier shows how 
many times the multiplicand is contained in the product. The 
product, therefore, corresponds to the dividend, the multiplicand 
to the divisor, and the multiplier to the quotient. But, as in mul- 
tiplication, multiplicand and multiplier may change places without 
affecting the product, either of them may be considered as divisor 
and the other as quotient, the product being the dividend. 


99. Scholium 2.—In accordance with the last scholium, the 
problem of division may be stated : Given the product of two fac- 
tors and one of the factors, to find the other ; and the sufficient reason | 
for any quotient is, that multiplied by the divisor it gives the dividend. 


100. Cor. 1.—Dividend and divisor may both be multi- 
plied or both be divided by the same number without affecting 


the quotient. 
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101. Cor. 2.—If the dividend be multiplied or divided by 
any number, while the divisor remains the same, the quotient is 
multiplied or divided by the same. 

102. Cor. 3.—ff the divisor be multiplied by any number 
while the dividend remains the same, the quotient is divided by 
that number ; but if the divisor be divided, the quotient is mul- 
tiplied. 


103. Cor. 4.—The sum of the quotients of two or more 
quantities divided by a common divisor, is the same as the 
quotient of the sum of the quantities divided by the same 
divisor. 


104. Cor. 5.—The difference of the quotients of two quan- 
tities divided by a common divisor, is the same as the quotient 
of the difference divided by the same divisor. 

These corollaries are all immediate consequences of the notion of 
division. They need no demonstration, but it is well that they be 
fully dlustrated. Thus Cor. 1, may be illustrated as follows: 

If a given number of apples are divided among any number of 
boys, each boy will receive just the same number as if twice or 
thrice as many were divided among twice or thrice as many boys, 
or as if $ or 4 as many were divided among 3 or 4 as many boys. 

Cor. 4 may be illustrated thus: As 2 is contained in 8 four 


times and in 6 three times, it is contained in 846 four+three, or 7 
times. 


105. Cancellation is the striking out of a factor com- 


mon to both dividend and divisor, and does not affect the 
quotient, as appears from (100). 


106. Lemma 1—When the dividend ‘is positive the quo- 
tient has the same sign as the divisor ; but when the dividend is 
negative, the quotient has an opposite sign from the divisor. 


Demonstration.—This proposition is a direct consequence of the 
law of the signs in multiplication, since the dividend corresponds 
to the product, and a positive product arises from like signs in the 
factors, and a negative product, from unlike signs. 
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Scholium.—In both multiplication and pes LIKE signs give 
+, and UNLIEE signs — resulis, 

107. Lemma 2.— When the dividend and divisor consist 
of the same quantity affected by exponents, the quotient is the ~ 
common quantity with an exponent equal to the exponent in the 
dividend, minus that in the divisor. That is, a”—~an 
= a”—", whether m and » be integral or fractional, posi- 
tive or negative. 

Demonstration.—This is an immediate consequence of the law 
of exponents in multiplication, since, in the corresponding case the 
exponent of the product was found to be the swm of the exponents 
of the factors. Now, as the dividend is the product: of the divisor 
and quotient, it follows that the exponent of the quotient is the 
exponent of the dividend minus that of the divisor. Q. E. D. 


EXAMPLES. 
Ex. 1. Divide a? by a’. 
Model Solution. @’+-a* =a‘; since a*xa* =a’, and division 
is finding a factor which multiplied into the divisor produces the 
dividend (99). 


2. Divide mt by mi. Be mr, 
3. Divide n* by n-1. Quot., net , orn xe 
4. Divide (ab) by (ab)*. Quot., (ab)"”*, or (ab) = 
; il 
5. Divide a® by a. Quot., a*, or = 
1 
6. Divide, a by a. Quot., a, or re 
7. Divide x? by 2% Quot., 2. 
8. Divide x? by a8. Quot., a8, or a 
wer 


108. Cor. 1.— Any quantity with an exponent 0 is I, 
since it may be considered as arising from dividing a quantity 
by itself. 

Thus 2° may be considered as #”-+a™ which is 1, because divi- 
dend and divisor are equal. But by the law of exponents 2a” 
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= 2°... #2 =1. In like manner the significance ee any sstiaiity 


with an exponent’0 may be explained. 5° = 1, for ° = = 1, and also 


= Bo: uae De = ye 


= or 


109. Cor. 2.— Negative exponents arise from division 
when there are more factors of any number in the divisor than 
in the dividend. 

3 
Thus a’+a°’=a** (107) =a. Again, a®’+a°= = sd : 
a 
somtlie= ao, which accords with the definition of negative expo- 
nents (48). 


110. Cor. 3.—A factor may be transferred from dividend 
to divisor (or from numerator to denomninator of a fraction, 
which is the same thing), and vice versa, by changing the sign 
of its eaponent. 


; eS 1 Tp RL ae ea 1 a 
Thus oo ap for poet apt Thus also 
= a~*6-*, since >= == ey and = b-*. 


EXAMPLES. 


22 
7 a” zy os a 
: 1 1 oe 
Model Solution.—Since a—? =— and 2? =—, I have — 
a He ry" 
a ee | 
a a b? y* 6? 0? __ Ba" 2 
i SS DS SO  — XK 
gh gt gs tg?t iy? kaa) 
ae 
- } 
2. In like manner show that Be : a es OY 
3m’ n igh 3atmas 
sed ba+ : 
3. Free Baty le from negative exponents and explain 


the process. 
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111. Prob. 1.—To divide one monomial by another. 


Rule—Divide the numerical coefficient of the 
dividend by that of the divisor, and to the quotient 
annex the literal factors, affecting each with an 
exponent equal to its exponent in the dividend 
minus that in the divisor, and suppressing all fac- 
tors whose exponents thus become 0. 

The sign of the quotient will be + when dividend 
and divisor have like signs, and — when they have 
unlike stgns. 


Demonstration.—The dividend being the product of divisor and 
quotient, contains all the factors of both; hence the quotient con- 
sists of all the factors which are found in the dividend and not in 
the divisor. Or, the correctness of the rule appears from the fact 
that it is the converse of the corresponding operation in multipli- 
cation, so that quotient and divisor multiplied together produce 
the dividend. The law for the sign of the quotient: is demonstrated 


in (106). Q. E. D. 
EXAMPLES. 


Ex. 1, Divide 12a%b by 3072*. 


Model Solution. 
Operation. 3a°a? ) 12a5ax*d 
; 4ax*d 


Explanation.—In the divisor there is a factor 8, hence there 
must be a factor 4 in the quotient, to produce 12 in the dividend. 
So, also, since there are 3 factors of a in the dividend, and 2 in the 
divisor, there must be 1 in the quotient in order that the product 
of divisor and quotient may. be the dividend. In like manner 4 
factors of «in the dividend, and 2 in the divisor, require 2 in the 
quotient. There being 1 factor } in the dividend, and none in the 
divisor, one factor of ) must appear in the quotient. Hence 12a°a"d 
-- 8q%41 = 4aa%, which quotient containing all the factors of the 
dividend not found in the divisor, will, when multiplied into the 
divisor, produce the dividend. } . 
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2. Divide 12d%y3 by 4bc?y’. Quot., 30%. 
3. Divide 8cedxz by da. Quot., 8c. 
4. Divide 10a°ca*y by 5atz*. Quot., 2acy. 
5. Divide 18a°t’a by —3a*bz. Quot., —6ab. 
6. Divide —20a%y4 by —5a?y*. Quot., 4xy’. 
7. Divide —42a*m’y? by Ta*m’. Quot., —bay?. 
8. Divide —8lab2*y by 9atby. Quot., —9ax*. 
9. Divide —132*y? by —132y’. Quot., x. 
10. Divide 8a*c3 by —8a*c'. Quot., —1. 
11. Divide 3am by 3am. Quot., 1. 
12. Divide —2*y? by a ty. Quot., —z8y%. 
18. Divide z™ by 2". Quot., xm, 
14. Divide 5a-% by 2ab. Quot., 3%. 
15. Divide 6atb* by 30308. Quot., 2a~*Bs, 
16. Divide 1%a-$0-tz? by 11a~*%O-128, 


Quot., 44a8bia, 


17. Divide aPb%c—* by abc’. Quot., aP—!hy—*¢—@+3), 


112. Prob. 2.—To divide a polynomial by a monomial. 


Rule—Divide each term of the polynomial divi- 
dend by the monomial divisor, and write the results 
in connection with their own signs. 


Demonstration.—This rule is simply an application of the corol- 
laries (103, 104); since to divide a polynomial is to find the quo- 
tient of the sum or difference of several quantities, which by these 
corollaries is shown to be the sum or eterctice of the quotients of 
the parts. Q.H.D. — 


. 
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EXAMPLES. 
Ex. 1. Divide 15a%x? + 24a*x°—12a%xe by 3az%. 


. Model Solution. 
Operation. 3aa°) 15a*z* + 24072°b — 12a°ae 
Sa7a— + 8ab — 4atae 


Explanation.—I write the divisor on the left of the dividend, 
and the quotient underneath as a-conyenient form. Considering 
the first two terms, the quotient of their sum is the sum of their 
quotients (103); hence I divide each separately and add the re- 
sults, obtaining 5a°2—'+8ab. Again, the quotient of the difference 
between the sum of these two terms and the third-is the difference 
of the quotients (104); hence I subtract from the quotient of the 
first two the quotient arising from dividing 12a‘w, whichis 4a‘a—*c, 
and have for the entire quotient 5a7a—' + 8ab—4a‘a-*c. 


2. Divide 3a°b?—18a‘e*+ 6a*b by 3ad. 
Quot., ab—6a*b + 2a. 


3. Divide 24a°y’—82ty5—24ay*? by 82. 
Quol., 3ay’—avyr—3y?. 


4. Divide 21a°a’—‘a’2*+ 14ax by Vaz. 
Quot., 3a’z?—axr+2. 


5. Divide 42a8—11a?+ 28a by ‘a. 
Quot., 6a®*—1Aa+4. 


6. Divide 9414—2448c¢-+- 4845 by 3k. 
Quot., 3k°"—8k c+ 16h. 


7. Divide 72a'?—48a%c!—32a% by 16a%c*. 
Quot., $a’c1—3atc—2abc*. 


8. Divide 36m!—48m? by 4m’. 


— 


Quot., 9ms—12m", 
9. Divide mt—mint by mi. Quot., m*—m*ons, 


10. Divide at—ah as by as. Quot., at—P +a. 
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11. Divide 11a*—33a% by lat. Quot., at—3a’>. 
12. Divide 72mt#—60mtni by admit. 

13. Divide 2a*+4a%b+ 2a*b by 2a. 

14. Divide 11a23— 3ab + 182? by Ban. 


Quot., saat" 4-6. 
8b: ery qm+i_gm+2__qm+3__qm+4 by a8, 
Quot., am—2— am—1_qm_—aqm+, 


16. Divide 5a*—102-" + Lay by 52°. 
i m—In 1— 
Quot., g* —2q-imts) + Bay, 


113. Definition.—A polynomial is said to be arranged 
with reference to a certain letter when the term containing 
the highest exponent of that letter is placed first at the left 
or right, the term containing the next highest exponent 
next, ete. 


Ilustration.—The polynomial 627y?+ 4ay*+4a'y+y*+at, ba 
arranged according to the descending powers of y, becomes y* + 4ay° 
+62°y’ +4a°y+2a*. In this form it also chances to be arranged with 

reference to the ascending powers of a. 


114. Prob. 3.—To perform division when both divi- 
dend and divisor are polynomials. 


Rule.—I. Arrange dividend and divisor with ref- 
erence to the same letter. 

II. Divide the first term of the dividend by the 
first term of the divisor for the first term of the quo- 
tient. 

ITI. Subtract from the dividend the product of the 
divisor into this term of the quotient, and bring 
down as many terms to the remainder as may be 
necessary to form a new dividend. Divide as before, 
and continue the process till the work is complete. 
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The demonstration of this rule will be more readily com- 
prehended after the solution of an example. — 


HEx.—Divide 6a*a? + a+—4aa5+a!—4a’x by x4 a*?—2az. 


Model Solution. 
DIVISOR. DIVIDEND. QUOTIENT. 
a? — 2ax + 2?) at — 4a°e + 6a%2? — 4aa® + at (a? — 2aw +2° 
- a*— 2a8e + a2? 

— Qa*a + 5a?a? — 4an8 

-— 2a'z + 4022? — 2a" 
aa? — 2ax* + a 
ae? — 2ax* + a 


Explanation.—Having arranged the dividend and divisor with 
reference to the descending powers of a, and placed the divisor on the 
left of the dividend, I divide a’, the first term of the arranged divi- 
dend, by a’, the first term in the arranged divisor, and get a’ as the 
highest power of win the quotient. Now, asI want to find how many 
times a?—2ax +2? is contained in the dividend, and have found it 
contained a? times (and more), I can take this a* times the divisor 
out of the dividend, and then proceed to find how many times the 
divisor is contained in what is left of the dividend. Hence I mul- 
tiply the divisor by a? and subtract it-from the dividend, leaving 
—2a'a+5a22?—4aa*+a*. The same course of reasoning can be ap- 
plied to this part. Thus I know that the next highest power of a 
in the quotient will result from dividing the first term of this re- 
mainder by the first term of the divisor, etc. When this pro- 
cess has terminated I have taken a7, and —2aa, and 2’ times the 
divisor out of the dividend, and finding nothing remaining, I know 
that the dividend contains the divisor just a?—2ax+2* times. 


We will now give the demonstration of the rule. 


Demonstration.—-The arrangement of dividend and divisor 
according to the same letter enables us to find the term in the quo- 
tient containing the highest (or lowest if we put the lowest power 
of the letter first in our arrangement) power of the same letter, and 
so on for each succeeding term. 
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The other steps of the process are founded on the principle, that 
the product of the divisor into the several parts of the quotient is 
equal to the dividend. Now by the operation, the product of the 
divisor into the first term of the quotient is subtracted from the 
dividend; then the product of the divisor into the second term of 
the quotient; and so on, till the product of the divisor into each 
term of the quotient, that is, the product of the divisor into the 
whole quotient, is taken from the dividend. If there is no remain- 
der, it is evident that this product is equal to the dividend. If 
there is a remainder, the product of the divisor and quotient is 
equal to the whole of the dividend except the remainder. And this 
remainder is not included in the parts subtracted from the divi- 
dend, by operating according to the rule. 


EXAMPLES. 


1. Divide 28—3aa*+3a’x—a® by x—a. 
Quot., 22—2ax+a*. 


2. Divide 2y8—19y?+ 26y—16 by y—8. ; 
Quot., 2y*—3y +2. 


8. Divide 24—a’z*+ 2a’x—a! by e—ar+a 
Quot., 2+axr—a’. 


4. Divide a4+44 by a&—2ab+ 20% 


Operation. 
a? — 2ab + 2b?) a* + 464 (a? + 2ab + 207 
a* — 2a*d + 207? 
2a*b — 2a7b? + 4b4 
2a°> — 4076? + 4ad® 
2a°b? — 4ab* + 4d¢ 
2a%* — 4ab* + 40+ 


5. Divide 8a?—26ab+ 152 by 4a—30. 
Quot., 2a—5b. 


6. Divide a3—@8 by a—d. Quot., a@@+ab4+-B 
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. Divide at—4a8e + 6a*a?—4aa3 + at by a®’—2ax +22. 


Quot., @&—2ax +22, 


8. Divide a +23 by a+2. Quot., &—axr+22. 
9. Divide 482°—76az*— 64ax +. 10503 by 2c¢—8a, 


10. 
11. 
12. 


13. 


Quot., 242°—2ar—35a2, 

Divide 2a?+a—6 by 2a—3. Quot., a+2. 

Divide 2+ %x+10 by 7+2. Quot., «+5. 
Divide z8—5z*—46z—40 by 7+4. 

Quot., «°—9x—10. 


Divide 2°§—92?+2%x%—27 by z—8. 
Quot., 2—62+9. 


[Note.—In the following the pupil will need to observe whether 
the terms are properly arranged or not before commencing the 
division. ] 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
22. 


Divide 5a*y+48+2°+5ay? by 4ey+y?+2%. 
Quot., x+y. 
Divide 62z°y?—4ay8—4asy + y*+a4 by x—y. 
Quot., w—3a%y + 382y*—y, 
Divide 6z*—96 by 3a—6. 
Quot., 224 42?4 8x+16. 
Divide 3a*h4‘—3a‘t?— 05+ a5 by a&—b?+ 3ab?—3a’bd. 
Quot., a+ 3a*b + 3ab? + 
Divide #°—y'—daty + 5ay* + 10a%y?—102a*y8 by a—y. 
Quot., (v—y)*. 
Divide a'—d5 by a—d. 
Quot., +ab+eh + a+ 
Divide m4+n* by m+n. 
Divide 322°+243 by 2a+3, 
Divide 04—3y* by b—y. 


nd 
Quot., B+ y+ by+y— a 
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23. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 
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Divide #*-+pu+q by «+a. 


2 
Quot., «+p— py Re, et se pat 


z+a 


. Divide at+& by @+abV2+0% 


Quot., &@—ab /2+2. 
Divide 4a8+2?+327+# by $241. Quot., +3. 
Operation. 


fo+1)gortart fete(e+e 
Ee 


Divide a#+y1 by x+y. : 
Quot., #B— ay + on — —y¥ 42g Aad 


“+Yy 
Divide a4 2a7b™+ 6%" by a™+ 0". 
Quot., a+b", 
Operation. 
a™ + br ) qm ae Qamhr fe lise (a ofl bn 
am +. ain = oe 
ah" + b* 
anhr sth oe 


Divide 2a3"— 6a?” + 6a7b2”— 20%" by a®—dn, 
—— Quot., 2a" —4anbr + 20%, 
Divide 405+ 4jla’@—$0+2 by 424+3. : 
Quot., @—4we+ 3. 
Divide z?—y? by 2t#—y?- Quot., x+abyt+ y, 
Divide a—6 by at —h3. 
Quot., at oP azht + gto + a 
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82. Divide wt—2?_42% + 62224 by 2l—az}+ 9, 
Quot., «—a%. 
33. Divide i hima by am—cn, 
; Quot., a”%—2cr, 


34. Divide 4524245 by os 
; Quot., P4445, 


sos 1 1 1S 
35. Divide ie by eae Quot., MAE o tee 


a 328 é 
36. Divide “ —— 24? aa ape by 2a—38z. 


a 
Quot., or a 
37. Divide + inat $5 2 by he By 
32* 1382 3B9y 
Quot., rae gi! tare 


38. Divide a+ (a—1) 2+ (a—1) 2+ (a—1) at—a by 


Operation. 
a—a@ ) a’ + (a—1)a* + (a—1)2° + (a—1)a*—2* (at+a+a%+a°% +2" 
v — az 


ax +(a—1)a* 
ax — gv? 
» ax’ + (a—1)2° 
a 3 
ax®+ (a—1)a* 
aee— ~— at 
aat—a? 
ax*—zx 


39. Divide x (a—1) a§+ (28+ 2x—2) a? + (32°—2°) a—a4 
by a+ 2a—a°. Quot., (z—1)a+a 
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Scholium.—This process of division is strictly analogous to 
“Long Division” in common arithmetic. The arrangement of the 
terms corresponds to the regular order of succession of the 
thousands, hundreds, tens, units, etc., while the other processes are 
precisely the same in both. 


SYNOPSIS FOR REVIEW. 


f on | Division. ( Sox. 1.—Relation of division and multiplication. 
Dp o Sou. 2.—General reason for a quotient. 
= O2 | Dividend. Cor. 1.—Multiplying or dividing dividend and 
— a= Lu divisor 
cc aye : 
E B= | Divisor. | Cor. 2.—Multiplying or dividing dividend. 
eC f Cox. 3.—Multiplying or dividing divisor. 
fe 2 ao | Quotient. Cor. 4.—Quotient of sum. 
-loe = di Cor. 5.—Quotient of difference. 
zm P= Remainder. t DeErFrnirion.—Cancellation. 
O;a... 
Fall?) 
— | gow | Laws of | peMonsTRATION. 
72) roa) Signs. 
> g = = rm oe Cor. 1.—Meaning of exponent 0. 
= |=°2 E t DEM. < Cor. 2.—Negative exponents. 
a = = A xponents. Cor. 3.—Transferring exponents. 
jo” 
os { |. To divide one monomial by another. ROLE. Dem. 
= oe : ; : 
ul 2. To divide a polynomial by a monomial. RULE. Dem. 
5 | 3. To divide one polynomial by another. RULE. Dzm. 
ia 
o | ; 
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Test Questions.—How do negative exponents arise, and what do 
they signify? What is the value of any quantity with 0 for its ex- 
ponent? Why? How do you divide, when dividend and divisor 
consist of the same quantity affected by exponents? Why? Give 
the General Rule (Prob. 3) and its demonstration. 


Q@HAPTER, | I. ols 
QBECTION ai 
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115. The Factors of a number are those numbers 
which multiplied together produce it. 

A Factor is, therefore, a Divisor. A Factor is also frequently call- 
ed a measure, a term arising in Geometry. 

116.4 Common Divisor is a common, integral fac- 
tor of two or more numbers. 

The Greatest Common Divisor of two or more num- 
bers is the greatest common integral factor, or the product 
of all the common integral factors. 

Common Measure and Common Divisor are equivalent terms. 

117. A Common Multiple of two or more numbers 
is an integral number which contains each of them as a fac- 
tor, or which is divisible by each of them. 

The Least Common Multiple of two or more numbers 
is the least integral number which is divisible by each of them. 

118. A Composite Number is one which is com- 
posed of integral factors different from itself and unity. 

119. A Prime Number is one which has no integral 
factor other than itself and unity. 

120. Numbers are said to be Prime to each other when 
they have no common integral factor other than unity. 
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Scholium.—The above definitions and distinctions have 
come into use from considering Decimal Numbers. They are only 
applicable to literal numbers in an accommodated sense. Thus, in 
the general view which the literal notation requires, all numbers 
are composite in the sense that they can be factored; but as to 
whether the factors are greater or less than unity, integral or frac- 
tional, we cannot affirm. 


121. Prop. 1—4 monomial may be resolved into 
literal factors by separating its letters into any num- 
ber of Sroups, so that the sum of all the exponents of 
each letter shall make the exponent of that letter in 
the given monomial. 


: 8 ° 1 8 
Illustration. 5a%bz> may be resolved into 5a: ab?- ab? +23, or 5a? 
ph Dae | 1D eS 1 : : . 
x bE x a®bsae x a2b3a8 x 2% or into any number of factors, in a like 
manner. 


Demonstration.—This is a direct result of the principle that 
monomials are multiplied by writing the several letters in connec- 
tion, and affecting each with an exponent equal to the sum of the 
exponents of that letter in the factors. 


EXAMPLES. 


Ex. 1. Separate 12a*bz° into all the possible factors with 
positive integral exponents. 
Factors, 3, 2, 2, a, a, b, x, x, and x. 
2. Separate 16a’a? into two equal factors. 
Factors, 4a%0x3, and 4atoz%. 
8. Separate 8xy* into two factors, one of which is 4zy. 
Factors, 4ay, and 2a7by?. 
4. Remove the factor 2(aa)* from 6a’. Result, 3a%z?. 
5. Remove the factor 30% from 15ac?. Result, 5 »/ac. 
6. Resolve m into two factors. 


1 ae me 2 1 8 . 
Result, mi-m, Vim» Vm, mim, mt-mt, mtmk, ete, 


/ 
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7. Resolve z into two equal factors. Into 3. Into 5. 


122. Prop. 2.—Any factor which occurs in every 
term of a polynomial can be removed by dividing 
each term of the polynomial by it. 

Demonstration.—This is the ordinary problem of division by a 


ae since divisor and quotient are the factors of the divi- 
end. 


EXAMPLES. 
1. Factor 3a—30. ome Result, 3 (a—b). 
2. Factor aw—br+cx. Result, (a—b +0). 
3. Factor 5—5y. Result, 5 (1—y). 
4. Factor 6a*y®—18ay’. Result, 6ay* (ay—3). 
5. Factor 42a%y—1l4ay + Ta*y*. 


Result, Yay (6r—2+2%y). 
6. Factor 8lem’z—63cema%. Result, 9emx (9m—72"). 
7. Factor Va*x’y—21laz*y’. a 
_ Factors, Vax’y and a’—3y’. 
8. Factor 72ab?28—84ab%2* + 96a°*2*. 
Factors, 12ab* and 6z—7b+ 8a. 


9. Factor 924a4b9c3—1078a%b4c? + 1232a8d%c4. 
Factors, 14a°b'c3 and 66a—77b+ 88¢. 


123. Prop. 3.—If two terms of a trinomial are 
POSITIVE and the third term is twice the product of 
the square rovts of these two, and POSITIVE, the trino- 
mial is the square of the sum of these sqware roots. 
Tf the third term is NEGATIVE, the trinomial is the 
square of the DIFFERENCE 07 the two roots. 

-Demonstration.—This is a direct consequence of the theorems 
that, “The square of the sum of two quantities is the sum of their 
squares plus twice their product; ” and “ The square of their dif- 
- ference is the sum of their squares minus twice their product,” 
(94, 95.) 


oe 
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EXAMPLES. 


Ex. 1. What are the factors of a?+2ad+0? 


Model Solution.—I observe that the two terms a’ and &* of this 
trinomial are both positive, and that the other term, 24, is twice 
the product of the square roots of a’, and 6’, and positive. Hence 
a? +2ab+0? = (a+b)? = (a+b) (a+b). Therefore, the fuctors are 
a+6 and a+, 


2. What are the factors of z?—2ax+a?? 
3. What are the factors of m+ 24+ 2m?n? ? 


Suggestion.—Here m* and x‘ are both positive, and 2m?n? is the 
product of their square roots. Ans., (m*+n”) and (m?+n*), 


4. What are the factors of 16a?—8a+1? 
5. What are the factors of m+2/mn+n? 
Ans., (Vm+“n) and (/m+ Vn). 
6. What are the factors of z?+ yt—2atyé ? 
Ans., at—y® and ab—yp, 
7. What are the factors of a%b-+ab2+ 2a2b3 ? 


8. What are the factors of 2+ 2xry—y*? 
Query.—Can the last be factored according to this Propo- 
sition? Why? 


9. If 4a”, 160°, and 16ad are the terms of a trinomial, 
what must be their respective signs so that the trinomial 
can be factored ? 

10. Factor 16a°%b4n®— 80582 +1. 
Factors, (4a°b*m—1) and (4a°4’m—1). 
11. Factor 9a?+3ab+48. 
' Factors, (8a+4b) and (3a+40). 
12. Factor 49a?b?’—28ud8+ 4), 
Factors, (tab—$b*) and (‘iab—%0?) 
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18. Factor @ eS ed ay, fo E 
= + Factors, ere and ( +‘). 


14. Factor 47°++49'— 1ta5y4. 
Factors, (3v°—}y*) and (228—1y4). 
15. Factor at a 


Factors, (- 4 and 


16. Factor a?+2aV/z+2. 
Factors, (a+/V2) and (a+ ie a). 


‘17. Factor —26/7+2 
Factors, (Vz—b) and (Wx—D). 
18. Factor z—2 V/z-y+y. 

Factors, (Va—V/y) and (Vz—“Vy). 


19. Factor a2%—2az b+ 22. 
Factors, (aVb—2) and (a /b—2). 


20. Factor a+2Va+1. 
Factors, (Va+1) and (Wa+1). 


124. Prop. 4.—The difference between two quanti- 
ties is equal to the product of the sum and difference 
of their square roots. 


Demonstration.—This is an immediate consequence of the 
theorem, that “The product of the sum and difference of two quan- 
tities is the difference of their squares.” Thus a?—}* = fadet) (a—b). 


Also, if we have m—n, m is the square of m2, and n, of ns tem 
—n1= (m? +n) (m?—n2), etc. 
EXAMPLES. 


Ex. 1. Factor 16a2— 99’. 
Factors, — —3y) and a 3y). 
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2. Factor a*y°— 2". 
Factors, (ay—bx) and (ay+0z). 
3. Factor 16a?a’—250°y*. 
Factors, (4ax—5by) and (4ax-+ 5by). 
4. Factor a#—y4. Factors, (x*—y*) and (z*+y%). 
5. Factor 2'—y*; also a—y%; also as—yi ; also z-4 ( 
—y*; also 4a*—9d-4. J 
Factors of last three, (#*—y) and (a* +-y8) ; («?—y) 
and (x*+y~*); and (2a*—3b~) and (2a *+30-). 
6. Factor m—n. " > 
Factors, (Vm—Vn) and (Vm+Vn)~ 
7. Factor 2a—46. ‘ 
Factors, 2, (Va—V2b) and (Va+ 20). 
8. Factor 25a”—3y™, 
Factors, (52 —/3y") and (523 + /3y"). 


125. Prop. 5.— When one of the factors of a quan- 
tity is Siven, to find the other, divide the Siven quan- 
tity by the given factor, and the quotient will be the 
other. gy 

Demonstration.—This is the ordinary problem of division, since 


the divisor and quotient are the factors of the dividend. Any 
problem in division affords an example. 


EXAMPLES. 


Ex. 1. Resolve 2a?—36a3b into two factors one of which 
is 2a. 
hips B L--ee9) 
2. Remove the factor fe: e from ae y 
9em-* 


3. Remove the factor ae —— ~ from Uh cies "ag 


2 —1 ya edna wae) 
4, Remove the factor 3a-?+ 2a from ae ut 2 
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126. Prop. 6.— The difference between any two 
quantities is a divisor of the DIFFERENCE between the 
same powers of the quantities. 

The sum of two quantities is a divisor of the DIFFER- 
ENCE of the same EVEN powers, and the suM of the 
same ODD powers of the quantities. 

Demonstration.—Let « and y be any two quantities and n any 
positive integer. First, c—y divides x*—y". Second, if n is even, 
a+y divides 2*—y". Third, if n is odd, x+y divides a*+y". 

FIRST. 
a—y)ar—y (ar + ary pany? + on—4y/® + etc, 
ar —an—ly we ee as hae 
a aaa 
gy — any? 
gh By? yn 
gry? —gn—Sy8 
sys — any 

Taking the first case, we proceed in form with the division, till 
enough terms to determine the law are found. We find that each 
remainder consists of two terms, the second of which, —y’, is the 
second term of the dividend constantly brought down unchanged ; 
and the first contains # with an exponent decreasing by unity in 
each successive remainder, and y with an exponent increasing at the 
same rate that the exponent of 2 decreases, At this rate the 

‘exponent of zin the nth remainder becomes 0, and that of y, n. 
Hence the nth remainder is y"—y" or 0; and the division is exact. 
SECOND AND THIRD. 
at+y)amsty” ( gn _—_gn—ty 4. any? —an—ty/®, etc. 
a" aly 
a ny + yf 
—agn—ty—ar—2y? 
Sone Re 
gry? #2 arty 
ary YP 
, ey —an—tyt 
g—ty* + y” 


84 FACTORING. 


Taking 2+y for a divisor, we observe that the exponent of z in 
the successive remainders decreases, and that of y increases the same 
as before. But now we observe that the first term of the remainder 
is — in the odd remainders, as the ist, 3rd, 5th, etc., and + in the 
even ones, as the 2nd, 4th, 6th, ete. Hence if n is even, und the 
second term of the dividend is —y", the nth remainder is y*—y" or 0, 
and the division is exact. Again, if is odd, and the second term 
of the dividend is +y*, the nth remainder is —y"+y* or 0, and the 
division is exact. Q. BE. D. 


127. Scholium.—The pupil should notice carefully the form 
of the quotient in each of the above cases, and be able to write it 
without dividing. He should also be able to tell ata glance, 
whether such a division is exact or not, and if not exact, what the 
remainder, or fractional term of the quotient is. 


EXAMPLES. 
Write the quotients in the following without dividing : 


( — y) + (@— 9). 

(a® + 08) + (a + DB). Quot., @&—ab+Bh. 
(a* — 8) + (a — d). 

(at — m4) + (a + m). 

(at — m‘) + (a — m). 

(m* + n*) + (m + n). 

(m8 — 08) + (m + 8), also by (m — BD). 

(73 — y®) = (@ + ¥). 

Suggestion.—Notice that 2” is the 4th (an even) power of 2°, and 
y” is the same power of y*. It may be best for the pupil to obtain 
this quotient thus. Putz*=a, and y8=0b. Then 2? = a‘ and 
y* =. But (a*—6d*)+ (a+b) = a'—a*b+ab?>—b*. Whence restor- 
ing the values of a and }, we have (#”—y™)+(2°+y°) = 2°—a'y! 
+a°y'—y’, since a = 2", —a*b = —ay®, +ab? = +2°y', and —}? 
— —y. 

9. (m+ 2) (m?+n?). 

Quot., m’—mSn? + mint— men’ + n8, 
10. (2%—y'*) +-(a—y'), also by (z+ 4%). 
11. (a’m®—y’) + (am*—y). 


Be Pe 
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Suggestion.—Notice that a*m° is the third power of am’, as y’ is 
of y. The quotient may be obtained by first using a single letter 
for am?, as x, writing out (2°—y*)+(@—y) = 2° +ay+y’, and finally 
restoring the value of z After a little practice the pupil will 
not need to go through such a process, but can write the quotient 
at once. This quotient is a?m*+am7y+y’. 


12. (1—y*) +(1—y). 

13. (yS—1)+(y+1), also by (y—1). 

14. (a°a® + by") + (ax + by’). 

15. (16a4—81y8) ~ (2a 4+3y?), also by (2a—3y?). 


[Note.—In the following examples if the division is not exact, 
the quotient should be written with the fractional term.] 


16. Is a?+3? exactly divisible by a+4, or G—bir 
17. Is m’—y exactly divisible by m+y, or m—y? 


18. Write the following quotients (x”"—y*")+(x+y), 
also by z—y.  (a2™+14 y2m+1) (x+y), m being an integer. 


Query.—Is 2m even or odd? Is 2m+1 even or odd? 


FOR REVIEW OR ADVAN CED COURSE. 


[Note.—The following corollary and examples may be omitted 
till after the pupil has been through the chapter on Powers and 
Roots, if thought desirable. ] 


128. Cor.—Proposition 6 applies equally to cases involving 
fractional or negative exponents. 


Thus, as_ys divides a —y, since the latter is the difference 


between the 4th powers of a® and yt. So in general 2 ™—y* 


divides ony a being any positive integer. This becomes 


3 eile 
and y *=; whence a ™ = 0%, and 
ae 


r igs 


evident by putting om = ®, 
yt — yt, But o*—w* is divisible by »—%, hence « ™— 
_ divisible by omy, 


¢ 
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‘ EXAMPLES. 


19. What is the quotient of (a*—*)+(a1—b")? 
Ans, a*+a%b3+ ab? +a 3404 


20. What is the quotient of (at, y)e(et+yh: ? 
Ans., a sy bag bys sy 5, 


21. What is the quotient of (S—#]+ [+9]? 


22. Is gt_yt divisible by a—y-, or at+y? 
23. Is a8—y? divisible by V/z+Vy, or Va—Vy? 
24. Is a2+y8 divisible by Wx+V7y, or Vz—Vy ? 


25. What is the ae of (axt + bby) + (ab Vz 
+ Vbys) ? 


129. Prop. 7.—A4 trinomial can be resolved into 
two binomial factors, when one of its terms is the 
product of the square root of one of the other two, 
into the sum of the factors of the remaining term. 
The two factors are severally the algebraic sum of this 
square root, and each of the factors of the third term. 


’ [Iustration.—Thus, in 27+ 7a +10, we notice that 7a is the pro- 
duct of the square root of 2°, and 2+5 (the sum of the factors of 10). 
Therefore, the factors of «?+7a+10 are #+2 and #+5. Again 2? 
—82—10, has for its factors +2 and x—5, —3wv being the product 
of the square root of 2? (or &), and the sum of —5 and 2 (or —8), 
which are factors of —10. Still again, @?+82—10 = (w—2) (@+5), 
determined in the same manner. 


Demonstration.—The truth of this proposition appears from 
considering the product of +a by +0, which is 2°+(a+b)a+ab, 
In this product, considered as a trinomial, we notice that. the term 
(w+), is the product of 4/2? and a+b, the sum of the factors of 
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ab, In like manner (+a) (e—d) = a +(a—b)x—ab, and (e—a) 
(a—b) = 2*9—(a+b)x+ab, both of which results correspond to the 
enunciation. Q. E. D. 


[Note.—In application, Proposition 7 requires the solution of the 
problem: Given the sum and product of two numbers to find the num- 
bers, the complete solution of which cannot be given at this stage of 


the pupil’s progress. It will be best for him to rely, at present, — 


simply upon inspection.] 


EXAMPLES. 


Ex. 1. Show that, according to this proposition, the fac- 


tors of 22+32+2 are +1 and «+2. Verify it by 
actual multiplication. z coat 
2. In like manner show the following: 
a — Ya +12 = (x — 3) (a — 4). 
@— 2 —12 = (x + 3) (4 — 4). 
e+ x2—12 = (x —3) (x + 4). 
3. Factor #—5a+6, v+4+3r—28, 2—11z +28, 2+ 2% 
—35, 2—2¢—8, 27+ 2¢—8, 72—y—y’, 5—4z2—2. 


130. Prop. 8.—We can often detect a factor by 
separating a polynomial into parts. 

Demonstration.—The correctness of this process depends upon 
the principle that whatever divides the parts, divides the whole. 


EXAMPLES. 


Ex. 1. Factor 2+ 12%—28. 

Model Solution.—The form of this polynomial, suggests that 
there may be a binomial factor in it, or ina part of it. Now 2 
—_4o+4 is the square of w—2, and (a? —4e44)+(16e—32) makes 
412228, But (2?—42+4) + (16e—82) = (@—2) (@—2) + (@—2) 
16 = (w—2) (@—2 +16) = (@—2) @+ 14). Whence #—2, and +14 
are seen to be the factors of 2” + 12a—28. 


2. Resolve 12a%+3by?—L5aby into its factors. 


“Solution. 30 is seen to be a common factor, and removing it, we 
have 4a°+7?—5ay. This latter polynomial may be separated into 


swe 
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the parts a?—2ay+y’, and 3a°—8ay. Hence, 4a?+y?—5ay = (a? 


—2ay +4") + (8a*—Bay) = (a—y) (a—y) + (a—y)3a = (@—Y) (a 
4+3a) = (a—y)(4a—y). Hence the factors of 120°) + 3by?—1b5aby, 
are 3b, a—y, and 4a—y. 


3. Factor 6a5 + 15athb— 408? — 10a*bc?. 
Factors, a, 3a2—2c, and 2a+50. 

. Factor 3a?—2a—1. Factors, a—1 and 3a+1. 
. Factor 5a?—8ax+32%. Factors, 5a—3a2 and a—z. 
. Factor 20az—25an—16bxa+ 206n. 
. Factor 8a?+ 22ab+ 150". 
. Factor 12a3—82y—92*y*?+ 6y°. 

9. Factor 42a®—2cy—20y?, 42a7—58ay+20y*, and 422° 
+ 58ry + 20y". 

10. Factor 64cy—10ax+ 96by—15ab. 

11. Factor a@nz—a’mn—aay+amy. 

12. Factor 45a%23+ 30a%b2*y—27a°cx*y —18abexy*. 

13. Factor 12¢5—828y*? + 21a*y—14y’. 


otaan 


CSRECTION Il. 
hha 

131, The Highest Divisor of a literal number is the 
divisor of the highest degree with reference to the letter of 
arrangement, 7. ¢., the divisor which involves the highest 
exponent of that letter. — 

The Highest Common Divisor of two or more literal 
numbers is the divisor of highest degree which is common 
to all of them, 
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Scholium.— While, with reference to decimal numbers, the term 
greatest divisor is appropriate, it is scarcely proper to apply it to 
literal quantities, for the values of the letters not being fixed, 
or specific, great or small cannot be affirmed of them. Thus, 
whether a’ is greater than a, depends upon whether @ is greater or 
less than 1, to say nothing of its character as positive or negative. 
So, also, we cannot with propriety call a°—y* sitgli than a—y. If 
a=4, and y=i, a—y* = %&, and a—y =; .. in this case a* 
—y'<a—y. Again, if a and y are both arena than 1, but a<y, 

a°—y* though numerically greater than a—y is absolutely less, since 
it is a greater negative. 


[Note.—The general rule for finding the Greatest or Highest 
Common Divisor is founded upon the four following lemmas. | 


132. Lemma 1.—The Greatest or Highest C.D. of two or 
more numbers is the product of their common prime factors. 


Demonstration.—Since a factor and a divisor are the same thing, 
all the common factors are all the common divisors. And, since 
the product of any number of factors of a number is a divisor of 
that number, the product of all the common prime factors of two or 
more numbers is a common divisor of those numbers. Moreover, 
this product is the Greatest or Highest C. D., since no other factor 
can he introduced into it without preventing its measuring 
(dividing) at least one of the given numbers. Q. E. D. * 


EXAMPLES. 


Ex. 1. What is the G. C. D. of 48, 108, and 72? 

Model Solution. 48 = 2:2°2-2:°8, 108 = 2:2°3:°3-3, and 72 
= 2:2-2-8-8. The common factors, or divisors, are 2° 2-3; hence, 
2: 2-8 = 12, divides all the numbers, and is a C. D. Moreover, as 
there is no other common factor, if we introduce an additional 
factor into 2-2-8, it will not divide the given number or numbers 

-which do not contain this factor. Thus, if we introduce a factor 5, 

it will not divide any one of the given numbers. If we introduce 
another factor, 2, and have 2.2.3-2 = 24, it will not divide 108, 
which has but two factors of 2... 2-2-8 = 12, is the G. C. D. of 
48, 108, and 72. ; 

[Solve the following, giving the explanation as above. ] 


2. Find the G. OC. D. of 84, 126, and 210, G. G D., 42. 


on 
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3. Find the G. ©. D. of 70, 105, and 245. G. C. D., 35. 
4, Find the Highest C. D. of 12ad*c and 25d%c*. 


Solution—Here we see at once the Highest Common Divisor 
with reference to the letters, as 6, 6, and ¢ are all the common 
literal factors. There is no common factor in 12 and 25. Hence 
bc is the H. ©. D., inasmuch as no other factor can be introduced 
into this product (6*c) and it still remain a divisor of 12ab°c and 
25d*e%. 


5. Find the H. C. D. of 12a°d'c* and 8a?b®c. 
H.C. D., 40°bc. 


6. Find the H. C. D. of 6a52?, 18a°vy, and 24a72%y?. 


7. Find the H. ©. D. of 3a%y# and 2mnzxy. 
H. C. D., zy. 
8. Find the H. C. D. of 3a°~—6abs + 30x and 4a°y—40*y. 


Suggestions. 3a°7—6abe+ 3b°2 = 8a(a—b) (a—D); and 4a7y—4b*y 
= 4y(a+6)(a—d). «. H.C. D. is a—d, 


9. Find the H. C. D. of. 2?4+12¢—28 and 234 92? 
+2%7~— 98. 

Suggestions.—F actor the polynomial of the lower order first, as 
it is more easily resolved. 2*+12¢—28, may be factored by (129) 
or (130), According to the latter process we have 27+ 12¢%—28 
= aw—4r+4+(167—32) = (@—2)?+16(@—2) = (w — 2) (a@—2+4 16) 
= (a—2)(@+14). Now find by trial whether either or both of these 
factors are divisors of the other polynomial. x—2 is, and #+14 is 
not. .. e—2 is the H. C. D. 


10. Find the H. ©. D. of 3a%*y—3a’zy—36a’y and 
3a°a8—4802c—3a%+480, H.C. D., 8aa—120. — 

133. Scholium.—The difficulty of factoring renders this pro- 
cess impracticable in many cases. There is a more general method. 
But, in order to demonstrate the rule, we must prove three 
additional lemmas. 

134, Lemma 2.—A polynomial of the form Ax*+Bxn-1 
+Cx"-* ---- Ex+F which has no common factor in every 
term, has no divisor of tis own degree except itself. - 
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By this form it is meant that all like powers of the letter of 
arrangement are collected into a single term, and that the polyno- 
mial is arranged according to some letter, as for division. 


: Demonstration.—1st. Such a polynomial cannot have one factor 
' of the nth degree,—its own,—with reference to the letter of arrange- 
ment, and another which contains the letter of arrangement, for 
_ the product of two such factors would be of a higher (or different) 
degree from the given polynomial. 
2d. It cannot have a factor of the nth degree with reference to 
the letter of arrangement, and another factor which does not con- 
tain that letter, for this last factor would appear as a common 
factor in every term, which-is contrary to the hypothesis. 
Q. E. D. rs 
 IMustration. 4a?7—5ay+y? cannot have a factor containing a’, 
such as a?—y, and another which contains a, as 4a—2y, since two 
such factors multiplied together, would give a higher power of a 
than a?, to say nothing of other terms. Again, it cannot have such 
a factor as a?—ay—y and another which does not contain a, as 
4—5y+y’, since this last would then appear as a factor in every 
term of the product when arranged with reference to @; as 
- (4—5y +y*) a®@—(4—5y +") ay—(4—5y+y") y. But the hypothesis 
is that the given polynomial shall have no common factor in 
every term. . 


135. Lemma 3.—A divisor of any number ws a divisor 
of any multiple of that number. 

Illustration.—This is an axiom. If @ is contained in }, g times, 
it is evident that it is contained in n times }, or nb, n times q, or 
ng times. 


136. Lemma 4.—A common divisor of two numbers is a 


divisor of their sum and also of their difference. 

Demonstration.—Let « be a ©. D. of m and n, contained in 
m, p times, and in n, ¢ times. Then (m+n) +a=p++4q. 
Q. E. D. 

“{Mustration.—If this appears a little abstract and unsatisfactory 
to the Jearner, let him illustrate it thus: 4 is contained in 20, 
_ 6 times, and in 8, 2 times; hence it is contained in 20+8, 5+2, or 
7 times, and in 20—8, 5—2, or 8 times. 


r 
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137. Prob.—To find the H.C. D. of two polynomials 
without the necessity of resolving them into their prime 
factors. 


Rule.—J. Arranging the polynomials with refer- 
ence to the same letter, and uniting into single terms 
the like powers of that letter, remove any common 
factor or factors which may appear in all the terms 
of both polynomials, reserving them as factors of the 
Heb L. 

Il. Reject from each polynomial all factors which 
appear in t& and not in the other. 

IIT. Taking the polynomials, thus reduced, divide 
the one with the greatest exponent of the letter of 
arrangement, by the other, continuing the division 
till the exponent of the letter of arrangement is less 
in the remainder than in the divisor. 

IV. Reject any factor which occurs in every term 
of this remainder, and divide the divisor by the 
remainder as thus reduced, treating the remainder 
and last divisor as the former polynomials were. 
Continue this process of rejecting factors from each 
term of the remainder, and dividing the last divisor 
by the last remainder till nothing remains. 

If, at any time, a fraction would occur in the quo- 
tient, multiply the dividend by " any number that will 
avoid the fraction. 

The last divisor multiplied by all the first reserved 
common factors of the given polynomials, will be the 
H. C. D. sowght. 


Demonstration.—We will first give a demonstration of this rule 
by means of a particular example. Let it be required to find the 
H. C. D. with reference to a, of the following polynomials: 

12076? + 380?y? —15ab?y+ 12a*by + 8by* — —15aby?, and 6 oP —atb'y 

— by? + 2ab*y? + 6a*by —6a*by? — —eby! + Baby? 
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Operation. 
12a°B* + 3b*y? — 15ab*y + 12a%by + Bby* — Lbaby? (A) 
- 64°? £60*b?y— 207y? + 2ab*y? + batby + ba*by? + 2by*+ 2aby® (B) 
40% + by*® — 5aby + 4a*y + y® — Say? (0) 
__8a% — 8a*by — by® + aby? + Bay — 8a*y? — y* + ay? (D) 
(46 + 4y) a® — (Bby + By?) a + (by? + y’) (4) 
(8) + 8y) a* — (Bby + 8y*) a? + (by +y)a— by +y') (F) 
(@) (4) 
4a°—5ya+y?) 8a°— B8ya?+ yra— y? 
} ‘ 4 
(Z) 12a°—12yu7+ 4y’a— 4y*(8a 
(K) 12a*§—lbya*+ 38y°a 
(L) sya*+ y*a— 4y? 
| 
(Mf) . 12ya*+ 4y’a—16y° ( 3y 
A ee ya?—15y?a+ 8y° 
(0) Reject 19y’, 19y?a—19y* (@) 
(P) a—y ) 4a°—5ya+y* (4a—y 
4a?—4ya 
— yaty? 
— yaty’ 


.. The H.C. D. of (A) and (B) is (0) 6+y) (@—y) = ab? +aby 
—By—by’. 

Reasoning. 

Ast. nanevas b from both (A) and (B), and reserving it as 
factor of the H. C. D. (Lm. 1), and rejecting 3 from (A), and 9 
from (B), since they are not common factors, and hence cannot enter 
into the H. OC. D., we get: (C) and (D). 

2nd. Arranging (C) and (D) with reference to a, the letter with 
respect to which the H. C. D. is sought, both for convenience in 
dividing, and to observe if any other common factor appears, we 
have (E) and (F). In these we readily discover and remove the 
common factor (6+), reserving it as a factor of the H. C. D., and 
get (G) and (H). 

8rd. Having now found two of the common factors of (A) and 
_(B), and removed some which were not common, it remains to 
' determine whether there are any more common factors, that is, 
whether (G) and (H) have a C. D. 


. 
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(G) is its own H. D., Lem. 2; hence if it divides (H), it is the 
H.C. D. of (G) and (H). We, therefore, try it. But, to avoid 
fractions, we multiply (H) by 4, since, as 4 is not a factor of (GQ), 
the H.C. D. of (G) and 4 times (H) is the same as of (G) and (H). 
We thus obtain (I). .*. If (G) divides (I) it is the H. C. D. of (G) 
and (H). Trying it, we find the remainder (L). Now, any C. D. 
of (G) and (I) is the divisor of (K) [a multiple of (G)], Lem. 3, and 
of (L), Lem. 4. 

We now have to find the H. ©. D. of (G) and (L), upon which we 
reason just as upon (G) and (H). Thus, as (G) is its own only divisor 
of the 2nd degree, if it divides (L), or (M) [since (M) = 4 (L) and4 
is not a factor in (G)], it is the H. C: D. of (G) and (H). Trying, 
we find a remainder (O). Now, any divisor of (@) and (M) isa 
divisor of (N), Lem. 3, and of (O), Lem. 4. The question is there- 
fore reduced to finding the H. C. D. of (G) and (O). Upon these 
we reason as before. 

Rejecting 197’ since it is not a factor of (G), and hence, cannot 
enter into the H. C. D., we have (P). The H. C. D. of (G) and (P) 
cannot be higher than (P), and as (P) is its own only divisor of its 
own degree, if it divides (G,) it is the H. C. D. sought. It does. 
*. a—y is the H. C. D. of (G) and (H). 

Finally, 6, (6+y), and (a—y) are all the common factors of (A) 
and (B), and hence, b (6+¥y) (a—y) = ab? +aby—b’y—by’ is their 
H. C. D. 


EXAMPLE. 
Find the H. C. D. with respect to z, of 2!—8a%+ 212? 
—20¢2+4, and 2a5—122?+ 212z—10. 


Model Solution.—Calling the 2nd, (A) and the 1st (B), I have 
the following : 


(A) Operation. (B) 
2a° — 12a + 21a —10)a*— 82° + 21a? — 20a 4 4 
2 
(C) 2a* — 162° + 420° — 40% + 8(a— 2 


2at — 12a* + 21a°— 100 
— 4° 4 2177 a 302 + 8 
— 4g* + 24o7 — 42a + 20 


(D) Reject —3 — 30° + 12¢ — 12 
(B) P= de td 
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(Z) (A) 
x? — 4a + 4) 2a — 1227 + Qe — 10 ( 2% — 4° 
2a — 82? +) Bar -. 
— 4a? + 13¢ — 10 


— 4a* + 16a — 16 
(Ff) Reject —3 — 8v+ 6 (#) 
(G) x— 2)e*—4a+4(a—2 
m= 
— Qu + 4 
—27+4 
Reasoning. 


The two given polynomials being arranged with reference to 2, 
and no common, or other factor, appearing, I proceed at once to 
determine by successive divisions their H. C, D. : 

The H. C. D. cannot be higher than (A), the lower of the two; 
and, as it is its own only divisor of the 3rd degree, if it divides (B), 
itis the H. C. D. But to avoid fractions I multiply (B) by 2, and, 
since 2 is not a factor of (A), the H. C. D. of (A) and (B), is the 
H. C.D. of (A) and (C). Now if (A) divides (C) it is the H.C, D. 
Trying it, I find a remainder, (D). 

Again the H. C. D. of (A) and (C) is also a divisor of (D), for (D) 
is the difference between (C) and (v—2) times (A), both of which 
are divisible by the H. C. D. of (A) and (C). The question is now 
reduced to finding the H. C. D. of (A) and (D). Upon these I reason 
exactly as before upon (A) and (B). 

Thus, since —8 is a factor of (D), and not of (A), it can be 
rejected; and the H. ©. D. of (A) and (D) is the H. C. D. of (A) 
and (E). This cannot be higher than (E); and as (E) is its own 
only divisor of the 2nd degree, if it divides (A), it is the H. C. D. 
Trying it, I find a remainder, (F). Upon this remainder, and (£), 
I reason as before, upon (D) and (A). ; 

Thus, the H. C. D. of (E) and (A) is a divisor of (E) and (F), since 
(F) is the difference between (A) and a multiple (2e—4 times) of 
(E). The question is then reduced to finding the H. C. D. of (EH) 
and (F). Upon these I reason as before, rejecting —8, which is not 
a common factor, and hence, forms no part of H. C. D. of (E) and 
(F), and finding by trial that (G) isa divisor of (E). Therefore, 2—2 

is the H. C. D. of (A) and (B). 
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GENERAL DEMONSTRATION OF THE RULE FOR 
FINDING THE H. C. D. 


Let A and B represent any two polynomials whose H. C. D. is 
sought. 

ist. Arranging A ne B with reference to the same letter, for 
convenience in dividing, and also to render common factors more 
readily discernible, if any common factors appear, they can be 
removed and reserved as factors of the H. C. D., since the H. C. D. 
consists of all the common factors of A and B. 

2nd. Having removed these common factors, call the remaining 
factors C and D. Weare now to ascertain what common factors 
there are in C and D, or to find their H.C. D. As this H. C. D. 
consists of only the common factors, we can reject from each of the 
polynomials, C and D, any factors which are notcommon, Having 
done this, call the remaining factors E and F. 

3rd. Suppose polynomial E to be of lower degree with respect to 
the letter of arrangement than F. (If E and F are of the same 
degree, it is immaterial which is made the divisor in the subse- 
quent process.) Now, as E is its own only divisor of its own 
degree (LEM. 2), if it divides F, it is the H. C. D. of the two. 
If, in attempting to divide F by E to ascertain whether it is 
a divisor, fractions arise, F can be multiplied by any number not a 
factor in E (and E has no monomial factor), sineé the common factors 
of E and F would not be affected by the operation. Call such a 
multiple of F, if necessary, F’. Then the H.C. D. of Eand F’, is 
the H. C. D. of Eand F. If, now, E divides F’, it is the H. C. D. 
of Eand F. Trying it, suppose it goes Q times, with a remainder, R, 

4th, Any divisor of E and F’ is a divisor of R, since F’—QE 
= R, and any divisor of a number divides any multiple of that 
number (Lem. 8), and adivisor of two numbers divides their differ- 
ence. The H. C. D. divides E, tence it divides QE, and, as it also 
divides F’, it divides the difference between F’ and QE, or R. 
Therefore, the H.C. D. of E and F’, is also the H.C. D. of E. and R. 

5th. We now repeat the reasoning of the 8rd and 4th paragraphs 
concerning E and F, with reference to E and R. Thus, R is by 
hypothesis of lower degree than E; hence, dividing H by it, reject- 
ing any factor not common to both, or introducing any one into E, 
which may be necessary to ph fraction we ascertain whether R 
is a divisor of E, 


HIGHEST COMMON DIVISOR. 9% 


6th. Proceeding thus, till two numbers are found, one of which 
divides the other, the last divisor is the H. G. D, of E and F’, since 
at every step we show that the H. C. D. is a divisor of the two num- 
bers compared, and the last divisor is its own H. D. 

7th. Finally, we have thus found all the common factors of A 
and B, the product of which is their H.C. D. @. uv. 


EXAMPLES. 
Ex. 1. Find the H. ©. D. of 14ax—8a+ax2—"ax? and 
16a*2? + Ga*at— 28a*2?, and give the reasoning as above. 
' The H. C. D. ts ax—Aa. 
2: Find the H. C. D. of a?+3ab+3a0?+8 and 5a° 
+58, giving the demonstration. The Hl. O. Da is a+b. 
3. Find the H. C. D. of 36a%+ 9a3—27at— 185 and 2750? 


— 9a5b?— 18a4b?. The H. C. D. is 9a4— 9a’. 
Hy. Find the H. 0. D. of 4ay?—2y?+Ga2y and 4a®y +828 
—4zy’. The H. C. D. is 2x + 2y. 


5. Find the H. C. D. of 32—1022+152+8 and 2—2zt 
— 62+ 427+ 132+ 6. The H. C. D. is 24-32? 4+-32+1. 
6. Find the H. C. D. of 2a°a4— 2a*ba>y + 2abPary?—2B ay 
and 4a?0?2%y? — 2abarys— Pd 
The H. C. D. is 2ax?—2bay. 


138. Prob.—To find the H. C. D. of three or more 
polynomials. 

Rule.—Find the H.C. D. of any two of the given 
polynomials by one of the foregoing methods, and 
then find the H. O. D. of this H.C. D. and one of the 
remaining polynomials. Continue this process till all 
the polynomials have been used. 


Demonstration.—For brevity, call the several polynomials A, 
B, 0, D, ete. Let the H. C.D. of A and B be represented by P, 
when P contains all the factors common to A and B. Finding 
the H. ©. D. of P and G, let it be called P’ P’, therefore, contains 
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all the common factors of P and C; and as P contains all that are 
common to A and B, P’ contains all that are common to A, B and 
C. In like manner if P” is the H. C. D. of P' and D, it contains all 
the common factors of A, B, C, and D, etc. Q. B.D. 


EXAMPLES. 
Ex. 1. Find the H. CO. D. of 224+ 625+ 422, 323+ 92?+ 92 
+6, and 323+ 82?4+ 52-42. The H.C. D. ts 24-2. 
2. What is the H. CO. D. of 10a5+ 10a°0? + 20a‘6, 2a? + 288, 
and 404+ 12a2b? + 403} + 12ad8? Ans., 2 (a+). 
ft 


4 Sacw0n 1. 


139. The Lowest Multiple of a given literal number 
is the number of lowest degree with reference to some 
specified letter, which contains the given number as a 
factor. 


The Lowest Common Multiple of several numbers : 
the number of lowest degree which is a multiple of each. 


(For the impropriety of the term Zeast Common Multiple as 
applied to literal numbers, see ART. 131.] 


140, Prob.—To find the L. ae M. of two or more 
numbers. 

Rule.—J/. Take the literal number. of the highest 
degree, or the largest decimal number, and multiply 
it by all the factors ie in the next lower which 
are not in tt. — 

IT. Again, multiply this product by all the factors 
found in the next lower nwmber and not in it, and so 
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continue till all the numbers are used. The product 
thus obtained is the L. C. M. ETM 


Demonstration.—Let A, B, C, D, etc., represent any numbers 
arranged in the order of their degrees, or values. Now, as A 
is its own L. M., the L. C. M. of all the numbers must contain it as 
a factor. But, in order to contain B, the L. C. M. must contain all 
the factors of B. Hence, if there are any factors in B which are 
not found in A, these must be introduced. So, also, if C contains 
factors not found in A and B, they must be introduced, in order 
that the product may contain C, etc. Now it is evident that 
the product so obtained, is the L. C. M. of the several numbers, 
since it contains all the factors of any one of them, and hence can be 
divided by any one of them, and if any factor were removed it would 
cease to be a multiple of some one or more of the numbers. Q. E. D. 


Ex. 1. Find the L. C. M. of (#’—1), (z*—1), and (+1). 


Mode! Solution.—The L. C. M. must contain z*—1, and as it is 
its own L. M., if it contains all the factors of the other two, it is the 
required L. C. M. The factors of 2*—1 are (w—1) and (@?°+e+1). 
But the product of these does not contain the factors of (#?—1) which 
are (v+1) and (e—1). Hence we must introduce the factor («+1), 
giving (@*—1) (w+1), as the L. C. M. of #°—1 and #’—1. Nowas this 
product contains the third quantity, it is the L. C. M. of the three. 


2. Find the L. C0. M. of (a+)?, ®—2, (a—d), and as 
+ 3a*b + 30?a + 6. 

Suggestions.—The last is (a +0)" which contains the factors of 
the 1st, but neither of the factors of the 8rd.. Both factors of 
(a—b)? must, therefore, be introduced, giving (a+b)*(a—b)? as the 
L. O. M. of the 1st, 8rd and 4th. And as it contains both factors of 
a2—DB*, viz: (a+) (a—b), it is the L. C. M. of all. 


3. Find the L. O. M. of (2?—4a?), (x + 2a), and (w—2a)*. 
| . L. O. M,, (24a). - 


4. Find the L. ©. M. of 2+2ay+y¥’ and .28—ay’. 
L. C. M., (2+y) (fe&—zy’). 


5, Find the LG! M. of 14022’, 35am? and 7042. 
| ; eS OL M., Wartmia*, 


, 
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. 
6. Find the L. ©. M. of 16a%y%, 10a*z, and 40a%x. 
L. C. M., 80a*x*y’. 
Scholium.—In applying this rule, if the common factors of the 
two numbers are not readily discerned, apply the method of find- 
ing the H. C. D., in order to discover them. 


7. Find the L, OC. M. of a§—2a7?+ 4a’xz—8a3, 28+ ma 
+ 4a’x+ 8a3, and 2?—4a?, 

Model Solution.—The L. C. M. of these numbers must contain 
a*—2aa*+4a°2—8a*; and asit isits own L. M., if it contains all 
the factors of 2° + 2aa*+4a*%2+ 8a, it is the L. C. M. of these two 
polynomials. But as the common factors of these numbers, if they 
have any, are not readily discerned, we apply the method of H. C. D. 
and find that #7+4a? is the H. C.-D. of the two. Since, then, 2* 
—2az* + 4a?x—8a* contains the factor 2 + 4a? of the second number, 
it is only necessary to introduce the other factor in order to have 
the L. C. M. of the two. Now (#°+2az?+4a%x+ 8a*)+ (a? +4a”) 
=a@+2a. Hence (#*—2aa? + 4a27—8a*) (e+2a) or at—16a* is the 
L. C. M. of the first two numbers, since it contains all the factors. 
of each, and no more. Now, to find whether #*—16qa‘ is a multiple _ 
of the remaining number, 2*—4a?, or, if it is not, what factors must 
-be introduced to make it so, we proceed in the same way as with the 
first two numbers. But our first step (or 124) shows us that 2* 
—16a* is a multiple of w—4a*. .. #—16a* is the L. C. M. of the 
three given numbers. ; 


8. Find the L. C. M. of 6a?—a2—1 and 22?+3z2—2. 
SDL. C. My, (2a%+32—2) (32+1). 
9. Find the L. C. M. of Santa and 2°-—8z 
+7. 
L. OM, (@—92?+282—15) (w—7) = at— ~1628-+ 862° 
--1762+105. 
10. Find the L. C. M. of 22—1, Ag?—1, and 42?+1. 
11. Find the L. C. M. of a8—z, 28—1, and 23+1. 
L. C. M., «(a#®—1) = #'—a. 
12. Find the L. C. M. of 283— 622+ 11z—6, 28— 92? + 262 
—24, and z°—8z?+19x—12. : 
L. O. M., (%—1) (x—2) (w—3) (a«—4) = t—1023 4 352? 
—50a4+ 24. Safe 
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SYNOPSIS FOR REVIEW. 


f Factor. COMMON. 
Divisor. & e D. { anranedecabia: 
ow | Measure. / #- ©. D. 
z 
° - COMMON. Ss 
= ultiple. | LEAST ©. M. . 
= LOWEST ©. M. | DistiNctioN. 
= COMPOSITE. © 
O | Numbers. ; PRIME... 
PRIME TO EACH OTHER, 
’ ‘ 
Scholium. HOW THESE TERMS ARE APPLIED. 
1. A MONOMIAL. Dem. — 
ay 2, A POLYNOMIAL WITH MON. FACTORS. Dem. 
nz 3. a?42ab+b?. DEM. 
z2 4, a?—b?. Dem. 
wk PROPS 5. ONE FACTOR GIVEN. Dem. 
= wn Pe “ ( Sch. Form of quotient. 
52 6. (a 4m) +(a+:0). Danes Cor. Fractional and neg: 
Zo 4 ; ative exponents. 
>a 7. ATRINOMIAL, WHEN? HOW? Dem. 
Lo. 8. SEPARATING INTO PARTS. 
Distinction between G. C. D. and H. C. D. 
; 1, DEM. 
(=) L 2. DEM. 
M emmas. 3. DEM. 
° 4. DEM. 
me 
General ; PROB. 1. Rutz. Dem. 
Method. | PROB. 2. Rutz. Dem. 
= Distinction between Least and Lowest C. M. 
¢5 (Problem. RULE. Dew. 


-—! | Scholium. BY MEANS OF H.C. D. 


Test Questions.— What are the factors of a?—0?? Of a?+2ab 
+672 Of a—2ab+07? Of {—2¢7+2?? Of 8a?+6a°%x+ 8072? 
Of a?+y?+4+2ay? Of a®—e—12? Of m? Of a*b'y? Of a°—y*? 
State the general rule for testing the divisibility of the sum or 
difference of like powers. Prove one of the cases, as (a"—b")+ (a 


<3). Distinction between H. C. D, andG. ©. D. Between Lowest 


and Least C. M. Explain the process of finding each by factoring. 
Give the General Rule in each case, and its demonstration. 
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-@CHAPTER III. 
QBECTION i. 


DEFINITIONS AND FUNDAMENTAL PRINCIPLES. 


141, A Fraction, in the literal notation, is to be con- 
sidered as an indicated operation in Division. 

A fraction is written, as in common arithmetic, with one 
number above another and a line between them. The 
number above the line, 7. e, the dividend, is called the 
Numerator ; and the number below the line, 7. e, the 
divisor, is called the Denominator. 

_ 2a—5 ma" 


Thus: ————,- means nothing more than (2a—5ma*) +-(8e+ 43). 3 
8e4+ 402 


Taken together numerator and denominator are called 
the Terms of the Fraction. 


142. Scholium.—In the literal notation it becomes imprac- 
ticable to consider the denominator as indicating the number of 
equal parts into which unity is divided, and the numerator as 
indicating the number of those parts represented by the fraction, 
since the very genius of this notation requires that the letters be not 
restricted in their signification. Thus in ° it will not do to say, } 
represents the number of equal parts into which unity is divided, 
since the notation requires that whatever conception we take of these 
quantities should be sufficiently comprehensive to include all values. 


Hence 6 may be a mixed number. Now suppose b = 4%. It is 
absurd to speak of unity as divided into 42 equal parts. 


DEFINITIONS. 103 


143. The Value of a Fraction is the quotient of the 
numerator divided by the denominator. ‘ 


144. Cor. 1—Since numerator is dividend and denom- 
inator divisor, we have (100, 101, 102) the following: 

1. Dividing or multiplying both terms of a fraction by the 
same quantity does not alter its value. 

2. Multiplying or dividing the numerator multiplies on 
divides the value of the fraction ; and 

3. Multiplying or dividing the denominator divides or mul- 
liplies the fraction. 


145. Cor. 2.—A fraction is multiplied by its denominator 
by simply removing the denominator. 


“This is simply cancelling equal factors from numerator and 


3x4 


denominator (ArT. 105). Thus aK i ay 3 8. In like manner 


a ax 
—-xz2=—— 4. 
x x 


146. The terms Integer or Entire Number, Mixed Num- 
ber, Proper and Improper, are applied to literal numbers, 
put not with strict propriety. Thus, whether m+n is an 
integer, a mixed number, or a fraction, depends upon the 
values of m and n, which the genius of the literal notation 
requires to. be understood as perfectly general, until some 


Testriction is imposed. 


For convenience, we adopt the following definitions: 


147. A number not having the fractional form is said 
to have the Integral Form; as m+n, 2ed —S8a—x 
+32°y7. . 

148. A polynomial having part of its terms in the 


fractional and part in the integral form, is called a Mixed 


; cP —2y?, 
Number ; as a—“+ aa 


——. * 


- “<4 » 


Y 


104 FRACTIONS. 


149. A Proper Fraction, in the literal notation, is 
an expression wholly in the fractional form, and which 
cannot be expressed in the integral form without negative 
exponents. 


By calling such an expression a proper fraction, we do not assert 
anything with reference to its value as compared with unity. Thus 


; is a proper fraction, though it may be greater or less than unity. 


It may also be written ad-’. 


150. Anu Improper Fraction is an expression in 
the fractional form, but which can be expressed in the 
integral or mixed form without the use of negative 
exponents. 

Thus, ae = 2a— — the former of which is called an 
improper fraction. ; 


151. A Simple Fraction is a single fraction with 
both terms in the integral form. 


es 2a—m? ee Rema? 
4y +2cd’ a—Qy 


are simple fractions. 


152. A Compound Fraction is two or more fractions © 


connected by the word of ; but the expression is not gener- 
ally applicable in the literal notation. 


Thus we may write : of ; with propriety, but not ; 


a and 0 are integral, so that the fraction ; may be considered as 


representing equal parts of unity, as : does, If the word of is con- 


m 
of —, unless 
v0 


sidered as simply an equivalent for x, the notation is, of course, 
always admissible. But it is scarcely a simple equivalent. 
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153. A Complex Fraction is a fraction having in 


one or both its terms an expression of the fractional form. 


¢ me 
oe od 
Thus ea Be. and apa are complex fractions. 
oO or 


154. A fraction is in its Lowest Terms when there is no 
common integral factor in both its terms. 

155. The Lowest Common Denominator ‘is the 
number of lowest degree, which can form the denomi- 
nator of several given fractions, giving equivalent fractions 
of the same values respectively, while the numerators retain 
the integral form. 

156. Reduction, in mathematics, is changing the form 
of an expression without changing its value. 


SIGNS OF A FRACTION. 


15'7. In considering the signs of a fraction, we have to 
notice three things, viz.: the sign of the numerator, the sign 
of the denominator, and the sign before the fraction as a 
whole. This latter sign does not belong to either the 
numerator or denominator separately, but to the whole ex- 


: 2 4a—5cd . 
pression. Thus, in the expression — Sa pag’ in the 
numerator the sign of 4a is +, and of decd —. In the 


denominator, the sign of 2 is +, and of 4y? + also. The 
sign of the fraction is, —. These are the signs of operation. 
(56, 33, 34.) 

158. The essential character of a fraction, as positive 
or negative, can be determined only when the essential 


character of all the numbers entering into it is’ known. 
“ii may then be determined by principles already given. 


(86,106) 9) DY 
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EXAMPLES. 
Sve 4e—3ma 4 Ae 
Ex. 1. Is the fraction Feat essentially positive, or 


negative, when a, m, x, and y are each negative ? 


Model Solution.—!. The square of —a is +, since it is the pro- 
duct of an even number of negative factors (88). .*. 4a’ is positive. 


For the same reason mz is +. .. 8m is in itself positive, but 
it is made negative by the — sign before it. 


2. The cube of —# is —, since it is the product of an odd number 
of negative factors (89). .. 2e* is negative. 

The square of —y is + (88). .. 4y? is positive. 

3. Finally, the essential sign of the fraction depends upon the 
relative values of a, m,2, and y. If 4a7>3ma, and 2e*>4y’, the 
numerator and denominator have unlike signs, whence the value of 
the fraction (448) would be —; but it is made + by the — sign 
before the fraction. 


Similarly, if 4a? <3ma, and 22°>4y’, the signs of the numerator and 
denominator are alike, whence the sign of the fraction would be +, 
but the — sign before the fraction would change it to —; and the 
essential character of the fraction would be negative. 


: dai 2a*x* + 4y8 

2. What is the cecptial sign of Poa when a=—3, 
fhe —2, y= —A, one Ors =O? Ans., a. 

8. What is the essential sign of Sp eneee when 
%=—2,a=—1, and y=3? Ans., _. 

—3a’x— 
4, What is the essential sign of — ahaa 8 when 
—2y’—3cx 


G4, a= —2,.y =~], andie = OP Ans., +. 


159. There are five principal reductions required in 
operating with fractions, viz.; Zo Lowest Terms,—From 
Improper Fractions to Integral or Mixed Forms,—From In- 
tegral or Mixed Forms to Improper Fractions,—To Forms 
having a Common Denominator,—and from the Complex to 
the Simple Form. 

Prob. 1.—To reduce a fraction to its lowest terms. 

Rule.—-Reject all convmon factors from both terms ; 
or divide both terms by their H. C. D. 

Demonstration.— Since the numerator is the dividend and the 
denominator the divisor, rejecting the same factors from each does 
not‘alter the value of the fraction (100). Having rejected ali the 


common factors, or, what is the same thing, the H. C. D. (which 
contains all the common factors), the fraction is in its lowest 
terms (154). 

EXAMPLES. 


6a — bax? 2 
Ex. 1. Reduce 3af4 babe + 30e is its lowest terms. 


Model Solution. —Resolving the terms of the fraction into their 
: 6a°—6a2? 2-$-da—a) (a+2) 
eS =. N 
prime factors, I have Ba bate 4 Bata $f alata) (wr) ow 
cancelling the common factors, 3, 4, and a+2, which is dividing 
dividend and divisor by the same quantity and hence does not 
2(a—z2) 2a— 2a 
, or ‘ 
“a+e2) w+ae 
this there is no factor common to numerator and denominator, it is 
in its lowest terms (154). 
15042 110may? =: 12a*a 45 a°chx* 
2. Reduce =-—<, a 
=¥ QBeary?’ 5d50mays’ 36a%x? L5a8cx 


their lowest terms. 


b) 


Since in 


alter the value of the fraction, I have 


- 
ai 
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15h2zy 110maz*y® 12a*2* A5abchz? 
2, Reduce 95 75,8? 5BOmays’ Soaea’ "4 T5ata, “ 
their lowest terms. 
' ; 1 b 3 : a 3? 
Results (not given in order), Saat? Bye? 3a*x, an Sealy 
a—2 arte 2e—16a—6 
8. Reduce Gua aba Pa’ and 373 94p 9” to their 
ana a! 
lowest terms. Results (not in order), RB 3? and ee 
w—2n+1 3a—3ab? w— bre 
4: Reduce" g 5 tegi ae So" oe et 
~~ ee ets 
their lowest terms. Results, MY Sesh 


a+b an 5b 

2 2 

5. Reduce - 3 sc beak 8 to its lowest terms. 

Cay 

9a®y + Iary* : 

372 4. Gzy + 3p to its lowest terms. 

5n?—10n +5 
n?— 


6. Reduce 


7%. Reduce - to its lowest terms. 


5 (n—1) 
Result, 7 (ny | 
to its eas terms. 

Result, pitt . 


—t 


BS dane 


8. Reduce ; p—acy Ee 


—2 


n? 
9, Reduce — =e Sey to its lowest terms. 


6 
10. Reduce bs 


by to its lowest terms. 


at + aa? + a 
Result, rs . 


Scholium 1.—Whenever the common factors of the term are not 
readily discernible, use the Bae i for finding their H. C. D. (137%). 


ea eee w+ ¥8 a ae 
1h: Reduce aa =) ab’ Baap 7 
lowest terms. 


Results, &+ab+ 0, 


P-w+y G+abt+R , 1. 
a—y ° @+0b ? #+a? 
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6a? — tx — 20 3ax? — 10ax + 3a 
12. Reduce 493 “a Qa eG Sara ae Baer Bei 30a?’ 
R4at— 2227 4-5 


4824+ 16a2—15 


and 


to their lowest terms. 


2¢—1 32—1 324-4 
Results, 7 and ys 
4a +3’ 10¢+5az’ 2224 5a—1 
Scholivm 2.—The opposite process is sometimes serviceable, 
viz.: the introduction of a factor into both terms of a fraction which 
will give it a more convenient form. 


“+1 e—1 9 
18. What factor will change et to aaa 
__-Ans., «—1. 
<= 2 38 3 
14. What factor will change s eee ) ae) 
Ans., a+b 
: — 2ax + 4a? 

15. What factor will change pe fine ee 
es f Ans., &+22. 
a*=— 

: a — 2a’b + 4ab > — 80° 

16. What factor will change Rab 4B to 

—164, 
Fie 


[Note.—It requires no special ingenuity to solve such problems, 
since, if the factor does not readily appear, it can be found by divid- 
ing a term of one fraction by the corresponding term of the other.] 


160. Prob. 2.—To reduce a fraction from an improper 
to an integral or mixed form. 
Rule.— Perform the division indicated. (141.) 


Demonstration.—The operation is explained in the same manner 
as the corresponding case in division. 


EXAMPLES. 
Ex. 1. Reduce eee 0 to an integral or mixed form. 
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Model Solution.—This being an indicated operation in Division, 
Ihave but to perform the division. Now, since the sum of the 
quotients is equal to the quotient of the sum, I have but to divide 
each term of 10az+c—b by 2a, or divide such as I can and indicate 
the division of the others, and add the results (12). ThusI find 


10aa+e— b c—b 
— Qa =e Qa 
a wet © es Bo O06 th pe zie Petgh caelhy tee i and 
3a x 
Cea 
a is to integral or mixed forms. 
; 4a—6 ab ae 
Results, amy ty syt1+— , and a—3e—2 +57. 
2 5 2 9 aa 
3. Reduce ~ ee y and 


223 ‘ a+2b > a+y 
a’ : , 
aay to integral or mixed forms. 


3 
Results, a —2y 4p —— 749— ao , or 6 + ww — 


a+y’ a-+-3 
foe and a+20 aaa 
Pe ea ag, a+2b 
—1 #—y eee ee a—ys 
7A 4. “Reduce © =) ey eee — 


to integral or ane forms. 


Results, a+6, a+ ay +a7y?+ay+ yt, PB—ay+cy—ys, 
and a@+a-+l. ; 


161, Cor.—By means of negative indices (exponents ) any 
fraction can be expressed in the integral form. 


Thus ™ = mx23 and by Cee ‘te = ma, 


ab —b. 
5. Hxpress ys? and © en’ in the integral form. 


a+b 
6. Show that m (a+b) = ma + 3m-tarh + 8m ah 


+m168, aS . 
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tay (ety)? — ays oh a(m + n) ; 
Baty? (ety)? ore aye?” (mn)? 


7. a n the 
integral form. 
Results, (x+y), aay, m82®—m'na*—mni2? + n82*, aid 


txetey 


162. Prob. 3—To reduce numbers from the integral 
or mixed to the fractional form. 


Rule.— Multiply the integral part by the Siven 
denominator, and annexing the numerator of the 
fractional part, if any, write the swm over the given 
denominator. i 


Demonstration.—-In the case of a number in the integral form, 
the process consists of multiplying the given number by the given 
denominator and indicating the division of the product by the 
same number, and hence is equivalent to multiplying and dividing 
by the same quantity, which does not change the value of the num- 
ber. The same is true as far as relates to the integral part ofa 
mixed form, after which the two fractional parts are to be added 
together. As they have the same divisors, the dividends can be 
added upon the principle that the sum of the quotients equals the 
quotient of the sum (103). 


EXAMPLES. 


ss 4a! to a fractional form. 


Ex. 1. Reduce 2a—2?+ 


Model Solution. ee, 2a—a? by a—2, I have 2a°—az* 
—2ax+2a°. Now indicating the division of this result by 2a—2’, I 


?—ag*—2 Sar—4a? —- 2a? — ax? —2aa+2° 
have 2a ar? — Raw +e *, 2a KS? += —————<——_—_—_ 
a—2 —2& a—we 
— 2 . 
id cca fe But, as the sum of these two quotients equals the 
a—2 


quotient of the sum, I have, after uniting similar terms, 
£ *—aat +ae— 2a” 

a2 

9, Reduce a—b+ ——= to the form of a fraction. 


= b 
Result, 


a 
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8. Reduce 1+ to the form of a fraction. 
Result, aL = : 
P+} os 
4. Reduce ieee a 7 to the form of a fraction. 
b 
Result, as or faa 
5. Reduce ++2+ eS to the form of a fraction. 
Result, eae: 
-  2x—d 
6. Reduce aoa to the form of a fraptie 
Result, eos 


12. 


18. 


z+1 


. Reduce a+1+ re to the form of a fraction. 


2 
Result, 2 £4) : 
2a°be + 9ab?c— 12abc? 


Reduce 2a—36+ 4e+ i. eee Res., $a. 
: : sys, 
Reduce ee to a fraction. Res., He -)) . 
b a+b 
2 
. Reduce x+y— lie Ss Result, —— 


ee 2 
. Reduce 2?+42ay+y? eee 


a+Y ier 
Result, 2y Be+y) 
rey 


aa 
Reduce rae (a°z3 + ale). 
3a27—30 3 
Reduce 8a—9— ae ; 
a+3 eae 


163. Prob. 4.—To reduce fractions having different 
denominators to equivalent fractions having a common 
denominator. 
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Rule.—Multiply both terms of each fraction by the 
denominators of all the other fractions. 


Demonstration.—This gives a common denominator, because 
each denominator will then be the product of all the denominators 
of the several fractions. The value of any one of the fractions is 
not changed, because both numerator and denominator are multi- 
plied by the same nuraber (109). 


EXAMPLES. 
Ex. 1. Reduce the fractions ~, itn —s and 2" ta equiv- 
y a+b a—O 


alent fractions haying a common denominator. 


Model Solution.—Multiplying both terms of the fraction ; by 
Ca—Pa 

—by 
as ? since the numerator and denominator have been multiplied by 


the same number. In like manner multiplying both terms of oa 


a+D 
Ray — a, Y | the value of which is 


a+band a—4, or by a?—0*, I have = - which has the same Me 


by y and a—2, I have 


the same as ae , since, etc. Finally, multiplying both terms of 


a+b 
3a%y — aay + Baby — ba bay , which has the 


ae by y and ae I have aaa 


a—b 


8a— 
same value as 


= , Since, etc. These fractions have the common 


denominator a'y_by, as in each case the new denominator is the 
product of all the old ones. 


3x 5b 3y 
Qy’? 2c” Ya’ 
Queries.—By what are both terms of ay Br «5 be multiplied? By 


2. Reduce and ~, —, to forms having a C. D. 


what both terms of Z ? By what both terms of 5 By oy 


42ent2? Tbnrxy 12¢n*y? a8emay 


Results, Wenay’ Wen®xy’ 28en2y’ ie Wenray 


i 


, Fs —_ 
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2 “+1 1—2z . 
3. Reduce i pase ni and oy to forms haying a C. D. 
2 2 Bee 
Rene 52+522 3462743 15—152 


154162’ Wide °° 154180 


4. Reduce ay) and Bs to forms aoe a C. D. 


“ b 6+F 
— a 
, and psd 

eB @—P 

Scholium.—Practically, this method consists in multiplying all 
the denominators together for a new denominator, and each numer- 
ator into all the denominators except its own for a new numerator. 
But it is much better to repeat the rule as given above, and let 
that be the form of conception, as it keeps the principle constantly 
before the mind. 


Results, © 2 


164. Cor.—To reduce fractions to equivalent ones having 
the Lowest Common Denominator, find the L. C. M. of all the 
denominators for the new denominator. Then multiply both 
terms of each fraction by the quotient of that L. C. M. divided 
by the denominator of that fraction. 

Demonstration.—The purpose in getting the L. C. M. is to get 
the lowest number which can be divided by each of the denominators. 


That the process does not change the value of the fractions is 
evident from (100), the same as under the general rule, 


Bese ore 


a 
5. Red —— 
uce 2 ca and 
tions having a L. er. 
Model Solution.—By inspection I observe that (1—a)* is the 


L.C. M. of the denominators, since it is the lowest number which con- 
tains itself, and it also contains each of the other denominators. Now, 


3 
aoe to equivalent frac- 


to make the denominator of, (1—a)*, I must multiply it by 


(1—a)*+(1—a); 4 ¢, by (1—a)?. But to preserve the value of the 

fraction, I must multiply the numerator by the same quantity. Thus 
a _a(l—a)?_—_ a— 2a? +-.0° 

ia (=a i geeee ao 
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2 2 
6. Reduce fad a to forms having the L. ©. D. 


a—y’ #+y : 
Remilis, oR and Py Tee re 
we y* 
7 \Beduee——, =~ to forms having the L. C.D. 


c+y B+y® way 
b(e’—ay+y’) c (v—ay+y’) 

Results, —“ Lf) pe agai: Be 2) 
esults a se , and Zip 
m—n m+ N 
m+n’? m—n 


mn—mn> (m—n)* (m+n) 
“Roots, oa ee re onde 


8. Reduce mn, to forms having the L. C. D. 


iti2 i+2 1+2° 
tg 1? 1 — 28 
The “ C. D. ts 14+ 2—%2—24. 


9. Reduce —— ia forms having the L.C.D. 


10. Reduce -, = ae and aay a; to forms having the L.C.D. 
a 


11. a ——, 
m+n m+n8 


me to forms having the L.C.D. 


12. Reduce”, = ma ™ nd 22=5 to forms having the L.C.D. 


165. Prob. 5.-To reduce Complex Fractions to the 
form of Simple Fractions. | 


Rule.—WUultiply numerator and denominator of 
the complex fraction by the product of all the denom- 
inators of the partial fractions found in them. 

Or, multiply by the L. C. M. of the denominators of 
the partial fractions. 

Demonstration —This process removes the partial denominators, 
since each fraction is multiplied by its own denominator, at least, 


and this is done by dropping the denominator. It does not alter 
the value of the fraction, since it is multiplying dividend and divisor 


by the same quantity. 


r 


116 FRACTIONS. 


EXAMPLES. 


2a 
3b } : 
Ex. 1. Reduce rer to a simple fractional form. 
ba ; 
Model Solution. 
es Ba? x 30° 
Operation Be a i _ Pee ake 
p Ee oD 
as 2, x Ba" x 80? ~ 18y airy 


Explanation.—In order to pi the numerator of its denominator, 
80°, I multiply the numerator * == a PY 80°; but in order that this 


may not change the value - rv fraction, I also multiply the 


denominator by the same. In like manner to free the denominator 
as of its denominator, I multiply numerator and denominator by 
5a? 

2a 


ap * 5a* x 8b? 
5a*. Indicating these operations I have . Tomultiply 


7] 
ai x 5a? x 30? 


2 by 30? I drop its denominator and have 2a, which multiplied 


by 5a’ gives for the new numerator 10a*z. So, also, I obtain the 
new denominator by dopping 5a? and maa ee! ie by 30°, getting 


thereby 126°y. Therefore the simple fraction i ial 


© which reduced 


rg = 
a 
to lowest terms is Gy" 
a4 
2. Reduce — to a simple form. Result, aby 
em 
3. Reduce a“ to a simple form. Result, pa tiees 
eto ac+1 
€ 
| oe , 
4. Reduce ——| to a simple form. Result, went te 


op st enx—cm 
n 
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z 
x 


5. Reduce z to a simple form. 


32—-— 
y 


4 to a simpl 
10-+4%,2 o a simple form. 


b : 
7. Reduce — to a simple form. 


6. Reduce 


b—a 


~ 1+ab ez : 


166. Prob.—To add Fractions. 


Rule.—Reduce them to forms having a common 
denominator, if they have not such forms, and then 
add. the numerators,and write the sum over the com- 


mon denominator. 

Demonstration.—The reduction of the several fractions to forms 
haying a common denominator, does not alter their values (163), 
and hence does not alter the sum. Then, when they have a common 
denominator (divisor), the sum of the several quotients is equal to the 
quotient arising from dividing the sum of the several dividends by 
the common divisor, or denominator (103). 


118 


FRACTIONS, 


EXAMPLES. 


Ex. 1. 


14+2 
What is the sum of —— Se ee ee 


142 


142 


Model Solution. 
Operation.—The L. C. M. of 1—x, 1—2* and 1—2* is (1—2%) 


x (+a) = 14+4—2°—2". 


(142) x(14+2¢42e?+2°)  1430+42°43r°+2* 
(1—2) x (1422422 +2) 142—2'—2"' 

(1+2?)x(1+ae+a7) _ 14-44 227 +2°+2% 

(1—a) x (14+a+427) 1+a—a*—a* 
(i+a')x(l+a) 1+a+2°+<* 
(i—a’)x(+e)” 14+a2—a'—a* 

: 1+@ = 1+<° _ 1430440? + 80° +2% 
ESE 1= {—23 1 e—2'— a" 
eee +ofieat i+ta+a*+ct (A.) 


14+e—27'—2* 


1+2—2°—<2* 


_ 384+5a4+ 6a? + 52° + 3et 


14+2—2'—2* 


Explanation.— Explain the reduction to a common denominator 
as under (168) unless that is already sufficiently familiar. 

Having reduced the fractions to the L. C. D. I find (read A). 
Now since the sum of these quotients is equal to the quotient arising 
from dividing the sum of the several dividends, or numerators, by 
the common divisor, or denominator (103), I add the numerators 
and write the sum over the common denominator, which gives 


ee so ee er eeninoe are 1+2* 1+2° 
1+¢—2°—7 =~ i 1—2* 
Zz c—a cla 6a+te—a 
2. Add —, sand !-=— 
ay’ By 4y sa ey 
ac b a @b+cb+ Ppa 
8. Add Ter ee and Re Sum, Seg Se AEG 
i a ee w £ &: 
4, Add 3° 4? 19’ 18? 6’ and 5 Sum, 2, 
5. Add 2° ona 244 Suites a 
3 6 sca 
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(Oi =a Sum, ——. 
i+a? t—a’ 1+a > 1l—a 
4a? 1—a@ 1+@ | 
7. Add er d i+e@ Sum, eae , 
1 1 A 
1 1 2a 
9. Add Gm and Copp SU Bab —aP LO 


10. Add —— a a 


af — ar 
aum, See 


167. Cor.—Expressions in the mixed form may either be 
reduced to the improper form and then added, or the integral 
parts may be added into one sum, and the fractional into 


another, and these results added. 


Ex. 1. Add tee and 87+ 


Bae, 


FIRST FORM OF OPERATION. 


vin + a = 220—2 
3 3 
Sate Ba+4 40x? + 8a+4 
5a 5a 
(22c—2) x 5a 1100" —10x 
S xtc 150 
(40x?+80+4)x3 _ 1200°+9x +12 
Ba x3 15a 
1102?—10~ 12027490412 230a:?—aw +12 
aa ae “15x 15x 
SECOND FORM OF OPERATION. 
Ya+ 8a = 15a 
(e—2) x 5 x5a _ 5a?—10% 
FB xen 152 
(8e+4)x3 _ 9x +12 
a ee Pe 


120 . FRACTIONS. 


tee 
ee ae wage pee iat Ss 2 sink 5a 10x yi 9x +12 ies 
dx 15x 15a 
5a? ate 
lida 


Explanation.—Since the sum of several numbers is the same in what- 
ever order their parts are added, I may add the integral parts first. 
Adding 7x and 8@ I have aie Reducing the fractions to forms having 


a common denominator, > O herous mes — an 


becomes 


or+12 Adding these Ihave @—**1” which added to 152, 
15x 15a 
the sum of the integral parts, gives for the entire sum 15x 
“4 5u?—2+12 
15a 3 
2a 58a 
2. Add 2k, 8% + Sum, 6a+ ce 
9 2 
3. Add bc: to (Sees Sum, hae 
b sae: be 
4. Add otis and Cree: 
3 5a2— 16249 
Sum, i 
3a a x 17x 
5. Add 62 (arog — and 8z—5° Sum, Preer 
ss Jo —b 
4ab .~ 
Sum, 4+-ma—— s 
7. Add 6xtyt—32— ae and 5a—2alyt+ 
Sum, 4aty?+ 2a ia als sia y : 
8. Add 27, 7? Bn 
ig? pee and oa Sum, 0 
a 3a Raa 
9 dd paar ata’ nd. oe Sum, one 
a+b a bbe ca 
10. Add ———~ , and ———— 
(6—e) =a) ’ (e—a) (a—b)’" (a—b) te 
Sum, 0. 


Suggestion.—The L..C. D. is (@—2) @—e) (e—a). 


168. Prob.—To subtract Fractions. 


Rule.—Reduce the fractions to forms having a 
common denominator, subtract the nwmerator of the 
subtrahend from the numerator of the minuend, 
and place the remainder over the common denomi- 
nator. 


- Demonstration.—Since the values of the fractions are not altered 
* by reducing them to forms having a common denominator, their 
difference is not altered. Now subtracting the numerator of the 
subtrahend from the numerator of the minuend, and dividing the 
difference by the common denominator, gives the difference between 
the fractions, since the difference of the quotients of two quantities 
divided by a common divisor, is the same as the quotient of the difference 
divided by the sume divisor (LOA). 
EXAMPLES. 
at 
a+Y 
Model Solution. 
Operation. (e—y)(@@+y) =v—-y* 
@+y)x(@+y) _ e+2ayty’ 
(@—y) x (@+y) o—y" 
@—y) x (@—y) _ Pay +y" 
@+y) x (@—Y) o—y" 
(w? + 2ay +y7)—(*—2ay +9") = Aay 
6 


Ex. 1. From ary subtract 
;: u—yY 
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_ oty ey _ Any 
: “ay ety vy 


Explanation.—The L. C. M. ofa—yanda+y is their product, since - 
they haveno common factor. Hence 2*—y’ is the L. C. D. To reduce 
xv 


= ee to a form haying this denominator,I multiply both its terms by 


z+y, which gives ae . 


pay In like manner multiplying both 


ae . Ihave now to subtract 


terms of ore Y yy w—y, I have 
a? —2Qay+y" w+ 2ey+y* 
oe from ay a 
of two numbers divided by the same number, is the same as the 
quotient arising from dividing the difference between those numbers 
by the common divisor, I take the difference of the numerators (the 
quantities to be divided) which is ft and dividing it by 2?—y? I 
Bes Cre 
aH C+ y” 


Since the difference of the quotients 


have Part for the remainder of 24 


| Lee 2a ‘ : Ay 

2. From seni take Te Remainder, a 

3. From E take ee: Remainder oe 5° 
a—x a4-2 > e@—a2 

a > . 

4. From eat take ae Remainder, ae 

5. From 3a take = Remainder, ae 

6. From 9y take eS _ Remainder, = 

7, From re saga wee a—b—1 


a—b C—2ab +R —_ (a—b)?" 


1 2-2 —3a (+2)? 
8. From >73 take ay: Rem, = ete) 
1M. Tide oe eae 2+102+24 


9. From poe take Liaw : 4(3—z) 
a a 3 


3-— Remainder, 
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10. Combine the following fractions Sti eeeee 
ao 2+aH 
ae Result, — 
24 esult, rae ¢ 
a 1 G 
11. Comb i 2 eam See 5 «Sy 
ombine Pig = Bb) (a aa reo Wee 
atk 
+e sua a 
Ba—40_ 2%u—b—c , ldba—4e a—4b 
12. Combine ~ Fi 7 oS ae 
8la—4b 
Result, a ea 
; ie i b a 
13. Combine rer SS @aB 
2ab 
Result, a Be 
E 3 ° 4— 202 
14. Combine jade ceo. a0 Result, 0. 
3 5 1 24 
15. Combine 3 (+1) Pn (21) 8 Oa 73)" 
22—3 
Result, (2 21) Babs) 
; 1 1 1 
—4acy—y? 
Result, aes 


169. Cor.—Mixed numbers may be subtracted by annexing 
the subtrahend with ils signs changed, to the minuend, and then 
combining the terms. The reason for the change of signs is the 
same as in whole numbers wees 

ie EXAMPLES. 
t— 
K 17, From 32 + =~ “*Y take x — =. 


2X 
Po AS as Remainder, 2% + — 


eet 
¢ 


124° FRACTIONS. 


18. From 2 — a subtract Ya — es 
Remainder, — : — 64 — a. 
19. Frém 3a take “eg Remainder, a 
20. From 2x Hag > Sake 37 — =i a 
Remainder, — 


170. Prob. 1.—To multiply a Fraction by an Integer. 


Rule. — Multiply the numerator or divide the 
denonvinator. ~ 
Demonstration.—Since numerator is dividend and denominator 


divisor, and the value of the fraction is the quotient, this rule is a 
direct consequence of (LON, 202), 


EXAMPLES. 
Ex. 1. Multiply ——" by m+n. 


Model Solution, 
Mm m* —n? 
s=— x (m+n) = ——. 
say — sey 
Explanation.—Since the value of a fraction is the quotient of the 
numerator divided by the denominator, and multiplying the divi- — 


Operation. 
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me multiplies the quotient, I multiply the numerator of 


m— n’—n? 

at by m+n, and have — which is therefore m+n times 
-— M—n.- 

Bay ~ 2 


2. Multiply sie by 3a. 


Model Solution. 


2mz Rees 2mzx 
3a7b? ia “ab. ‘¢ 


Explanation. —Since 2mz is to be divided by 3a7b? if I divide the 
divisor by 3a, thus making it 3@ times as small, it will go into the 


Operation. 


nae 2 : 2mz . 
dividend 3a times as many times as before. Hence a is 3a times 


Ae . The operation is performed by cancellation. 
3. Multiply I by z+y. 
4. Multiply ile re el. LZ—Y. Prod Leet 
+1. Prod, 


Suggestion. @—a = a(a‘—1) = a(a*—1) (a* +1). 
(a+yy 


i Cs 2 
6. Multiply mae—ae by (a+y). 
Suggestions.—Multiply by one of the factors of (7+y)? by reject- 
ing it from the denominator, giving aa and this product by 
the other factor, giving (a+y)" 
eo NOL, OTTO ag 
ee ssh pers ~~ by a@—a*. Prod., 3a+382. 
Prod., oe 
= a—y 
9. ee i 3 mee by 30. _ Prod., 3a—2y. 


“Simply remove the denominator. Why? 


f 3 oes << 


126 FRACTIONS. 
10. Multiply Pe by #—y. 


11. Multiply a by 2ax (e—y). Prod., 6a. 


3c 


12. Multiply a by a?’—1. 


18. Multiply ar by #—2ay+y. 


171. Prob. 2.—To multiply by a Fraction. 


Rule.— Multiply by the numerator and divide by 
the denominator. 


Demonstration.—Let it be required to multiply m, which is either 


P : a 
an integer or a fraction, by e 


1st. Suppose a and b are both integers. Multiplying m by a 
gives a product 6 times too large, since we were to multiply by only 


a bth part of a; hence we divide the product, am, by b, and haye the 
2nd. When either @ or 0, or both, are fractions. Let ¢ be the 


; must be multiplied 

; a simple fraction (165). Then will 5, be a simple frac- 

tion, 7. ¢., we and be are each integral; and the multiplication is 
acm 
be 
: : ; am : 

terms by ¢, 2. ¢., by cancelling ¢, gives one Hence we see that in 


any case, to multiply by a fraction, we have only to multiply the 
multiplicand by the numerator of the multiplier, and divide this 
product by the denominator. It is also to be observed that this 


reasoning applies equally well whether the multiplicand is integral 
or fractional. 


factor by which numerator and denominator of 


to make 


effected as in Case Ist, giving This reduced by dividing both 


EXAMPLES. 


. (a—b)? , a—y 
Ex, 1. Multiply aaa ) ee 
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Model Solution. 


; @ = (a—))*. 
Operation. a = X(@—-y) = Sa 
4 (a—b)* a—b 
A EPL (pes a eae 
ah) Pay ty Bas a+ayty® 
; .. (a—d) Pam ge Raab 
w—/  a-by, ede 
: ay ty 
Explanation.—In order to multiply a by Peni I first 
multiply by z—y. This is effected by dividing the denominator, 
: (a—b)? , : 
a—y', by w—y, (102), and gives ees But, since this 
multiplier was to be divided by a—b, the product now obtained 
: ue ee (a—b)? 
must be divided by the same. Dividing ope by a—b by 


dividing the numerator (101), I have for the complete product 
a—b 

x tay ty 
Practically, the operation is performed by cancelling z—y from 
a—y*, leaving a?+ay+y’; and a—é from (a—S)’, leaving a—d. 


a** 


2. Multiply bg oa — eas Prod. = 
ae 2% 
3. Multiply a by wai of a J Prod., on 
4. Multiply i by sa : i ay Prod., — Fat 
V 9 
5. Multiply iy by a ee aa Se 


Scholium.—When there are no common factors in the numerators 
and denominators of the fractions to be multiplied together, the 
process consists simply in multiplying numerators together for a 
new numerator and denominators for a new denominator. 


2 
6. Multiply 40*—9y* by a . 


—_— 


f y Pia 
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Suggestion.—In this case divide first, obtaining 22+3y. Multi- 
ply this by 2m. 
Prod., 4mz+ 6my. 


2 
fe er = a PY os Prod., eet 
_, 2-2 oe xt— 
s 8. Multiply Thee by be . Prod., aay g 
— a—b C+Le 
— by a+b Prod., (at be 


Suggestion.—In the last example both operations are performed 
upon the denominator of the multiplicand. 


ae a Va 3az—da 
10. Multiply - by aaa Prod., is ae 
11. Multiply S** 1 a ss olka 
PY 30" 9 3 Gara). . — is 
= Ares 
12. y ae Prod., ——™. 
: b> , (aty) « 4 
18. Multipl (e+ i y EY 
| p iy (x+y)! We (a + 6)% Prod., a+b Ee 
5 gn am 4 : Qmnt+n 
14. Multiply y™ by yp Prod., Saar e 
15. Multiply ~ py %. sa 
5. Multiply yn by =  Prod., aoe 
— e+bd b 
16. Multipl Pili ees a+ 
u iply © Sige Wheto ap Prod., faa 
ec #48 26. 
ie a 3 b ee and write the result 
without ne Ss exponents, ; 
8 P ’ Prod. ie. 


~ | ” Be 
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3 


is ' 5 
18. Multiply together — a tye ad =e 


43042 ®4+5e+4 
Be MORN apa PY ay te FI 


Prod., : 


172. Cor.—To multiply mixed numbers first ne them 
to improper fractions. 


SOAR ply dt 22 & 95) 
pe tS 


Rail @ (ty— 2a) 
Prod., Paap cit or ss 


1—z? 1— Lay x 
21. Multiply together ———— Thy? ia’ and pan iss : 
Prog, Y—*. 

a 

2 
22. Multiply a—= by + z. Prog! se 


Ae 
23. Multiply 1 Ff by 2+ a Prod., me 


Peag PLT a 


~ Operation. 
e—a7+1 
1 
Seep 
oe 
no ae 
ee 
2— nares 
x 
e@—a+ il 
aig 1 
oa ee § + =» Product. 
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173. Prob. 1.—To divide a Fraction by an Integer. 


Rule. — Divide the numerator or multiply the 
denominator. : 
Demonstration.—Since numerator is dividend, and denominator 


divisor, and the value of the fraction the quotient, this rule is a 
direct consequence of (101, 102). 


EXAMPLES. 


Ex. 1. Divide 3 (al aot) 
2mz—1 


Solution.—Since the value of this fraction is the quotient of 
8(@ —2’) divided by 2ma—1, if I ebony ‘gu bee 3(a@—2"*), by 
8a+32 | 
2ma—1 


by a—za. 


a—a, I divide the fraction. Hence ~—-—— + (a—2) = 
’ ne— 


.., 3m—4e 
2. Divide 4 by a+. 
a—b 
Solution.—Since the value of this fraction is the quotient of 
3m—4ay divided by a—b, if I multiply the divisor, a—b, by a+ 6, I 


divide the fraction. Hence = + (a+b) = a 
3x 
3. Divide Leb by 3a. 
4 4. Divide a by 5(a-+2).  Quot, Se), 
5. Divides PLS 1 by e—l. 
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_., vy 
6. Divid = 
ivide re by x—-y. 


en ae 
7. Divide ~—% 
ee ty 


~ 8. Divide "5 by 244. 
ee 
9. Divide oie by #—y*. 
Quoi, Bey tat ay te 
Ce ere 


Suggestion.—Perform this example by dividing successively by 
the factors of 2?—y’, viz, #+y and a—y, To divide by x—y, 
divide the numerator; to divide by #+y, multiply the denominator. 

amy 
? 25nx 


nae 


We ide ot” 
a+b 
30 (a&—B6*) 
% (a+) 


2, 
10. Divide = Y’ by dmntat, Quot. 
by a&—Z&. 


¥ 12. Divide by 42 (a—d)* 


174. Prob. 2—To divide by a Fraction. 


Rule.—-Divide by the numerator and multiply the 
quotient by the denominator. 

Or, what is the same thing, invert the terms of the 
divisor and proceed as in multiplication. 

Demonstration.—The correctness of the first process appears from 
the fact that division is the reverse of multiplication, which requires 
that we multiply by the numerator and divide by the denominator. 

The process of inverting the divisor and then multiplying by it 
is seen to be the same as the other, since this also multiplies the 
dividend by the denominator of the divisor and divides by the 

~ numerator. 

lf 


ty J - 
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Again, this process may be demonstrated thus: Inverting the 
_ divisor shows how many times it is contained in 1. Then if the 
given divisor is contained so many times in 1, it will be contained 
in n, n times as many times; or in any dividend as many times the 
number of times it is contained in 1, as is expressed by that divi- 
dend, whether it be integral, fractional or mixed. 


Scholium !.—Since to multiply one fraction by another we may 
multiply the numerators together for the numerator and the denom- 
inators for the denominator, and since division is the reverse, we 
may perform division by dividing the numerator of the dividend by 
the numerator of the divisor, and the denominator of the dividend 
by the denominator of the divisor. 


This method will coincide with the others when they are worked 
by performing the operations by division as far as practicable, and 
this is worked by performing the multiplications equivalent to the 
divisions when the latter are not practicable. 


EXAMPLES. 


Fy Wee 
Ex. 1. Divide Boa by awe 


Model Solutions. 
OPERATION BY THE FIRST METHOD. 


ey" RY 

e+y® Y= Bry 

ay TePe ND oe 
v+y® x (w+y) SE e—nyt+y? 


; : 
Explanation.—I first divide ao by y, by dividing the numera- 


tor (101). But the given divisor is y divided by x+y; and as 
dividing the divisor multiplies the quotient (102), I must multiply 


this quotient, ote by x+y. Performing this by dividing the 


denominator, I have for the true quotient z 


Say ty 
OPERATION BY THE SECOND METHOD. 
DE Litas PU A a Oe 


ery aty ery y  eoayry 
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Explanation.—By inverting the divisor and indicating the multi- 
plication of the dividend by it, I indicate that the dividend is to 
be multiplied by #+4-y and divided by y, which are the operations 
required. In this instance I perform the multiplication by #+y, by 
dividing the denominator, and the division by y, by dividing the 
numerator. 


The operation by the third method is of the same form as the last. 


EXPLANATION BY THE THIRD METHOD. 


y ey?" 


I am to find how many times —7— is contained in . Now 
e+y a +y? 


—¥ _ is contained in 1, “+ times; since y is contained in 1, = 
a+ y y 
times, it is contained in z+y, +y times ; or oe times. Hence if 
- 4 is contained in iF ave times, it is contained in ne ae F 
T+Yy y ery ery 
times “TY , 
y 
- 2 Aat—Z od (a—x)? 
R22. Divide (ata) eee Quot., ai ae 
_., 4(a?—ab) 6ab 2 (a—b)? 
3. Divide CED) by AP Quot., 3 
.., @8+43a%7+3ar2+ 25 (a+a)? 
4. Divide ae oe as y e+ayty 
a+2z 
Quot., or*. 
Wey ag Gt = dee ; i. BSE I 
5. Divide Eaere by = Quot., ee 
4x 2 2x (x+1) 
iwitie.t = ae t.. ———_—— 
6. gs ai by am Quo ae 
2a+b , 8a+26 8a*+ 6ab+ 6 


Pt. Divide 7 eg by ae Quol., oa age 


Be ae ha a—P a’ +ab 1 
- sf pride e—2ab +7 by a6 yA a 


eG 


2 
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24 4a(a?—a*) | a—ae 4(a+2) 
9. Divide 30a) by cite Quot., SicLay 

+e 2a 2a a—1- 
10. Divide t+ 3 by a rer y Quot., ae 


phe ik 1 
11. Divide alin by as 


Suggestion —This quotient should be written by inspection in 


the same manner as (2*—y*) + (e—y), and is o+a+— Ae a Or 


it may be performed as follows: 


pis wis 
a z 
a — 2 if 
a ot ee 
ee sd 
at 
o—1 
1 
ae 
E be 


a) ae lal 
| 
ae Se 


BEDinds e y 


os to) tee ares Quot., 1 
Suggestion. 
— e 1+ 1 x 1+2% 
fed tes iow “Ta ine To 


13. Divide a Ser BY a CY eee: 
L+y ~ &—YyY a+Y 


Quot., ai é 
2xy 
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“bis a&— oe : e+ab+ : 
14. Divide Potab by sie rem 5 Quot., &+ 88 
os 9x? —4y? 3da—2y 
15. Divide iy by oe 
Quot., 32° — zy — 2y*. 
Scholium 2.—It is sometimes convenient to write the divisor 


under the dividend in the form of a complex fraction, and then 
reduce the result to a simple fraction by (165). 


ao 1 a 
16. Divide ea by eg 


[145 ]xe x 
ares _O+a fo 


Operation. ih ap 

a? 
ay 
17. Divide ee <i by y b+, 
‘ : at a] x oom 541 

Operation. = 49 8 2 

Poy ,  ab*+ab*—ab 
Pte 
+1 > O41 


~ a (F—b+1) ab? 
18. Divide e*y—y? by ay?*+ay. 


oty-y _la-r Law jo ee o's 


SuageeHORe yt toy @ [B+% xo ey 


19. Free —- sae - from negative exponents. 
ab e+at 
Rae 
0 Gep + BY? 
20. Free “ ot = ~, from negative exponents. 
b—a%h 
Result, e+ as 
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21. Free = ew from negative exponents. 


=4p-3 
4 
dt 
my 
22. Free aa from negative exponents. 


Psy — By —earyt 
sain axsy? — aaa 


2xry 5 
eee 


Solution.—The reciprocal of a quantity being the quotient of 1 


divided by that quantity, the ae of = is ioe , or 


175. Scholium 3.—Thus it appears that the reciprocal of a 
fraction is the fraction inverted. 


The reciprocal of a quantity with a negative exponent is the 
same quantity with a positive exponent. 


~2y/-8 
24. thas is the reciprocal of ai Ans., ae 


25. What is the reciprocal of \— = 
me @b—3ab + 3ab?— 6. 


[To be taken in review.] 
ane as +o at+ob 
26. Multiply “ Rissa 
ie gO PET Res je sae te tis 3 eer 


Ge Divitg Cosi py 2 OO os 


Quot., 2x°8 —4x'? 4 9e%* 


FRACTIONS. 


OPERATIONS. 


DEFINITIONS. 


and 


SYNOPSIS. 137 


SYNOPSIS FOR REVIEW. 


Terms. 

o NUMERATOR. Value of fraction. 
= FRACTION. Cor. 1.—Multiplying or dividing 
= DENOMINATOR; [ numerator or denominator. 
= Cor, 2.—Removing denominator, 
x 
~ INTEGRAL. = Simple. 
< | FORMS. FRACTIONAL, | a cape Compound. 
S Mrxexp. “T™Proper. ( Complex. 

Lowest terms.—L. ©. D.—Reduction. 
w Of numerator, of denominator, of fraction. 
S Essential sign of fraction. 

PROB. 1.—To lowest terms. Rutz. Dem, Sch. By H.C. D. 
a PROB. 2.—From improper to integral or mixed forms. RULE. 
5 Dem. Cor. Negative exponents. 
*§ 4 PROB. 3.—From integral or mixed to fractional forms. Run. Dem 
Ss 
te PROB. 4.—To common denominators. Rute. Dem. Cor. 
ce L.C.D. Dem. 

PROB, 5.—Complex to simple. Ruie. Dem. 

. ( ADDITION. Pros. Rute. Dem. Cor. Mixed Numbers. 

QD 
3S SUBTRACTION. Pros. Ruin. Dem. Cor. Mixed Numbers. 
-_ 
= Pros. 1.—Fraction by integer. Rutz. Dem. Sch. 
Ss | MULTIPLI- 5 
= CATION. Pros. 2.—Any number by fractions. Rutz. Dem. 
r=) Sch. Cor. Mixed Numbers. 
(>) 
3s Pros. 1.—Fractions by integer. Rutz. Dem. 
5 | DIVISION. 4 Prox. 2—Any number by fraction. Rute. Dems. 
Le 1, 2,3. Schs. 1, 2,8. 


‘Test Questions.—Upon what five principles in Division are most 
. of the operations in fractions based? Why does the process of 
reducing to forms having a common denominator not change the 
- value of a fraction? -Give the rules for Multiplication and Division 
of Fractions, and the reasons for them. 


“@(CHAPTER Iv. 


QDECTION 1. 


INVOLUTION. 


The operations in Radicals are all based upon 
the most elementary principles of Factoring.* 

If the student learns how to use this key, he can unlock all the 
mysteries of the subject. 

GENERAL DEFINITIONS. 

176. A Power isa product arising from multiplying 
a number by itself. 

The Degree of the power is indicated by the number of 
factors taken. 


Thus 2, 4, 8, 16, and 32 are, respectively, the Ist, 2nd, 3d, Ath, 
and 5th powers of 2. 


Scholium.—It will be seen that a power is aspecies of composite 
number in which the component factors are equal. 


177. A Root is one of the equal factors into which a 
number is conceived to be resolved. 

The Degree of the root is indicated by she number of 
required factors. 


* The subjects treated in this chapter are among the most difficult, if not actually 
the most difficult for the pupil in the whole science. In the examination of hundreds 
of students from all parts of the country, the author has found that the rule is that 
they are deficient in knowledge of Radicals. An attempt is here made to assist the 
teacher in remedying this defect, by constantly holding the attention to this one 
central principle. . 
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Thus, 2 is the 1st root of 2, the 2nd root of 4, the 8rd root of 8, 
the 4th root of 16, the 5th root of 82, etc. 


178. Scholium |.—Power and Root are correlative terms. Thus 
32 is the 5th power of 2, and 2 is the 5th root of 32. 


179. Scholium 2.—The Second Power is also called the Square ; 
the Third Power, the Cube; and, sometimes, the Fourth Power, the 
Biquadrate. Yn like manner the 2nd root is called the square root; 
the third root, the cube root; the fourth root, the biquadrate root. 
These are Geometrical terms which have been transferred to other 
branches of mathematics. The second power is called the square, 
because, if a number represents the side of a square, its second 
power represents its area, or the square itself. Conversely, if a 
number represents the area of a square, the square root represents 
the side. Also the third power represents the volume of a cube, the 
edge of which is the first power or cube root. Biquadrate means 
twice squared, and hence the fourth power. 


180. An Exponent or Index, is a number written a 
little to the right and above another number, and indicates 


Ist. If a Positive Integer, a Power of the number ; 


2nd. Ifa Positive Fraction, the numerator indicates a 
Power, and the denominator a Root of the number ; 


_ 3d. Ifa Negative Integer or Fraction, it indicates the 
Reciprocal of what it would signify if positive. 
Illustration. 4° is the 8rd power of 4, or 64. a” is the mth power 


Bb 1 
of'a, if m is an integer. 4-* (read “4, exponent —3”) is ge? a: 


a—™ is ES 8 is the cube root of the square, or the square of the 


cube root of 8, or 4. an js the mth power of the xth root of a, or 


the ath root of the mth power, if mand are both integers. @ “is —, 
‘ qn 
~ Scholium.—It is obviously incorrect to read 45, “the 2 power of 
4.” There is no such thing as a 2-fifths power, as will be seen by 
considering the definition of a power. Read 48, “4 exponent 2;”— 


+1 
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also an, “@ exponent 5”; at, “q@ exponent —3.” These are abbre- 


viated forms for, “ enlie an exponent —*%,” etc. In this way any 
exponent, however complicated, is read without difficulty. 


181. Cor.—A Factor can be transferred from numerator 
to denominator of a fraction, or VICE VERSA, by changing the 
sign of tts exponent, without altering the value of the fraction. 


Le wae 
a™ 
ama — any? ang” an oe a™ ier af y 
Tn ag, dae) age sl A, ah Ae, col 
‘POP 


182. A Radical Number is an indicated root of a 
number. If the root can be extracted exactly, the quantity 
is called Rational ; if the root can not be extracted exactly, 
the expression it called Irrational, or Surd. 


Thus the radical 4/25a? is rational, but 4/13a is surd. 


183, A Root is indicated either by the denominator of a 
fractional exponent, or by the Radical Sign, ,/. This 
sign used alone signifies square root. . Any other root is 
indicated by writing its index in the opening of the y part 
of the sign. 


Thus 4/am, ~/am, are the 8rd and 5th roots of am, and the 
same as (am)$, (am)é, 


184. An Imaginary Quantity is an indicated even 
root of a negative quantity, and is so called because no 
number taken an even number of times as a factor, produces 
a negative quantity. 

Thus 4/—4 1s imaginary, because no number multiplied by 
itself once produces —4. Neither +2 nor —2 produces —4 when 


squared. For a like reason 4/—3a®, 4/—5z, or 4/—1402y* are 
imaginaries. 


185. All crates not imaginary are called Real. 


. 
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186. Similar Radicals are like roots of like quantities, 

Thus 4 4/5a, 3x 4/5a, and (a*—2) 4/5a are similar radicals, 

187. To Rationalize an expression is to free it from 
radicals. 

188. To affect a number with an Exponent is to 
perform upon it the operations indicated by that exponent.. 


Thus to affect 8 with the exponent ¥ is to extract the cube root 
of the square of 8, or to square its cube root, and gives 4. 


189. Involution is the process:of raising numbers to 
required powers. 

190. Evolution is the process of extracting roots of 
numbers. 


191. Calculus of Radicals treats of the processes of 
reducing, adding, subtracting, or performing any of the 
common arithmetical operations upon radical quantities. 


INVOLUTION. 


192. Prob. 1.—To raise a number to any required 
power. 


Rule.— Multiply the number by itself as many times, 
less one, as there are wnits in the degree of the power. 


-Demonstration.—Since the number of factors taken to produce a 


- power, is equal to the degree of the power (176), it follows that to 


obtain the 2nd power we take two factors, or multiply the number 
by itself once; to obtain the 8rd power we take three factors, or 
multiply the number by itself vice ; and in like manner to obtain 
the nth power we take n factors, or multiply the number by itself 


n—1 times. 


EXAMPLES. 
1. What is the 3rd power of 2a? ? 


-4 


en 
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Model Solution.—Since the 3rd power of 2a’ is the product 
arising from taking it , times as a factor, I have 2a* x 2a? x 2a* 
— = 8a. 

2. What is the 4th power of —10a!? 

(—10a%) x (—10a#) x (—10a4) x (— 10aH) 
= 10000a?, Answer. 


3 to 6. What is the square of —5m*n? Of Gab? Of 


3 3am 
— an? Beis 
5% mn? Of 5B 
Answers, 25m4n* 362 : : —armh-4, 
7 é 2 Ob 7 Warr? 25 


7 to 10. What is the cube of —2ae?? Of 12m? Of 
2 m 
—3u"? Of — 77 8 


1728 8 m& 
__ 2376 a ai iced 
Answers, —8ab®, 1728m ny ay 
11. Whatisthe square of 2a—3x? or, (2a—3z) x (2a—3z2)? 
12. What is the 3rd power of 2a?+ 3a? 
Ans., 8a°+ 36a!z + 54022? + 2723. 
13 to 17. Expand the following: (1+22+432*)*, (l—z 
+e—za)*, (a+b—c)§, (14+ 2x%+42%)§, and (1—32+4 3a?—29)?, 
Results, 1+ 42+ 10a? + 1228+ 924, 1—2e432?— 408+ 324 
—2 +28 1462+ 152?+ 2028+ 1l5at+ 625+ 25 and 1—éz 
+ 152?— 2028 + 15at—6a5+ x6, 
(27at— 180°? — Dt) (922 P)(P—a?) 
64a°%t TAG ae 
| 1 
2° 
20. Expand as above (4—at) Result, 16—823 +2. 
21. Expand (a?+c?)4. 
Result, + 4a%ch + 6ac + 4a%ct +0, 


18. Show that 


19. What is the square of 9042? Ans., 81a? +18-4 
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193. Cor.—Since any number of positive factors gives a- 
positive product, all powers of positive monomials are positive. 
Again, since an EVEN number of negative factors gives a Post- 
TIVE product, and an ODD number gives a NEGATIVE product, 
ut follows that even powers of negative numbers are positive, and 
odd powers negative. os 


194. Prob. 2.—To affect a monomial with any 
exponent. 


Rule.—Perform wpon the coefficient the operations 
indicated by the exponent, and multiply the exponents 
of the letters by the given exponent. 


Demonstration.—ist. When the exponent is a positive integer.—Let 


it be required to affect 4a”b7z—" with the exponent p; or in other 


words raise it to the pth power. 


It is obvious that, if 4a”b"a— is taken p times, each of its factors 
will be taken p times, 

Now 4 taken p times as a factor is represented thus, 4P 

Again, a” taken p times as a factor becomes...... amp 
because a” signifies a taken m times as a factor, and if 
this group of m factors is taken p times, a will have 
been taken mp times, giving @””. 

‘a 34 

In like manner, BF signifies 6” taken as a factor n 

times, and if this group of n factors is taken p times, 


= A A mp 
6" will have taken np times, making.................. br 
Lastly, 2-* signifies 2 (180, 3d); and this taken as” 
a factor p times give 28 But as 1? = 1, this fraction 
is by (181) e~Ps 
brid 
Collecting the factors we have....,....,..... 4Pa°™Pb 7 x—ps 


-Q. E. D, 
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2nd. When the exponent is a positive fraction. Let it be required 
to affect 4abra-*, with the exponent : _ This means that Sabra 


is to be resolved into g equal factors and p of them taken. Or that 
we are to find the gth root of the quantity and then raise it to the 
pth power (18, 2d). If we then separate each of the factors of 


d4anbra-* into g equal factors, and then take p of each of these, we 


shall have done what is signified by the exponent Fs 


1 

By definition, one of the g equal factors of 4 is....... 44 
Also by definition, one of the g equal factors of am, or 

™ 

the-gth root of a” is represented (183) by............ at 
To separate b7 into q equal factors, we notice that br 
is n of the 7 equal factors of bd. Now, if we resolve each 
of these 7 factors into g equal factors, b is resolved into 
rg equal factors; doing the same with each of the n fac- 
tors represented by BF, and taking one from each set, we 

n 

ee CC, my eOneN tte nee eee ora 

which is therefore one of the g equal factors of dr. 

To resolve a = = into g equal factors, we consider 
that a fraction is resolved by resolving its numerator and 
denominator separately. But one of the g equal factors 
of 1 is 1; and one of the g equal factors of 2° is a? asseen 
in the resolution of a. Hence one of the g equal factors 

of a, or 5 ist Se PS He AI eee ee ee, ae 

ster 

Collecting these factors we find that one of the g equal 

2 lmn is 

Pactorsral 40°0F C2180. reba «25 sree eae 4904 b°dx: 4 


And finally p of these being obtained according to Case 1st, gives 
Ata Drv, as the expression for 4a7bra— affected with the expo- 


nent A which result agrees with the enunciation of the rule, 
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3rd. When the exponent is negative and either integral or fractional, 


Let it be required to affect 4a”br a- with the exponent —¢. This, — 


by definition of negative expcnents, signifies that we are to take the 
reciprocal of what the expression would be if ¢ were positive. But 
n n 
4a"bra— affected with the exponent ¢ (positive) is Sain ra Lh 
whether ¢ is integral or fractional, as shown in the preceding cases, 


: “a 1 3 
The reciprocal of this is ———_——. But since these factors can 
Ata a 
be transferred to the numerator by changing the signs of their expo- 
=o n 
nents, we have 4~‘a~"6 *2*, as the result of affecting 4a™bta— with 
the exponent —?, which result agrees with the enunciation of the 


rule. 


[Note.—The above demonstration contains the fundamental 
principles of the whole subject of the Theory of Exponents, and it | 
is of the highest importance that it be made perfectly familiar. 
The application of the rule is so simple in practice as to afford no 
difficulty ; but the reasoning should be given in full in a sufficient 
number of the following examples to jia in the mind these principles 
of the theory. After this is done, the pupil needs only to perform 
the operations. The danger is that the how being so simple, the 


why will be disregarded.] 


EXAMPLES. 


Ex. 1. Affect 2a%%c-4 with the exponent 5: that is, raise 
it to the 5th power. 


Model Solution. 


Operation. (2a*B8c~")® — 324") 8 c-, 


Explanation. (2a°*b&e-*)* is 2a°b8e—* x 2a*BEc—* x Qa*bc—* - - - - to 
5 factors. This gives 5 factors of 2, or 82; 5 factors of a* or 
10 factors of a, a; 5 factors of bs, which I obtain by considering 
that 8 is 2 factors of bs, and hence 5 factors of 0% is 5 times 2 fac- 


a. | 1 mee 
~ tors of 68, or bs; and since c* = — , 5 factors of it are Sr erveie 


fe i! 
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5 factors = = e-*, as fractions are multiplied by multiply- 


ing numerators and denominators. Hence I have (2a7b8c—*)' 
= 820" c—™, 


2. Affect 3a% with the exponent m; that is, raise it to the 
mth power, m being an integer. 


Explanation. (3a%)" = 3a% x 8a8 x 8a8 - - - to m factors. This 
gives m factors of 3 and m factors of a’, But m factors of 8 are 
represented by 8". To obtain m factors of ai, I consider that ai is 
2 factors of a3; hence m factors of it are 2m factors of at. That is, 


a resolved into 8 equal factors and 2m of them taken. Therefore 


2m 
(Sa3)™ = 3"a3, 


3. Affect 16a%z~* with the exponent 3; that is, represent 
2 of the 3 equal factors of 16a%a—*. 


Explanation.—I will first resolve 16a'°a—* into 3 equal factors (or 
indicate it when I cannot perform it). To do this I take one of the 
8 equal factors of 16, which I represent, as I cannot resolve it, and 
write (16)s. Again, one of the 3 equal factors of a” is a°, as a'® is 
15 factors of a, and consequently when resolved into 3 equal factors 
one of the 3 contains 5 factors of a. Thus axaxa----to 15 fac- 


tors when put into 8 equal groups becomes aaaaa x aaaaa x aaaaa, 


‘eer A - 1 iP Sey 
one of which is a’, To resolve a-* I consider it as x ee Ns 
z 


6 
x : x : ~ f Combining this into 3 equal groups it b ie 
hae et g qual groups i ecomes = x | 
1 i 
x —,; hence one of the 8 equal factors of f is a ,or a-?, Therefore 
x ew 


16a'*a-* being resolved into 3 equal factors, one of them is 
(16)$a°e—*. But Iam to take 2 of these, as the exponent $ indicates, 
This gives me (repeat the reasoning of Ex. 1) (16)%a°c—*. 


4. Affect 3a"b—m with the exponent 2; that is, take m of 
the n equal factors of it. 
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oe 
Explanation. 3” represents one of the n equal factors of 8. One 

of the n equal factors of a” is a, as a" means n factors of a. bo 
At La iv ail 


oa he tt a ec to m fuctors. Hach of these being separated 
into n equal factors, I have - x ™ - ----to factors = = And 
x alt 


taking one of the factors , from each of the m factors 1 i? T have m 


nn 


factors of 8 or a =o, Therefore one of the n equal factors of 
a 


3a"b-™ is 8°ab- >. But I am to take m such factors which gives (re- 
m m 
peat the process of Ex. 2) 3a"b*. 


5. What is the square of ab ? Of —— 2 oe , or —Sabe*? 


The cube of — ete, or — 2abm-tn? 
3ms 3 


6. Affect 8a2-* with the exponent of Result, 48a, 


4. 
7. Affect 32a%y* with the exponent —~- 
1 
Result, Téa Gaity 


8. Affect 132~4y-8 with the exponent —3. 
1 
Result, aor 


’ 


9. Perform the following operations and explain 
each as a process of factoring: (32a b-%)-8, (100a-208)5, 
(11aaty-)-4, and (andra), 

4 3 
a ay , and — z 
(11)8a : atK 


Results, Ss 
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195. Prob. 3.—To expand a binomial affected with any 
exponent. 


Rule.—This rule is best stated in a formula. Thus, 
let a,b, and m be any numbers whatever, positive or 
negative, integral or fractional, then will (a+b)™ 
represent any binomial, affected with any expa 
nent, and 


(a+b)™ = aon 4-mam—5 4 OD gna 
m(m—1) (m—2) 
1-2-3 


m(m—1) (m—2) m—3) 
Sa = ML od aa 


Pps ars 1) (m—2) 3 (m—4) 
1-2-3-4-5 


a”— 75 4. ete. 


Demonstration.— This formula is the celebrated Bryomtan 
THEOREM discovered by Sir Isaac Newton. There are several 
elementary demonstrations, one of which will be found in Appen- 
dix I. Ifthe pupil learns the formula, and learns to apply it with 
facility, it is all that is thought best for him to attempt at this 
stage of his progress. 


EXAMPLES. 
Ex. 1. Expand («+y)5 by the Binomial Formula: 


Model Solution.—To apply the B. F., «=a of the formula, 


aad, andi biz=ams #0, “ehave (e+ y= a + baby + O=) 
GS Ba), 5 (5 — 1) (56 — 2) 6 — 3) 

E240 = Ei ppba Sy 08 Se Bee 

Ma ag We, oo eee pia wae a 8 


— 1) (6 — 2) 6— 
a © ° eA Aes es eae ied, x @—*y*, at which term the sabes 
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ment becomes complete since the next coefficient would have a 
factor 5—5 = 0 which would destroy the term. Performing the 
operations indicated I have (# + y)*° = a°+5a'y + 10e*y?+ 10a%y* 
+5ay*+y°. (In practice, this result should be written out with- 
out writing the preceding, by simply applying the formula 
mentally.) 


2. Expand (2—y)® by the B. F. 


Suggestions. z=a, —y=b, and 6=m. .. (@@y)t*=2" 
6-5 5 he oy ee 
+60°(—y) + at (ut at (yy Eat yy 
ye 

6°5°4-8-2 6:5-4°3-2-1 i 
—— 2 (—y)* + ——, —— #° (—-9)' = 2° — bay 


[o [6 
+ 15aty? = 20a%y* + 1527y* —s 627° + y’. 


3. Expand (2m?—3n?) by the B. F. 


Suggestions.—Make a = 2m, b = —8n4, and m= 4, and 
(2m?—Bn2)* = 16m®—96m'n? + 216m'n—216m?n3 + 81n?, 


4. Expand (x+y) by the B. F. 


Suggestions. a=2,b=y, andm= —4, This series does not 
terminate, since no factor ever becomes 0; but the development 
can be carried to any desired extent. (#+y)-* = «-* — 4a—y 
+ 10a-*y’ — 20a-"y® + 85a—‘y* —, etc. 


5. Expand (m—n)? by the B. F. 
Suggestions. —Making the proper substitutions in the formula, 


we have (m— n)? = nS + Pa (—n) + a ro il (—n)? 


= fn ore Shes =e as ieee" 
+ AG=DG—D Hg MDE DED Hay g, 
etc. A series which never terminates, since no coefficient reduces 
-to 0. Performing the operations indicated we find that (m—n)* 


= ms—gm-tn—4m- tn? — ym tn®— gh gm Fn, etc. 


* |B is read “ factorial 3,” and means the product of the natural numbers from 1 
toSinclusive. [5 is the same as 1x2x3x4x65, etc. 


a] : 


' oy is 
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6. Expand (1+2)” by the B. F. 


Result, 4+a)" = 1+ ne + = 1) e+ Sox) ts (n—2) a8 


4 Ma—1) (n=2) (n=8) _n(n—1), 5 ; 
i if *___fo4t. ete. - 5 a nae 
+an, 


Scholium. —This expansion is in iipelf a very useful formula, and 
should be memorized, 


7. Expand a—yt by the B. F. 


, 32 
Result, (3 — y°)? = 3% — Yee 
_5. 5.34 
138 —— ys —, ete. 
8. Expand (1+2*)5 by the B. F. 
Result, 1+ 5a?+10a4 + 10a% + 528+ 710, 


9. Expand (1—a?)~ by the B. F. 


35 


iy 3 5 
pa Fa! hele 
Result, 1+5a +e@+sea +a 


a+, etc. | 

10. Expand »/a—a@e by the B. F. 

Result, Ve—@e = aV1—# = a(1—e)t = a(l—5 F) 
it 1-3 1-3-5 


FS Bt a> Te me 
24° 9.4.6" 2.46.80? te.) 


11. Expand 


1 
(ota? by the B. F. 


Result, wa =,(e+2)7 = arth ROC ile Mee 


2u fae 4a 


+ ete. =40-5 er pag ts Stina: 
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12. Expand ; by the B. F. 
Cy 
a (1 gt 1 2 Oe 
ea eS a i ag + oy ie 
te 
Tea 


18. Expand (x+y+c) by the B. F. 

Suggestions.—Put (vx +y)=2.- .. @+y+o'=(e+c)=2 
+ 4z%e 4+ 62%e* + 4zc* + ct = (restoring the value of 2) («+y)* 
+4 (x+y)*e+6 (e+y)e +4 (at+y)e+e. But (x+y)! = at+4a% 
+62°y*? +4ry8 +y*, (x+y)* = w+ 807y + Bry? +y'*, and (w+y)? = a? 
+2xy+y*. Whence by substitution we have (a+y+c)* = a*+4aty 
+ 6x*y" + day? + y* + 4ex® + 12cx*y + 1Rewy? + 4cy* + 6%? + 12c%ny 
+ 6e’y? + 4e8a + 4e%y +e'. 


14. Expand (2a—d-+c*)® by the B. F. 
Result, 8a? — 12a*b + 6ab? — b3 + 12a*c? — 12abe? + 30? 
+ 6act—d3bct + c?, 


196, Cor. 1.—The expansion of a binomial terminates 
only when the exponent is a positive integer, since only when 
m ts a positive integer will a factor of the formm(m—1) (m—2) 
(m—3) ete. become 0. 


197. Cor. 2.— When m is a positive integer, that is when 
a binomial is raised to any power, there is one more term in the 
development than units in the exponent. Since the-first coefti- 


cient is 1; the 2nd, m; the 3rd, er a): the 4th, 


aire AN eck, the 5th, ee?) (2) ; etc., 
3 E 

we notice that the last factor is m— (the number of the 

term —2); and the number of the term, therefore, which 

has m—m as a factor is the (m+2)th term. But this is 0, 

~ Hence the poe term is the last. 


dak a aes 
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198. Cor. 3.— When m is a positive integer the coefficients 
equally distant from the eatremes are .equal ; since (a+b)" 
= (6+ a)"; the former of which gives a + math 


Nowe am 4+, etc., and the latter 6" + mb™—'q 


4 mn Demat +, etc. Whence it appears that the first 
half of the terms and the last half are exactly symmetrical. 


199. Cor. 4.—The sum of the exponents in each term is 
the same as the exponent of the power. 
Scholium.—The last two corollaries apply to the form (#+y)”, 


and not to such forms as (2a* — 30°)", after the latter is fully 
expanded. 


200. Cor. 5.—A convenient rule for writing out the 
POWERS of binomials may be thus stated : 


1. The FIRST term contains only the first letter of the binomial, 
and the last term only the second, while all the other terms con- 
_ tain both the letters. 


2. The exponent of the first letter of the binomial in the first 
term of lire development.is the same as the exponent of the 
required power and DIMINISHES by unity to the right, while the 
exponent of the second letter begins at unity in the second term 
of the expansion and INCREASES by unity to the right, becoming, 
tn the last term, the same as the exponent of the power. 


3. The coefficient of the first term of the expansion is unity ; 
of the second, the exponent of the required power ; and that of 
any other term may be found by multiplying the coefficient of the 
preceding term by the exponent of the first letter in that 


term, and dividing the edd by the exponent of the second 
letter +1. 


4. There is one more term in the development than there are 
units in the exponent of the power. 
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This rule is a deduction from the formula (@+0)" = a"+ma"™—) 
m oe gn}? oe Ate) phe gee a 


‘ 3 i 


a™—*h* - - - - ete. 
The Ist point appears from Cor. 3. 


The law of the exponents is directly observable from the formula. 


The coefficients of the first and second terms are seen in the 
formula to be as stated. The coefficient of the third term may be 


= m— 
written mx 


A , which is the coefficient of the second, or preced- 


ing term (m), multiplied by the exponent (m—1) of the first letter 
in that term, and divided by 2 which is the exponent (1) of the 
second letter + 1. In like manner noticing any other term, as the 
m (m—1) (m—2) | m—3 
|3 4 


5th, its coefficient may be written 


m (m—1) (m—2) 
a ee 


But is the coefficient of the 4th term, m—8 is the 


exponent of the first letter in the 4th term, and 4, the divisor, is the 
exponent of the second letter (3) + 1. 


The 4th point appears from Cor. 2. 


15 to 20. Write out by the above rule the expansions of 
the following: (m+2)4, («+y)°, (a+c)*, (x-+m)8, (mn? + a?)8, 
(a3 + m?)4. 

Suggestions upon ‘the last. —Regard a? and m? as simple num- 
bers spines by letters without sc aaa Thus (as +m)! 

= (a) +4 (a3) (m?) +6 (ai)? (mb)? + 4 (a) (mi)? + (m2), Now 
performing the operations indicated, we have (a + m2)* = at 


4+4abnd + 6am +4abms +m’. 


201. Cor. 6.—If the sign between the terms of the bino- 
mial is minus and the exponent is a positive integer, as eee 
the odd terms of the expansion are + and the even ones — 
This arises from the fact that the odd terms involve even powers 
of the second or negative term of the binomial, and the even 
terms involve the odd powers of the same, : 


\ 
s. ' 5 Pd 
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. Thus the second term involves (—d) which makes its sign —; 
the 4th term has (—6)*, the 6th term (—)d)*,etc. But the first term 
* does not involve (—6), and the 3rd has (—0)? or 0%, the 5th has 
(—d)*‘ or 0+, ete. 

21 to 24. Write out the expansions of (m—n)', (2—y)’, 
(a?—a8)8, (a —B8)4, 

Result of the last, (at —b3)4 = &—4a%bs + 6abs—4a%d + BF. 


E¥Y.OGUTTO N. 


202. Prob. 1.—To extract the ath (any root) of a per 
fect power of that degree. 


Rule.— Resolve the number into its prime factors, 
and separate these into m equal groups; one of these 
Sroups is the root sought. 

Demonstration.—Since the mth root Gj é., any root) of a num- 
ber is one of the m equal factors of that number, if a number is 


resolved into m equal factors, as the rule directs, one of them is the 
mth root. 


EXAMPLES 
Ex. 1. Extract the cube root of 74088. 


Model Solution.—Resolving 74088 into its prime factors I find 
them to be 2:2-2:3:3-3 7-7-7. These arranged in 8 equal 
groups give 2:3°7x2-:3:7x2-3-7. Hence 2-3-7 = 42 is the 
cube root of 74088, since it is one of the 3 equal factors. 

2 to 5. Extract in this manner the following: +/492804, 
4/592704, 1248882, 1/456533. Roots, 702, 84, awd 12. 

6. Extract the’square root of 81a!a-2yizt, 

Model Solution.—The two equal factors of 81 are 9-9; of a! 
@ a*; of aaa as yt, yt yb; of 25, eto +710, Hence 
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Slata-*ysz-5 = 9a2a—ybe-T0 x Jaa ysz-To, and consequently, 
9ata—'ybe-10 is its square root. 


7 toll. Extract /25a%, V 64a-%23, V492yt, \/144a%mi, 


4904? 
/ 3 i — +502, +8a-828, +tabys, +12a*m8, 


Tab 
6mn* 
= 3 See 
12 to 15. Extract ~/125m%x®, V17282%y8, 4/ —32a%y, 
. eee 
V 16n-Fy8, a 
Roots, 5m*x', 12atys, —2a’y, and 42n7by?, 

Query.—Why the ambiguous sign to the last ? 

208. Scholium.—The sign of an even root of a positive num- 
ber is ambiguous (that is, + or —) since an even number of factors 
gives the same product whether they are positive or negative (87, 
88). The sign of an odd root is the same as that of the number 
itself, since an odd number of positive factors gives a positive 
product and an odd number of negative factors gives a negative 
product (88, 89). 

204. Cor. 1.—The roots of monomials can be extracted by 
extracting the required root of the coefficient and dividing the 
exponent of each letter by the index of the root, since lo extract 
the square root is to affect a number with the exponent 4, the 
cube root 4, the nth root 4, etc. (194.) 


EXAMPLES. 


16 to 21. In this manner write V25ate?, 4/—343a4y—*, 


ey ie eR Baie 
Byte, 4) 1am tay Ag) aaa / Sa57 
WV 81 0n n = V 2430 ™ Y, af ee , and NY state 


1 3a? 3 
Roots, +5a%b, —taby, +3men-tat, 3 emt yf; oa - 
i | | 
aa he 2a8a 
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205. Cor. 2.—The root of the product of several numbers 
is the same as the product of the roots. Thus, MY abox 
= Va-Vb-Vc-WV2, since to extract the mth root of abc 
we have but to divide the exponent of each letter by m, 
which gives aba” or Va-Vb-VC+V hk 

206. Cor. 3.—The root of the quotient of two numbers is the 


same as the quotient of the roots. 'Thus, \/ ~ is the same as 


/m 
Vn” 


tract the rth root of numerator and denominator, which 


since to extract the rth root of = we have but to ex- 


operation is performed by dividing their exponents by r. 
Bs *f— : 
Hence VE begs ghons vim : 
n nt Jn 


EXAMPLES. 
22. Show that 7/8 x27 = W/8 x ¥/27. 


Model Solution —We may show this in two ways. 1st.—Hapert- 
mentally. Thus 4/8x27 = 4/216 =6. Again ¥/8x ¥/27=2x8 
=6, Hence 9/8 x 27 (or the cube root of the product)= 9/8 x 4/27 
(or the product of the cube roots). 2nd.—Analytically. %/8 x 27 
signifies that the product of 8 and 27 is to be resolved into 3 equal 
factors, which is accomplished by resolving 8 into its prime factors, 
and 27 into its prime factors, and then separating these factors into 
‘three equal groups (202). This will give the same result as regoly- 
ing the product of 8 and 27, or 216, into 3 equal factors, since the 
prime factors of 216 are the same as those of 8 and 27. 


23. Show that Va-7ae — Vann x Vz. 


Suggestions.—The 5 equal factors of a-"Bi are a thee, Pm 


mi pie on en ie 
a 0%, q Fen, and a bn, since by the rules of multiplication these 
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ar, PY m 
- multiplied together make a-"}". But ape is the product of one 
of the 5 equal factors of a-™ by one of the 5 equal factors of 


faye 
or 4/a—™ by VA bn. 
24. Extract the square root of ate? + 2a8he? + abc? 


Solution.—The factors of this are readily seen to be a’, c?, and 
a*+2ab+6?, which separated into two equal groups give ac(a+b) 
and ac(a+6). Hence ac(a+b) or a°c+abe is the required root. 

25. Extract the square root of m*—2mm4z+m4z2. 

Root, m? (1—2a) or m?—mix. 


Scholium.—The extraction of roots by resolving numbers into 


_ . their factors according to this rule, is limited in its application for 


several reasons. In the case of decimal numbers we can always find 
the prime factors by trial, and hence if the number is an exact 
power, can get its root. But in case the number is not an exact 
power of the degree required, we have no method of approximating 
to its exact root by this rule, as we have by the common method 
already learned in arithmetic. In case of literal numbers the difficulty 
of detecting the polynomial factors of a polynomial is usually 
insuperable. Hence we seek general rules which will not be sub- 
ject to these objections. 


207. Prob. 2—To extract the square root of a poly- 
nomial. 


Rule—J. Arrange the polynomial with reference 
to one of its letters, as for division. 

IT, Extract the square root of the first left hand 
term. This root is the first term of the required root. 
Subtract the square of this term of the root from the 
polynomial. 

III. Double the root already found for a Trial 
Divisor. By this trial divisor divide the first term of 
the remainder of the polynomial, and write the 
— quotient as the second term of the root. 


{ 

i ; 
; _ 
' » -_ 
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DF fe Complete the divisor by adding to the trial 
divisor the last term in the root. Multiply the True 
Divisor thus formed by the last term in the root, and 
subtract the product from the last remainder, bring- 
ing down such terms as may be necessary. 

V. Repeat the process of dividing, completing the 
divisor, multiplying and subtracting, in the same 
way till the polynomial is exhausted, or until there is 
no term of it remaining which can be exactly divided 
by the first term of the trial divisor. 


Demonstration.—lst. The polynomial is arranged as in division, 
since such is the order which the terms assume in squaring any 
polynomial root. ; 

2nd. In squaring any polynomial, the first term of the square is 
found to be the square of the first term in the root; hence, in 
extracting the square root, the square root of the first term-in the 
given polynomial is the first term in the root. 

8rd. To prove the process of finding the divisors and the subse- 
quent terms of the root, we observe the following operations : 


(1) (2) 
A. (a+b)? = a? +2ab+0? = a? + (2a+d)0. 
B. (a+6+e)? = [(a+6) +e]? = (a+b)? + [2(a+b)+e]e 


q@ (2) ® 
= a + (2a+6)b+[2(a+6) +el]e. * 
C. (a+b+4+¢+d)? = [((a+b+ce)+d]? = (a+b+e)? 


() 2 
+ ie 4 ¢)+djd = a” % fee Db 


+ [2(a+B) + co+ [204540 + aya. 

Hérice it appears; 1st, That the square of a polynomial (as a+, 
a+b+e, ora+b+e+d) is made up of as many parts as there are 
terms in the root; 2nd, That the first is the square of the first term 
in the root; 3rd, That the second part is Twice the first term of the 
root (the part already found), + the second term of the root, multi- 
plied by the second term; 4th, That any one of these parts, as the 
nth, is Twice that pares of the root previously found, or Twice 
the n—1 preceding terms of the root, + the nth term of the root 
multiplied by this last or nth term. : 


--* This expansion is made by treating (a+b)+e as a binomial, giving as its 
square (a@+5)?+2(a+b)c+c*, Expanding and factoring we have the form in B. 
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Scholium 1.—If the first term of the arranged polynomial is not 
a perfect square, the root can not be extracted. — 


Scholium 2.—If at any time no term of the remainder can be 
exactly divided by the first term of the trial divisor, the root can 
not be extracted. 


: EXAMPLES. . 


Kx. 1. Extract the square root of 49a%2®*—30aa3+ 25a4 
+ 16a*—24a%. 
Model Solution. 


OPERATION. 
16a'—24a%2+ 49072" — 80ax* + 2524 | 40?—8aa+52? 
16a* 
8a? —3ax | —240'r+ 49072? 
. —24a%e+ 9a? ; 
8a? — 6aa + 52? | 40a*2*— 3000 + 252+ 
40a72?— 80aax* + 252* 


Explanation.—If this polynomial is a.perfect square, the term 
containing the highest power of a, or of 2, is the square of the first 
term in the root. Hence I place 16a‘ first in the arrangement. 
(25a* would do as well.) And, as the terms arising from squaring 
a polynomial (e.g. the root of this given number), are arranged 
according to the leading letter of the root, I arrange the whole 
polynomial according to the powers of a, as this will be the leading 
letter of the root, when I put 16a‘ first in the power. 

Having arranged the given number, I know that the square root 
of the first term, 16a‘, or 4c’ is the first term of the root, since in 
squaring any polynomial ¢¢. g., the root sought), the first term in 
the square is the square of the first term in the root. RS 

Now, having removed by subtraction the square of the first term 
of the root, I double the root already found, obtaining 8a* for a 
trial divisor. This is the trial divisor, since the second part of any 
square (the square of the first term of the root being called the first 
part) is twice the root already found + the next term of the root, 
multiplied by this next term. I now find that the trial divisor is 
contained in the first term of the remainder —38a« times, which is, 
therefore, the second term of the root. But the true divisor is twice 
the root previously found plus this last term; hence 1 add —3aqz 


. 
a eee opt 
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to the trial divisor and have 8a?—3aa as the true divisor. Multi- 
plying this true divisor by the last term of the root I obtain 
—24a*a +9a°2*, which is the second part of the given power. 


Subtracting this second part of the power, the third part is twice 
the root already found + the neat term of the root, multiplied by 
this neat term. In this case, therefore, the new trial divisor is 8a? 
—6ax. [Proceed just as in the last paragraph, and complete the 
explanation. ] ; 


Finally 4a°—3a2+527 is the required root, for, indeed, I have 
actually squared it and subtracted this square from the given 
number and found no remainder. [The pupil should notice 
that the sum of the several subtrahends is the square of the 
root. | 


2. Extract the square root of 8%+ 4424+ 423+ 822. 
Root, 22+ 27+2. 


3. Extract the square root of 25a%*—12az%+ 16a‘+ 424 
—24akx. Root, 2a*—3ax+ 4a. 


4. Extract the square root of 2*—6aaz> + 15a?at*—20a%a8 
+ 1ld5a4z?— 6ba'a + as. 


5. Extract the square root of a+ 2 4 de 24 = = 
Root, 2—= 4 2 
BD . 

6. Extract the square root of 9a—2Q4abys 4+ 12934 16ys 
—16y8 +4. Root, 323—4y3 +2, 


7. Extract the square root of 9a?+12a—t’—6a+ 444 
—4a*h? 4- at, Root, 83a1+28—a?. 


Query.—In arranging the last with respect to a, why should 404 
come before —6a? 
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208. Scholium.—Since the square root of a quantity is either 
+ or —, all the signs in the above roots may be changed, and they. 
will still be the roots of the same polynomials. Thus, in the 3rd 
Example, if we call the square root of 4a*, minus 207, (—22*,) which 
it is, as well as +227, and then continue the work as before, we get 
for the root —2a?+ 38a¢%—4a?. i 


209. Prob. 3.—To extract the Square Root of a Deci- 
mal Number either exactly or approximately. 


Rule.—J. Separate the numbers into periods by 
placing a mark over units and over each alternate 

figure therefrom, calling the marked figure with the 
one at its left, if any, a period. The number of 
figures in the root is equal to the number of periods 
thus formed. 

II. Take the square root of the greatest square in 
the left hand period, and write it as the highest order 
in the root. Subtract the square of this figure from 
the period used, and to the remainder annex the 
next period for a new dividend. 

III. Double the root already found for a Trial 
Divisor, by which divide the new dividend, rejecting 
in the trial the right hand figure of this dividend. 
The quotient is the next figure in the root or a greater 
one. To obtain the True Divisor annex to the Trial 
Divisor the last root figure. Multiply this True 
Divisor by the last root figure, subtract the prodwet 
from the last new dividend, and to the remainder — 
annex the next period of the given number for another 
new dividend. 

IV. Double the root already found for a new Trial 
Divisor, and repeat the processes given in the 38rd 
paragraph till all the periods are brought down. If 
- the number is a perfect square, the last remainder is 


a i 
= 
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zero. If not, annex periods of two 0’s each, and con- 
tinwe the process till the required degree of accuracy 
is attained. All the root figures arising from decimal 
fractional periods are decimal fractions. 


Scholium 1.—In separating decimal fractions, or the fractional 
part of mixed numbers into periods, make full periods of two figures 
each, annexing a 0 if necessary. 


‘Scholium 2,—If at any time the Trial Divisor is not contained in 
the dividend to be used, annex a 0 to the root and also to the Trial 
Divisor, and then bring down the next period and divide. 


Scholium 3.—When the work does not terminate with the last 
period of significant figures it will not terminate at all, and the 
given number isa surd. This is evident, since the process makes 
the unit’s figure in each subtrahend, the square of the last figure in 
the root, but no figure squared gives 0 in unit’s place. The process 
can, however, be carried to any given degree of accuracy. 


Demonstration.—lst. That this method of pointing gives the 
number of places in the root, is made evident by squaring a few 
numbers. Thus the square of 1 is 1, and the square of 10 is 100, 
hence the squares of all numbers between 1 and 10 have 1 or 2 
figures; that is, Twice as many Jigures as the root, or one less than twice 
as many. Again, the square of 100 is 10000; hence the square of 
all numbers between 10 and 100 have 3 or 4 figures; that is, Twice . 
as many as there are in the root, or one less. In like manner it is 
readily seen that the square of* any number consists of TZwiceas 
many figures as the root, or one less, Hence the method of pointing 
indicates the number of figures of which the root consists. 

In the case of decimal fractions, since the number of decimalsina 
product equals the number in both the factors, there are always 
twice as many decimals in the square as in the root. Hence if the 
number of decimal places in the given number is odd, they are to be 
made even by annexing 0. 

2nd. That the greatest square in the left hand period is the square 
of the highest order in the root, appears from the facts that the 
square of any number of wnits between 1 and 9 fallsin the first right 
hand period, the square of any number of tens between 1 and 9 falls 
in the second period, the square of any number of hundreds between 
1 and 9 falls in the third period, ete. Moreover, though the left 
hand period usually contains more than the square of the highest 
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order in the root, it can not contain the square of a unit more of that 
order, since all the figures that-can follow this highest order in the 
root can not make another unit of this order. Thus the square 
of 3999, can not be as great as the square of 4000; but the square 
of 4000 gives 16 in the highest period of the power, qidadd be square 
of 3999, must give less than 16 in that period. 

3rd. To prove the method of finding and using the Trial Divisor, 
suppose, in any given case, the pointing shows that the root con- 
sists of 4 figures. Represent the thousands of the root by 7, the 
hundreds by 4, the tens by ¢, and the units by uw. The number 
itself will be 

(T+h+t4+uy?= + QPL WNM ATEN +At+ [EP -+h+0 
t+ulu. (20%, 8rd paragraph in the Dem.) 

- Whence having found and removed the square of the thousands, 
7”, the next part of the power is (27+A)h. But as the lowest 
arder of this is hundreds multiplied by hundreds, or 10,000’s we 
need not bring down anything below 10,000’s, or the next: period, 
for none of this part is contained in the lower periods. Again, for 
trial, considering this part as 27’xh, the product contains nothing 
lower than hundred thousands ; hence the ten thousands figure is to 
be omitted in the trial division. But the true divisor is 27+h/; 
hence the root figure is annexed to the trial divisor, or really added 
to it, regarding the l.cal values. 

4th. It is evident that this process is merely repeated as we 
" inerease the number of figures in the root; and as the law of nota- 
tion is the same when we pass the decimal point into a fraction, no 
special exemplification is needed in such a case. 


EXAMPLES. 


Ex. 1. Extract the square root of 7284601. 
Model Solution. 
Operation. 7284601 ( 2699 
4 
46 ) 328 
276 
529 ) 5246 
4761 
5889 ) 48501 
48501 
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Explanation.—As the highest order in this number is millions, the 
highest order in the root is thousands, for the square of thousands is 
millions or ten millions, and the square of anything above thousands 
is more than ten millions, The root, therefore, consists of thousands, 
hundreds, tens, and units, as indicated by the pointing. 

The square of the thousands figure in the root evidently must 
be sought in the 7 millions, or the left hand period. The greatest 
square in this being 4, the square root of which is 2, the thousands 
figure of the root is 2, which I therefore place in the root. 

Now the root may be represented by 7+A4+¢+u, 7 standing 
for the thousands, / for the hundreds, ¢ for the tens, and uw for the 
units. Hence the number itself will be represented by (7+2+¢ 
tu)? = T?4+[27T+Alh+ [2 (7+) +4] t+[2(T+h4+O4+u) u. 

Having removed the 7? (2 thousands squared) from the number, 
the second part is (27+h/)h, the lowest order in which is hundreds 
multiplied by hundreds, which gives ten thousands; wherefore I 
bring down no order lower than ten thousands, or simply the next 
period. As this new dividend contains (27'+A) A, I will, fora trial, 
consider it as simply containing (27) xh, and as hundreds into 
thousands produce only orders above ten thousands, I may omit the 
8 which is ten thousands, in making this trial. Using 27’ or 4 
(thousands) for the trial divisor, I find it contaiaed in 82 (hundred 
thousands) 8 times. But, as the trial divisor is too small by this 
new figure, it is evident that adding it, thus making the divisor 48, 
it will not be contained 8 times. Neither will it be contained 7 times. 
Thus I find 6 to be the next figure in the root, and the true divisor 
2T+h, to be 46 (é. ¢., 4 thousands and 6 hundreds). Multiplying 
46 by 6, and thus forming the part (27+h]h, I find it to be 276 (ten 
thousands), which subtracted leaves 52 (ten thousands). 

Again, these two parts, viz., 7? and (27+A)h having been re- 
moved, the next part of the power is [2 (7+/) +7] ¢, or [52 hundreds 
+t]t. As the lowest order of this part is tens squared, Ineed bring 
down nothing below hundreds, or the next period. The pupil can 
now fill out the demonstration as in the preceding paragraph. 


2. Extract the square root of 7225. Root, 85. 

3 to 7. Show that /9801 = 99, 4/47089 — 217, 
/553536 = 744, »/43046721 — 6561, /5764801 = 2401, 

8 to 11. Show that V7.5 = .20714, V73 = 1.734, 
50 = 7.071+, V5 = 2.2364. 
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_ 210. Cor.—In extracting the roots of common fractions, 
if the numerator and denominator are perfect squares, extract 
the root of each separutely ; if they are not, it 18 usually best 
to convert the fraction into a decimal and then extract its root. 


36 «6 5 1 
ene 15. \/ 3 8 Vea aes, \/ 4 = O14, 
2 
/ 5 = 8164+. 


211. Prob. 4.—To extract the Cube Root of a Poly- 
nomial. 


Rule.—I. Arrange the polynomial with reference to 
one of its letters, as for division. 

IT, Extract the cube root of the first left hand term. 
This root is the first term of the required root. 
Subtract the cube of this term of the root from the - 
polynomial. 

ITI. Take three times the square of the root already 
found for a Trial Divisor. By this trial divisor 
divide the first term of the remainder of the polyno- 
mial,and write the quotient as the second term of the 
root. ; 

IV. Complete the divisor by adding to the trial 
divisor 3 times this last term multiplied by the part 
of the root previously found, and also the square of 
the last term found. Multiply the true divisor thus 
formed by the last term in the root, and subtract the 
product from tire last remainder, bringing down such 
terms as may be necessary. 

_V. Repeat the process of forming Trial Divisors, 
dividing, completing the divisor, multiplying and 
subtracting, till the polynomial is exhausted, or until 
there is no term of it remaining which can be exactly 
divided by the first term of the Trial Divisor. 


‘ 
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Demonstration.—1st. The polynomial is arranged as in division, 
since this is the order which the terms assume in cubing any poly- 
nomial, similarly arranged. 

2nd. In cubing any polynomial, the first term of the cube is found 
to be the cube of the first term of the root; hence, in extracting the 
cube root, the cube root of this term is the first term of the root. 

8d. To prove the process of finding the divisors and subsequent 
terms of the root, we observe the following operations : 


a) @ 
A. (a+b)* = a'4307b+300?+8% = 2+ [Sa? + 8ab+0"] b. 
B. (a+6+e)* = [(a+6)+c]® 
= (a+)°+[3 (a+b)? +38 (a+b) c+e"Je 


() 2 (3) 
= a°+[8a7? + 8ab+0*] 0+[8 (a+0)? +3 (a+b) c+eJe. 
C. (a+b4+¢e+d)* = [(at+b+e)+d]} 
= (44+0+0)°+[8 (a+b+0)?+8 (atb+o ddd 


(1) 0) 2) 
= a* + [807 +3ab+-b7]b+[8 (@+0)?+3(a+b) c+erJe 
(4) 
+ [8 (@+b+0)?4+3 (a+b+0e) d+] d. 


Hence it appears; 1st, That the cube of a polynomial is made up 
of as many parts as there are terms in the root; 2nd, that the jirst 
part is the cube of the first term of the root; 3d, That the second 
part is three times the square of the first term of the root +38 times the 
Jirst term into the second term + the square of the second term, multi- 
plied by the second term of the root ; 4th, That any one of the parts of 
the power, as the nth, is Three times the square of the n—1 preceding 
terms of the root, +3 times the product of these terms into the next, or 
nth term, + the square of this last or nth term, all these terms being 
multiplied by the last, or nth term of the root. 

Finally, it is evident that, if the work does not terminate by this 
process when the letter of arrangement disappears from the remain- 
der, it can never terminate, since the divisor always contains this 
letter. 


~ Scholium 1.—If the first term of the arranged polio nenie is not 
a perfect cube the root cannot be extracted. 


Scholium o.—1f at any time-no term of the rematuder’ is exactly 
divisible by the first term of the trial divisor, the root can not be 
extracted. 
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Explanation.—1st. I arrange this polynomial with reference toa, 
and thus see at once the first two terms. But the terms 36a‘c and’ 
27a‘be'a are of the same degree with respect to a, and hence to 
determine which is to have the precedence, I notice that the first 
term in the root will be 3a%c, and as the second term of the poly- 
nomial divided by 3 times the square of this gives the second term 
of the root, I observe that the terms containing @ and ¢ are all to 
have precedence over those containing 6 and z. Hence I write 
36a'c—8a? next. The remaining terms I arrange, giving @ the 
precedence and noticing that as @ will be in the last term of the 
_ root, its higher powers will stand last. 


2nd. As 2%a%c* is the cube of the first term of the root, that term 
is 8c, which I consequently place in the root, and subtract the 
term 27a°c® from the polynomial. 


8rd. As the second part of a cube of a polynomial is 3 times the 
square of the first term of the root, plus other terms, into the 
second term of the root, I take 3 times the square of this first term 
of the root or 2’7a‘c’, for a trial divisor. Dividing, I find the second 
term of the root to be —2a. But the Zrue Divisor, or leading 
factor in this second part of the power, is 3 times the square of the 
former part of the root, + three times that part into the last term 
found, + the square of this term. Hence I add 8 times 3a%c multi- 
plied by —2a, and —2a squared, to complete the divisor. Having 
completed it, I multiply it by the last term of the root found, —2a, 


and thus form the second part of the power of the root, be I 
subtract from the given polynomial. 


4th. The explanations of the next and succeeding steps, when 


there are more, are identical with the last, and can, y be supplied by 
the student. 4, 


CK, ? » ct 


2. Extract the cube root of @—8 + Lealt— 6a*b. 
: Root, a—2b. 


3. Extract the cube root of $a°—1—325-+ 2°32, 
Root, 2—a—1. 


4. Extract the cube root of 6624 +1 — 630° — 9x +. 828 
— 3625 + 3322, ae Root, 2a°—3x-+-1. 
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212. Prob. 5.—To extract the cube root of a decimal 
number, either exactly or approximately. 


Rule.—I. Separate the number into periods by pla- 
cing a mark over units and over each third figure 
therefrom, calling the figure marked, together with 
the two at its left (if there are so many), a period. 
The number of places in the root is the same as the 
number of periods. , 

IT. Take the cube root of the greatest cube in the 
left hand period, and write it as the highest order in 
the root. Subtract the cube of this figure from the 
period wsed, and to the remainder annex the next 
period for a new dividend. 

Ill. Take three times the square of the root already 
found, regarding it as tens, for a trial divisor, by 
which divide the new dividend. The quotient is the 
next figure in the root (or a Sreater one). To obtain 
the Trwe Divisor add to the trial divisor 3 times the 
product of the last root figure by the preceding part of 
the root, regarded as tens, and also the square of the 
last figure in the root. Multiply this trwe divisor by 
the last root figure and subtract the produet from the 
last new dividend, and bring down the next period. ~ 

IV. Repeat this process till all the periods have been 
brought down. If the nwmber is a perfect cube the 
remainder is zero. If not,annex periods of 3 zeros 
each and continue the operation till the required 


degree of accuracy is attained, marking the figures 
thus obtained as a decimal. 


Scholium !.—In pointing off decimal fractions, or the fractional 
part of mixed numbers, make full periods of three figures each, 
annexing 0’s if necessary. 


, Scholium 2.—If at any time the trial divisor is not contained 
in the dividend to be used according to the 8rd paragraph in the 
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tule, annex a 0 to the root and also two zeros to the trial divisor, 
bring down the next period, and then divide. 

Scholium 3.—When the work does not terminate with the last 
period of significant figures it will not terminate at all, and the 
number is a surd. This is evident since the right hand figure in 
any subtrahend arises from cubing the corresponding digit in the 
root, and the cube of no digit produces 0 in unit’s place. 

Demonstration.—1st. That this method of pointing gives the 
number of figures in the root is made evident by cubing a few num- 
bers. Thus the cube of 1 is 1, and of 10 is 1000; hence the cubes 
of all numbers between 1 and 10 have 1, 2, or 3 (cannot have 4) 
figures. The cube of 100 is 1,000,000; hence the cube of numbers 
between 10 and 100 have 4, 5, or 6 figures, but can not have 7. Again, 
the cube of 1000 is 1,000,000,000; hence the cube of any number 
between 100 and 1000, i. ¢., of any number represented by 3 figures, 
contains 9, or one or two less than 9 figures. In like manner it appears 
that the cube of any integral number contains either three times as 
many figures as the root, or one or two less. Tn the multiplication of 
decimal fractions the number of fractional places in the product is 
equal to the number in both or all the factors used, hence the frac- 
tional part of any cube must have three times as many figures as 
the root. 

2nd. That the greatest cube in the left hand period is the cube 
of the highest order in the root, appears from the facts that the cube 
of any number of units between 1 and 9 fulls in the 1st period; the 
cube of any number of tens between 1 and 9, falls in the second; of 
any nnmber of hundreds, in the 8rd, etc. Moreover, though the left 
hand period usually contains more than the cube of the digit in the 
highest order in the root, it can not contain the cube of a unit more 
of that order, since all the figures that can follow this highest order 
in the root can not make another unit of that order. Thus the cube 
of 3999 can not be as great as the cube of 4000. But the cube of 
4000 gives 64 in the highest period. Hence the cube of 8999 must 
give less than 64 in that period. 

3rd. In any given case, suppose the pointing shows that the root 
consists of thousands, hundreds, tens, and units. Represent the 
thousands by 7 the hnndreds by h, the tens by ¢, and the units by 
wu. Then the number is (7+A+t+u)? = T°4[8774+387TA+A JA 
+[8(T+A)? +3 (T+A)t +07] 6+ [8 (T+A4t)?4+3(T+A+0) w+’? uw. 
But having removed the cube of the thousands, 7°, the next part of 
_ the power is [877+37h+h']h. No part of this can fall in either 
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of the two lowest periods of the power, since its lowest order arises 
from h® which is 1,000,000, at least. Hence we need only bring 
down one period. For a trial, we consider this part as 87? x h, and 
hence the Zrial Divisor is 8T?, or 8 times the square of the root already 
found. Again, regarding this thousands figure as tens, makes the 
T, which squared and multiplied by the next figure of the root 
which is also hundreds, give millions, the same order as the new 
dividend. But the 7rue Divisor is 3T?+37h+h?; hence we add to 
87T?, 87h+h?; 4. €., 3 times the root previously found multiplied by the 
last figure, and the square of this last figure. In making this correc- 
tion we are to remember to call the thousands so many tens, which 
reduces it to hundreds, the order of the root which we are seeking ; 
whence the correction becomes the square of hundreds, or of the 
same order as the trial divisor, and can be added to it. 

Ath. It is evident that this process is merely repeated, as we pro- 
ceed to obtain other figures in the root; and, as the law of notation 
is the same as we pass the decimal point, no special exemplification 
is needed in that case. 


EXAMPLES. 
Ex. 1. Extract the cube root of 99252847. 


Model idhebiciiveinlie we 
h 
463 


i 
Trial Divisor 3 (40)? = 4800|35252 
; 3(40)6 = 720 
Corrections | 6? ue iia 
True Divisor ........ 5556/33836 
Trial Divisor 8 (460)? =63480 care 1916847 


: 8 (460) 3= 
Corrections @)? oe 


True Divisor ........ 638949] 1916847 


Explanation.—As the highest order in this number is ten millions, 
the highest order in the root is hundreds, since the cube of a hut- 
dreds figure falls in millions period, while the cube of thousands 
falls in billions. Moreover, the cube of the hundreds figure is the 
greatest cube contained in 99, 7. ¢. 64, the root of which is 4, which 
is, therefore, the hundreds of the root. That the hundreds figure 
is not greater than -4, is evident, since the mane of 5 hundreds is 
greater than the given number, 
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Therefore the cube root of the given number is h+t+u, and the 
number itself is (4+¢+w)* = h°+[3 A" + 8ht+t7]t+ [8 (h+0)?+(8h 
+t)u+w*lu. But having removed the h* by subtracting the 64 
(millions), the next part of the power is [347+ 3/t+¢]t. Now the 
lowest order of this is 4, or the cube of tens, which cannot fall 
below thousands, so that I need only bring down thousands period, 
te. the next lower. Fora Trial I now consider this part of the 
power (35252) as 3h? x¢, or 3[40])?x¢. I reduce the 4 hundreds to 
the same order as the root figure which I am seeking, so that the * 
product of its square by this root figure shall be of the same order 
as the new dividend. Therefore, reducing the 4 hundreds to tens 
it becomes 40, whence 3(40)? = 4800, which being hundreds, goes 
into the new dividend, which is thousands, tens times. This ¢rial 
divisor is really contained in the dividend 7 (tens) times, but as the 
corrections to be made upon it for the true divisor are so great, the 
true divisor is contained but 6 times, as I find by trying 7 for the 
tens of the root. Having thus found 6 to be the tens of the root, I 
correct my trial divisor, which by the formula is 34?+8h xt+@, by 
adding 3h x¢ or 3(40) x 6, and @ or 67, and find the true divisor to 
be 5556 (hundreds). This multiplied by the 6 (tens) gives the 
second part of the power, i. ¢. (8h?+3/At+?*)t = 33336 (thousands), 
which I therefore subtract from the given number. 

[The next step is exactly like the last, and the pupil can supply 
the demonstration. ] 


2. What is the cube root of 74088 ? Ans., 42. 
3. What is the cube root of 12326391 ? Ans., 231. 
4. What is the cube root of 122097755681 ? Ans., 4961. 
15. What is the cube root of 2936,493568? Ans., 14.32. 
6. What is the cube root of 12.5? Ans., 2.321 nearly. 


7. What is the cube root of .64 ? Ans., 8617+. 
8. What is the cube root of .08 ? Ans., 4308+. 
9. What is the cube root of .008 ? Ans., 2. 
10-to 12. Show that 7/2 = 1.2599+; VW5=1. 7099 +; 
V9 = 2.08008 +. 


18 to 15. Show that 19 = = 81+; AV Boe, = 48; 0/34 
= 3b 
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[Note.— With regard to the various shorter methods for annie: 
ing roots, the various methods of approximation and the like, no 
mathematician thinks of using them, or even those here given, but 
resorts at once to the table of logarithms. It is better that the 
student should spend his time in becoming perfectly familiar with 
the demonstration of a single metaod, than to cumber the memory 
with a multiplicity of processes which he will not remember, and 
which if we were to remember he would never use. ] 


FOR REVIEW OR ADVANCED COURSE. 


213. Prob. 6.—To extract roots whose indices are 
composed of factors 2 and 3. 

Solution.—To extract the 4th root, extract the square root of 
the square root. Since the 4th root is one of the 4 equal factors 
into which a number is conceived to be resolved, if we first resolve 
a number into 2 equal factors (that is, extract the square root) and 
then resolve one of these factors into 2 equal factors (that is, extract 
its square root) one of the last factors is one of the 4 equal factors 
which compose the’ original number, and hence the 4th root. In 
like manner the 6th root is the cube root of the square root, etc. 


EXAMPLES. 


Ex.1. What is the 4th root of 16a4—96a’z+ 216a?22 
—216a28 + 8121? Ans., +(2a—3z2). 

2. What is the 6th root of 15022008 + 26 625-4 1—6ar 
+1524? Ans., +(%—1). 

3. What is the 6th root of 2985984 ? 

4. What is the 8th root of 1679616 ? 


214. Prob. 7.—To extract the mth (any) root of a 
decimal number. 


Solution.—Any root can be extracted by a process altogether 
similar to those given for the square and cube roots, or by a simple 
inspection of the corresponding power ofa binomial. Thus to extract 
the fifth root, point off by placing a point over units and every 
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Fifth figure therefrom, for the 7th root over every 7th figure, etc. 
Extract the required root of the largest power of the mth degree 
in the left hand period for the first figure in the rot. Subtract, 
and bring down the next period. To form the trial and true divisors, 
and hence to find the other figures of the root, consider the corres- 
ponding power of a binomial. Thus for the 5th root, we have 
(@+)* = a°+5a'b + 100%? + 10a°b* + Sab! + ° = a® + [5at + 100% 
+100%*+5ab*]6. The trial divisor is 5%, 4. ¢. five times the 4th 
power of the root already found regarded as tens. The corrections 
are 10a%} + 10a*b? + 5ab*, regarding @ as the root already found and 
as tens, and 6 as the next figure, 7. ¢. the one sought by the trial. 

In the 7th root the trial divisor is 7a°, and the corrections are 
210° + 35a*b? + 35a°D' + 2107S! + Tab® + b°. 

But in these cases, and much more in the case of higher roots, the 
trial divisor differs so much from the true divisor that the process 
is little better than guess-work. 


215. Prob. 8—To extract the 2th root of a polynomial. 


Rule.—/. Having arranged the polynomial as for 
division, take the root of the first term, for the first 
term of the required root. 

IT, Subtract the power from the given quantity, and 
divide the first term of the remainder by the first term 
of the root involved to the next inferior power, and 
multiplied by the index of the given power ; the quo- 
tient will be the next term of the root. 

IIT. Subtract the power of the terms already found 
from the given quantity, and using the same divisor 
proceed as before. 

Demonstration.—This rule demonstrates itself, as the final opera- 
tion consists in involving the root to the required degree. 

Scholium,—This rule may also be used for decimal numbers. 


: EXAMPLES. 
Ex. 1. Find the fourth root of 16a*—96a8x+216a*x* 


21600848104 
- 2. Find the fifth root of a+ 5a4+ 102%+ 102*+5a+1. 


ae 
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REDUCTIONS. 


217. Prob. 1.—To simplify a radical by removing a 
factor. 


Rule.— Resolve the number under the radical sign 
into two factors, one of which shall be a perfect power 
of the degree of the radical. Extract the required 
root of this factor and place it before the radical sign 
as w coefficient to the other factor under the sign. 

Demonstration.—This process is simply an application of Cor. 
ART. 205, which proves that the product of the roots is equal to - 
the root of the product. Thus 4/48a°b* = 4/16a%B? x 83ab = vV 16a*b? 
x 4/8ab = 40°b4/Bab. 

EXAMPLES. 
Ex. 1.—Reduce to its simplest form 118908. 
Model Solution. 

Operation. 4/189a‘b'c? = 4/270 x Tac! = 4/270D* x 4/ Tac 
= 8abs/Vae?. 

Explanation. 4/ 189a*B%c? indicates that 189a‘b°e? is to be resolved a 
into 3 equal factors. Therefore I first separate it into two factors, 
2'7a°d' and Zac’, one of which is a perfect cube. Now I resolve each 
of these two factors into 3 equal factors, and taking one of each 


three I multiply them together. This product will constitute one 
of the three equal factors of the given number. 27a*b* = 3ab x 3ab 
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x 8ab, and Yac? = 4/ Tac! x / tae x 4/Tac?. Hence 8ab4/ Vac? is 
one of the 3 equal factors of 189a*b%c ®. or 4/189a'%c? = 8ab4/7a Tac. 


2. Reduce /27ax* to its simplest form. 
Result, 3aa®/3aa. 
8. Reduce 4/80a°2* to its simplest form. 


4, Reduce +/ 375xiy8 to its simplest form. 


Suggestion.—If the factor of the decimal number under the 
radical is not apparent, it can readily be found by a few trials. 
Thus in the 3rd, we could try the square of 2, or 4; and then the 
square of 3, or 9; and then of 4, or 16; of 5, or 25 ; of 6, or 36; of 7, 
or 49; of which we should find 16 to be the greatest square factor. 
We need not try farther than 49, since this is more than 4 of 80, and 
no larger number can be a factor, 


5. Simplify /118325y8. 


Suggestion.—Try the square numbers from 4 upward till you 
find the required factor. But a little judgment will save labor. 
Thus, we need not try 4, for no number multiplied by 4 gives a 3 in 
units’ place. For a like reason we would try 9, but not 16, 25 or 
36. Then again we would try 49, but not 64; 81, but not 100; 121, 


but not 144. Finally 169 meets the case, and we have 4/1188«°y® 
= 16a? x Tay = 650% y* x /Tay = 180°y Tay. 
6. Simplify »/3179a°b2". 
7. Simplify /96a‘2°. Result, 2aaW/3aaA. 
8. Simplify 9/7290a%myin+2, Result, Yamy” 1/104". 
9. Simplify (1715a%”—nd6n)8, 
Result, 1a2h% x/5a—", or Yasmpen ele 


10. Simplify (352a%d%)®. Result, 2a%? V/11. 
Scholium.—Of course, by the use of fractional exponents, all the 
factors of such monomials may be written separately, as in (202). 
Thus, the result in Hv. 7, may be written (96)éate’, or 2(8)baakawt, 
or oan(3)tatut, or, by taking the 5th root of the product instead 


of the product of the 5th roots of the last 3 factors, 2aa(Ba7a*)s, as 
above. The method of this rule is usually applied for removing 
“factors which can be expressed without fractional exponents. 
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11. Simplify /a*—a’z. Result, aVa—a.. 
12. Simplify /a™*"", Result, abv/ ar. 
13. Simplify eG. Result, (a+b) Ja—b , 
14. Simplify 34/502°. Result, 1522¥/ 2a. 


Suggestion. —When the radical has a coefficient, the factor 
removed from under the radical sign is to be multiplied into this 
coefficient. 


15. Simplify («+y) V28—2ay + zy. 
Result, (a°—y?) V2. 


16. Simplify 2yV/22y?— ay. Result, xy?/x—y. 
17. Simplify V/a%yS2m4, Result, ay-z /2. 
18. Reduce »/% to its simplest form. Result, 4/6. 


Scholium.—A surd fraction is conceived to be in its simplest 
form when the smallest possible whole number is left under the 
radical sign, The reason for this is, not only that the radical factor 
is thus made simpler, but, if'a fraction were to be left under the radical 
sign the question would arise, What fraction? Certainly not the 
least possible, for such a fraction can be diminished at pleasure. 


come ie af te A i y/ 3 ; 
Thus, 4/2 = 4xe=2 a=W x =8 gg: Cte.» With- 


out limit. Perhaps, ifa fraction is to be left under a radical sign 
it will be proper to consider the expression as simplest when the 


fraction is nearest unity ; whence VA : is to be considered as simpler 
1 
th 4/1. 
an V 96 


218. Cor—The denominator of a surd Fraction can always 
be removed from under a radical sign by multiplying both terms 


of the fraction by some factor which will make the denominator a 
perfect power of the Beer required. 


ep Bees 8/180, ee ee 
Thus, // 86 x6 316 V aig * 189 =4 v 180 
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3) 1 l 
19. Reduce \/ re wes \/ =. and “vil to their sim- 


plest forms. 


Scholium.—The root of a fraction having 1 for its numerator ig 
equal to the same fraction into the root of the next lower power of 


the denominator, Th oe i, 4 ee V/49 V3 ra 
us, / = 5 Vi 7=7, 08, 77 


a/ 848, ete. 
20. Reduce Ji to its simplest form. 


21. Reduce [=| to its simplest form. 


Result, — V e—2. 


3 /4 
22. Reduce VE o Wa , and 1/3 —— to their sim- 


plest forms. 
Results, (not in order), 5, = V 15a, ; © /6ab, and — a 8 7. 


a ah—2 Bb — 2b? + ab? 
23. Reduce PoP R — to its simplest form. 


a f 
Result, hietd) V ab. 


24. Reduce «/ : , and x/ : to their simplest forms. 


Scholium.—The above simplifications can always be effected upon 
fractions, but upon integral radicals only when the integer has a 
factor which is a perfect power of the degree of the radical. 


_ 219. Prob. 2.—To simplify a radical, or reduce it to 
its lowest terms, when the index is a composite number, 

and the number under the radical sign is a perfect power of 
- the degree indicated by one of the factors of the index. 
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Rule.—Extract that root of the number which 
corresponds to one of the factors of the index, and 
write this root asa surd of the degree of the other 
factor of the given index. 

Demonstration.—The mnth root is one of the mn equal factors 
of anumber. If, now, the number is resolved first into m equal 


factors, and then one of these m factors is again resolved into n 
other equal factors, one of the latter is the mnth root of the number. 


illustration.—The 4th root of a number is one of the four equal 
factors of that number; if we resolve the number into 2 equal fac- 
tors, and then one of these factors into 2 other equal factors, one of 
the latter is one of the 4 equal factors which compose the given 
number. 


EXAMPLES. 
Ex. 1. Reduce */25a406 
Model Solution. 
Operation. 4/25a** = V n/a = »/5°° = abr/Bb. 
Explanation.—The 4th root of 25a'0° is one of the 4 equal factors of 


it. Hence I first resolve it into two equal factors, one of which is 
5a*b*. Then I resolve 5a%}* into two equal factors, or rather indicate 


it, as the operation cannot be fully performed, and have 4/5a7*. 
a/5a*b* is, therefore, one of the 4 equal factors of 25a‘b°. But, by 
the last problem, »/5a°b' = aba/50. Hence 4/25a°d* = aby/50. 


2. Reduce ¥/27a5D%. Result, b<Aab 
Suggestions. ¥/27a° — V */270 = a/ 8ab® = b4/Bab. 
3. Reduce */— 64a’. Result, 2»/—a. 


4. Reduce +/256a®z8., 
5. Reduce ~/81n2m4. 
6. Reduce */2?—2ay+ 4. 


220. Prob. 3.—To reduce any number to the form of a 
radical of a given degree. 
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Rule.—-Raise the number to a power of the same 
degree as the radical, and place this power under the 
radical sign with the required index, or indicate the 
same thing by a fractional exponent. 

Demonstration.—That this process does not change the value of 
the expression is evident, since the number is first involved to a 
given power, and then the corresponding root of this power is 
indicated, the latter, or indicated ed operation, being just the reverse 
of the former. Thus, « = fom, That is, raising « to the mth 
power, and then indicating the mth root, leaves the value represented 
unchanged. ; 


EXAMPLES. mo 
Ex. 1. Reduce “a*z° to a form of a radical of the 8rd 
degree. 
Operation. ‘Za%x* = 4/(Ta7x)® = “/348a°2". 
Explanation.—If I cube 7a’z* and then extract the cube root of 
this cube, the result will evidently be the same as at first. Now 


(7a?a*)* = 343a°%*. But instead of performing the operation of 
extracting the cube root of 343a'z®, which would evidently return 


it to 7a*2*, I simply indicate the operation, and have 4/348a°2", 
2. Reduce 2ay—3 to the form of a radical of the second 
degree. Result, /4a*y?—12ay +9. 


8. Reduce a—z to the form of the cube root. 


4. Reduce We to the form of the 4th root. 
ou. Hala i io Vk V3 


5. Reduce ; to the form of the 3rd root. 


fo 
Result, 4° [a5 
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6. Reduce 4 to the form of the 4th root. 


221. Cor.—To introduce the coefficient of a radical under 
the radical sign, it is necessary to raise it to a power of the 
same degree as the radical ; for the coefficient being reduced to 
the same form as the radical by the last rule, we have the pro- 
duct of two like roots, which is equal to the root of the pro- 
duct (194, and 205). 


EXAMPLES. 


1. Introduce the coefficient in 324/222 under the radical 
sign. 


Model Solution. 
Operation. 824/2a* = 4/272" x 4/2a* = 4/2Ta* x 2a? = 4/540. 


Explanation.—Cubing 32 I have 27a°, the indicated cube root of — 


which is a/. 2%a*. This is evidently the same in value as 8x. Hence 


8aA/ 2a? = 4/271a* x 4/20? = 4/272" x 2a? = 4/54a* (209). 

2. Introduce the coefficient in 5 2 under the radical sign ; 
We eae : 
in 3V35 in 5V 45 in 3V9. 


2/1 ofl 1 
Results, ve s/e, a \/ + 


3. Introduce the coefficients in the following expressions 
under the radical signs ; 3a? »/2aa, (a—zx) Va+2a, 4 4a, 


a Pa = 
(2—y) Va—y, and 3V/ 27a’. 


Two of the results are »/(a?—2*) (a—a), and V(a—y)?. 
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4. Introduce under the radical signs the coefficient in the 


following: 44/2, EN ae 5x 4/25a-%, and = Cae. 


atbd 
a. a+h 
The last two are 4/5™+2zm—2, and a 
aa} 


v22. Prob. 4.—To reduce radicals of different degrees 
to equivalent ones having a common index. 


Rule.—epresent the nwmbers by means of frac- 
tional indices. Leduce the indices to forms having a 
conmmon denominator. Perform upon the numbers 
the operations represented by the numerators, and 
indicate the operation signified by the denominator. 


Demonstration.—The only point in this rule needing further 
demonstration is, that multiplying numerator and denominator of 
a fractional index by the same number does not change the value 


7 a ma a 1 1 1 
of the expression, 7. ¢., that a =a5, Now, a? =axaxgb---- 
to @ equal factors. If now we resolve each of these factors into m 
equal factors, 2 will be resolved into md equal factors, and one of 


1 a 
them will be represented «?, But as in 2 there are a factors, each 
1 
«, and as each of these is resolved into m factors, there will be in 


all ma factors, each Gon) Hence & = amb, 

[When # is used as a common fraction, we show that 3 = § 
thus: 2 signifies 3 of the 4 equal parts of some quantity. If now 
we separate each of these 3 parts into 2, the cutire quantity will be 
separated into 8 paris, and in the three parts there will be 6. .. 3 
= §. In an analogous manner when 2 is used as an exponent, we 
show that 3 is equivalent to §, thus: 2 as an exponent signifies 3 
of the 4 equal factors of some quantity. Now if we resolve each of 
these 3 equal factors into 2, the entire quantity will be resolved into 
8 factors, and in the 3 factors there will be 6. .*. 2 as an exponent 
is equivalent to £. ] 

EXAMPLES. 


Ex. 1. Reduce »/2a%x and AV bity 4m*y to forms haying a com- 
mon index. 
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Model Solution. 


Operation. 4/2a°x = (2a°x)3, and /4m*y = (Amy). But 
(2a%2)t = (2a%)t = (Sa°s*)t = 4/8a'a*; and (4my)t = (4m’y)t 
= 9/16miy?. 

Explanation.—Representing the given numbers by means of frac- 
tional indices, I have (2a°x)* and (4m?y)5. These indices reduced to 
forms having a common denominator are 3 and 4. Now (2a°x)? signi- 
fies one of the two equal factors of 2a%x ; while (Qa%x)é signifies three of 
the st@ equal factors of 2a%x. Hence (2a°x)? = (2a%z)8, In like 
manner (Amy) signifies one of the three equal factors of 4m?y ; while 
(4m2y)8 signifies two of the six equal factors of the same. Hence 
(Any) = (Amy) 8, Finally, as (2a%x)6 is the same as the 6th root 
of the cube of 2a%w, I have VA 8a°*. In like manner (Amy)é, mean- 
ing the 6th root of the square of 4m?y, becomes A 16m*y?. 


2. Reduce 1/2 and 4/3 to forms having a common index. 
Results, 4/8 and /9. 


3. Reduce /3, 75, 2 to forms having a common 
index. 


4. Reduce-*/2a2, A 3a, and / xy to forms having a com- 
mon index. One result is *4/72928. 


5. Reduce ax and */b2? to forms having a common 
index. Results, (a®a8)* and (024)t, 
6. Reduce at, (54) and (3c)* to forms having a common 
index. Results, “2108, *4/a8, °X/ 62504, 
7. Reduce 2" and y* to forms haying a common index, 


8. Reduce 2c+/« and 5a4/2y to forms having a common 
index. 
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Suggestion.—The radical factors can be reduced to forms hay- 
ing a common index without affet ing the coefficient, since the 
operation does not affect the value of the radical. 


9. Reduce 4/524, 24/2ay, and 10a~/3ba to forms having 
a common index. Results, 2~/2xy, 10av/27b52, 41/25ahp. 


10. Reduce a+e and (a—c)? to forms having a common 
index. Results, (a?+2ac+¢)* and (a—c)}. 


223. Prob. 5.—To reduce a fraction having a mono- 
mial radical denominator, or a monomial radical factor in its 
denominator, to a form having a rational denominator. 


Rule. — Lepresent the radical with a fractional 
index, and then multiply both terms of the fraction 
by the quantity in the denominator with an index 
which added to the given index makes it integral. 

Demonstration.—Since two factors consisting of the same quan- 
tity affected by the same or different exponents are multiplied by 
adding the exponents (90), and the sum of the exponent of the 
denominator and the factor by which we multiply it is an integer, 
the product becomes rational. The value of the fraction is not 
altered, since both its terms are multiplied by the same number. 


EXAMPLES. 


Ex. 1. Reduce fev to a form having a rational denom- 
x 


inator. 
Model Solution. 


Bar/2n _ Ba(2a)h x (Bayh _ es ate 
/82 (Ba) * x (Ba) 


Operation. 
Ba(2u)# 
(8a) 
multiplying numerator and Aavaiatas by the same number does 
not alter the value of the fraction, and as (80)? x (8a)? makes 82, I 


Explanation.— Using fractional exponents, I have — Since 


vA a 


u ee, aE 
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can rationalize the denominator of this fraction by multiplying both 


its terms by (82)2. This gives wi — which reduces to a4/6. [If 


the rationale of these last socracuan is not perfectly familiar it should 
3a(6)%a 
aes 


be given. Thus (6x*)=(6)4@)4—6bs, whence 2462)" _ S408) 


and cancelling the 3a I have a4/6.] 


2. Rationalize the deneaioann of 


2 
3V a 
Suggesti eT hes 
uggestion. ——~= = —, i i ional- 
99 8a sal? and az is the factor which rational 
izes it. 
2Va 


Result, 3a ’ 


3. Rationalize the denominator of Ae 
a 


4, Rationalize the denominator of va Result, ovat 
a a 


Result, 


bart 
a 


Lor ying V3 
6. Reduce ——, —=, ~—, and — to f i 
VE We Vea iE o forms having 
rational denominators. One of the results is 3 ig 

gV 16. 
V3 _ (8)? x (6) _ 4/18 _ 8/21 Ji 
/6 (6)Ex(6)s = 8 ee 


Scholium.—This process is equally applicable to any form of 
radical factor in the denominator, whether monomial or polynomial. 


Vama 
Va+e 


a2 _ (a—a)bx(atayt _ aa 
ear (at+aybx(@+ayt ata" 


Suggestion. 


7. Rationalize the denominator of 


Suggestion. 
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8 
8. Reduce es to a form having a rational denom- 
20/3c—a? . 
: 3av (8e—a?)? 
Inator. rae: 
ator. Result, 60 aa 


224. Prob. 6.—To rationalize the denominator of a 
_ fraction. when it consists of a binomial, one or both of whose 
terms are radicals of the second degree. 


_ Rule.—Multiply both terms of the fraction by the 
denominator with one of its signs changed. 


Demonstration.—This rationalizes the denominator, since in any 
case it gives the product of the sum and difference of the two 
~ terms of the denominator, which being equal to the difference of 
their squares, frees either or both from radicals, as the square of a 
square root is rational. 


EXAMPLES. 
Ex. 1. Rationalize the denominator of —% ~s 
a—WVb 
Model Solution. 
a(a+/b) out a+an/b 


a—Vb  (a—rfdatfs) FO 
Explanation.—I observe that a—4/d will be rationalized by mul- 


tiplying it by a+ 4/8, since the product of the sum and difference 
of two quantities is the difference of their squares. Hence multi- 
plying both terms of the fraction, so as not to alter its value, I have 


‘Operation. 


@+ar/b 
Tea’ 7) 
~ eae et? b. 
2. Rationalize the denominator of oa vA 
r Result, ox: eae 


ar 


a 


190 CALCULUS OF RADICALS. 


3. Reduce 


Wri oe a form having a rational deniisin- 
inator. 


Result: aeva49V8) _ = Ere eys _ 6V2+49V3 


4. Reduce ater to a form haying a rational denomi- 


nator. Result, 44+ /2. 


5. Rationalize the denominators of 1 V5 14+V72 


3475) 2472’ 
3/5—2/2 a Va+e—Va—% 
aV/5—1/18" Va+e+Va—« 


Results, 2/5, 3V2, 9+§VT0, and SV E—*. 
v& 


6. Rationalize the denominator of 


Ve+e+1 — Ve—a—1 
VeLEH + Vea 


Result, O— Vat—B— 21 ; 
+1 


FOR REVIEW OR ADVANCED COURSE 


225. Prob. 7.—A factor may be found which will 
rationalize any binomial radical. 


Demonstration.—If the binomial radical is of the form a/ (a-+bym, 
or (a +b, the factor is (a+b) ™ , according to (228). 


If the binomial is of the form 4/a*+ 4/2" or a 4 Bi 1 a= o 
crcl 
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ys J Pad ce r 
and * = y; whence a” = x, and }« — y’. Also let p be the least 
common multiple of m and x, whence x” and y’? are rational. But 
2 oP 
oP = am, and y? = 6». If now we can find a factor which will ren- 
der x+y", v+y’?, this will be a factor which will render an + Bi, 
ES ea : 
a+b” which is rational. To find the factor which multiplied by 
a +y" gives a? + y’’, we have only to divide the latter by the former. 
a ty"P Seay 
_ Now Fie = a(P—) gs (P—Dyyr 4 earns —alp—dysr 4 — — - typ 
(A), the + sign of the last term to be taken when p is odd, and the 
— sign when it is even (126). Therefore a PD) gs P—2yr 4. gps P—B)yp2r 
—ap—fysr 4 - - - ty») is a factor which will render Ve + fF 
rational, x being understood to be am, and y’ = Bi, and p the 
L. C. M. of m and n. 


If the binomial is ¥/a* — 4/é7, the factor is found in a similar 
manner, and is #P—) + gs\p—2yr + a(P—By2r 4 - - = 4 yr(P—D, 


EXAMPLES. 


Ex. 1. Rationalize /a+ W or at +03. 


Solution —In this example s=1, r=1, p=6, e=ai, and y=b}. 
Hence formula (A) becomes a —a°bt + a2b3 —ab + a2b3 08. 


This factor multiplied into a?+0% gives a*—b*, as the rational- 
ized product. 


2. Find a factor which will rationalize “/e — v3 or 
es —yi, | 


~ . 12 15 10 18 
Result, cs +esvitervitesvitesvitetut tervt 


+eiyt + ety tety® Leave + yt, is the required factor, 
_and the expression rationalized is &—v*. 


f 


t a a 
- PMT 
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296. Prob. 8—A Trinomial of the form a+ Vb+ Ve 
may be transformed into an expression with but one radical 
term by multiplying wt by itself with one of the signs changed, 
as Vat+Vb—Ve. The product thus arising may then be 
treated as a binomial radical by considering the sum of the 
rational terms as one term, and the radical term as the other. 


Thus, (/a+WVb+ 0) (a+ Vb—V/e)=a+b—c+2V ab, 
Again, [(a+b—c)+2V ab] * [(a+b—c)—2V ab] = @+F 
+ 2&—2ab—2be—2ac, a rational result. 


Ex. 1. Rationalize /8—V/1—/¥V%3. - Result, 4. 


GRECTION IV. 


COMBINATIONS OF RADICALS. 


ADDITION AND SUBTRACTION. 
227, Prob. 1.—To add or subtract radicals. 


Rule.—// the radicals are similar the rules already 
given (%2, V7) are sufficient. IPf they are not similar 
make them so by (217-222), and combine as before. - 
If they cannot be made similar, the combinations can — 
only be indicated by connecting with the proper signs. 


Demonstration.— When the radicals are similar the radical factor 
is a common quantity and the coefficients show how many times it 
is taken. Hence the sum, or difference, of the coefficients, as the 
case may be, indicates how many times the common quantity is to 
be taken to eee the required result. 

If the radicals are not similar, the reductions do not alter their 
values; hence the sum or aiffSionee of the reduced radicals, when’ 
they can be made similar, is the sum or difference of the radicals 
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EXAMPLES, | 


Ex. 1. Add 1/18 and 1/242, 


Model Solution. 


Operation. 4/18 = 84/2, and 4/242 = 114/2, 


W184 4/242 = 84/24+114/2 = 144/2, 


Explanation. 4/18 = 1/9x2. But the square root of the pro- 
duct equals the product of the square roots ; hence +/9 x 2=8,/2. 
In like manner 4/242 = 4/121 x 2 = 11/2. Therefore 4/18 
+ 4/242 = 84/24+114/2. But three times any quantity, as 4/2, 
and 11 times the same are 14 times that quantity. .°. 84/2 +114/2 


= 14,/2. 
2. Add +/243zy? and +/192zy?. Sum, l'tyV/3x. 
3. Add 1/500 and 7/108. 
4. Add Vay and Vey. Sum, (at+e)Vy. 
5. From »/605 take the 405. Diff, 2V5. 
6. Add 1/605 and —1/405. 
2 ik 
4. Add 4/2 and / a 
> 1 tes we 
8. From /? take —2 io’ Diff., ZV 10. 
9. What is the sum of 3 and \/ 2? | Ans., : 73. 
10. What is the difference of ~/2a2*— 4ax + 2a and 


a V 20a? + 40x + 2a? Ans., 20 2a. 
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Why should no sign be given to the last answer ? If the problem 
read, From 4/2aa*—4aa+2a take 4/2aa* +4ax+2a, why would the 
answer be —24/2a? 


11. What is the sum of (a—2)? zy and (a+2)? zy? 
_ Ans., 2(a? +2?) Vay. 
12. What is the difference between (a—x)? /xy and 
(a+«)? Vay ? Ans., 4axty?. 


18. Find the sum of 8 < /60, —24/15, and VE 


Sum, 47/3. 
a 
14. F ——— ics 
rom ay eet take ta 


Rem., (8ax—Z) i 
15. Add a/ 1+(2} ana 0 / ret 
Suggestions. ay/14[2F pe a/ 14% eS nh 
as at 


= abv. as+bs. In like manner o4/ 1 14/27 = Bev as +3, 


ax 
2B 


“. The sum is (a8 +03) ai 4.08 = (a8 +03) (a3 40%)3 = (a5 +b3)8, 
16. From ae Va—z? take (a—«) Ae 
Rem., (a—2z—1) Ve—2. 


17. Add Sum, 2a. 


pS ENTE 1 
a+ e—1 Sy eas | 
18. aaa V@t1+Ve—1 yo 2+1—V/a—1 


WP 4/1 Rae a ge 
Sum, 2a. 
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MULTIPLICATION. | 


228. Prop. 1.—The product of the same roots of two or 
more quantities, equals the like root of their product. = 


Demonstration —That is 4/xx 4/y = “/ay. This is evident 
from the fact that 4/xy signifies that wy is to be resolved into m 
equal factors. If now « and y be separately resolved into m 
equal factors and then one factor from each be taken to make a 
group, there will be m such equal groups in zy. Thus a/v is one 
of the m equal factors of x, and 4/ y is one of the m equal factors 
of y. Hence [4/a x 4/y] * [4/2 x ~/y]* [4/ax 4/y] ete., to m fac- 
tors of 4/ax 4/y, makes up xy. Therefore 4/xx 4/y = 4/ay. 
(See Ants, 205 and 202.) 


229. Prop. 2.—Similar Radicals are multiplied by multi- 
plying the quantities under the radical sign and writing the 
product under the common sign ; 

Or by indicating the root by fractional indices, and, for the 
product, taking the common number with an index equal to the 
sum of the indices of the factors. 

Demonstration. 1st.—Since similar radicals are the same root 
of the same quantities, as 4/« x 4/2, this is only a particular case 
under Prop. 1. 

and. a xan signifies that one of the m equal factors of w is to be 
multiplied by another of the m equal factors, or by itself. This 
gives 2 of the m equal factors of 2, which is what is indicated 


by om, 


230. Prob. 2.—To multiply radicals. 
Rule.—// the factors have not the same index, re- 
duce them to a common index, and then multiply 
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the numbers under the radical sign and write the 
product under the common sign. 


Demonstration.—(This is the same as Prop. 1.) 


EXAMPLES. 


Ex. 1. What is the product of /2 and V3? 
Model Solution. 

Operation. /2= V8, and W3= V9. «. 2x V8B= 4/8 
x V9 => “VA 72, 

Explanation. 4/2 = 4/8, since the former is one of the two 
equal factors of 2, and the latter is three of the six equal factors 
of 2. In like manner 4/3 = 1/9. Consequently, 4/2 x /3 = 4/8 
x 4/9. Now since the product of the same root of two numbers is 
equal to the like root of the product, 4/8 x 4/9 = 4/72. 


2. Multiply /3ac by ~/2ac. Prod., ‘/432aié. 


3. Multiply /a—z by VWa—z. 
Prod., W/a®—5atx + 10a8x?— 100228 + 5aat—zs. 


2 3 
4, Multiply / 5 by ue Prod., 1 


5. Multiply /3 by 3. 
Prod., 38+4 = 3% — "4/6561. 


6. Multiply /2aa by ~/2aa. 
Prod., (2ax)*§ = \/4096a22®, 


7. Multiply / : by VA =: 
; 6/2 1. 
Prod., VE = 3V 486. 


8. Multiply 3»/2ax by 20/zy. 
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Suggestion.—Here we have the continuous product of 8, 4/2ax, 
2, and ¥/ay. But, as the order of the factors is immaterial, we may 


write 8x 2x 4/2ae x 4/zy=6 4/ 8a%a*y?, 


9. 


10. 
il. 
12. 
138. 


Multiply 7/2 : by oy 2 Prod., 6'9/236196. 
Multiply 5a? by 3a%. 

Multiply 2v/ab by 34/ab. 

Multiply 404! by sata’. 

Multiply 323ys by 2ety® and represent the product 


without fractional exponents. 


14. Multiply \/2 by a7 : and represent the product 
without the use of the radical sign and in its simplest form. 


15. 


16. 
17. 
18. 


19. 
20. 


Prod., (2000), 


Multiply an by Br. 
Prod., ab» or, \/a°b™, or (arbm)in, 


Multiply 35 by 510. Prod., 5A 250. 
eld ar/a, bv/y, and cvz together. 
Prod., abe"/ampynpgm, 
Show that 24/9 x16 = 161/12. 
Show that 1/24 x 64/3 = 6/12. 
Multiply 2V/a—3V/b by 3V/a+2V20. 
Operation. 

2/a — 8»/b 

Bafa + 2b 

6a —9A/ab 

+4 /ab — 6b 
6a —5 /ab — 6b, or 6(a—b)—54/ a, 
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21, Multiply 3+ V5 by 2—V5. Prod., 1-5. 
22. Multiply V2+1 by V2—1. Prod., 1. 
23, Multiply 11/2—4V/15 by W645. om 
Prod., 2/3—¥10. 
24, Multiply ¥12+V19 by V12—V/19. Prod, 5. 
By (228) 124 /19x V 12—4/19 = V (12+ »/19)(12— 4/19). 
25. Multiply @—aV/2+1 by &+avV2+1. 
Prod., a+1. 


26. Expand (a?+1) (#@—2V/3+41) (#+2V3+1). 
Prod., +1. 


27. Multiply 3\/45—7/5 by 1442/94. Prod., 34. 
28. Multiply Va+ewd by Va—cvVb. 
Prod., a—AW/B. 


DIVISION. 


231. Prop.—The quotient of the same roots of two quanti- 
ties equals the like root of their quotient. 


Demonstration.—Let m be any integer and 2 and y any numbers; 


we are to prove that \/x-+-4/y, or Ne = i/ a Now, that ve 
E Ven VY 
= Ve is evident, since se raised to the mth power, that is 
y 
Vex 4/2 x X/2x A/c - ~ - to m factors 2 


Wan tgualgs ky. bine ee 


that =< Ve is the mth root of ~ a equals ie 
Vy y 


(ARTS. 206, 202.) 
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232, Prob. 3.—To divide Radicals. 

Rule.—lf the radicals are of the same degree, 
divide the number wnder the sign in the dividend 
by that under the sign in the divisor, and affect the 
quotient with the common radical sign. 

If the radicals are of different degrees, reduce 
them to the same desree before dividing. 

Demonstration.—[Same as above; or, it may be considered as 
the converse of the corresponding case in multiplication.] 

EXAMPLES. 
Ex. 1. Divide 3a’? by ~/2ay. 
Model Solution. 

Operation. 4/8a7y* = Teel 27a°y*, and Sipe Ray = / 4ary?. 

‘ V Baty’ _ Via? _ ee es = 4/Taaaty®. 
Vf 2ay 4a? ( 

Explanation.—Since 4/3a7y* = 3 Wary’, and \/2ay = V/4a2y* 
WET 6/5176, ,9 

ay = ve auey . And since the quotient of the 6th root of 

a 2ay a/ 4a7y? 
a70%P 
two numbers is the 6th root of their quotient, STD ee yey 
*/4.a7y? 4ary 


; : 24 6/2taty’ 
which, by performing the operation indicated, becomes rep 


and by reducing so that the number under the radical sign shall 
1 epee 
have the integral form, this becomes 5 A/ 48204". 


2. Divide /125a%*y by V/5a'xy. Quot., 5V/ ax. 
8. Divide V3 by 42. Quot., \/2= 582. 


‘ge 2 8 ] 1 cc 

4. Divide \/5 by VA = —— Quot., av 1944. 
5. Divide */2a%® by +/2a°a’, Quot., “/4a%?. 
6. Divide 4/72 by 72. Quot., 07/3. 
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7. Divide ay by aty®, and represent the quotient with- 
out fractional or negative exponents. Quot., \/2. 


8. Divide 24/ay by 6V ay. 


Suggestion. 


=4V ay. 


Rhofay _ pee vee 44/ ov ee 
6Yay Vay Va'y* 


9. Divide 125+/2%y8 by 254/22y?, representing the quo- 


tient without the radical sign. Quot., daty®. 
10. Divide /6 by ¥/4. Quot., V 3/2. 
11. Divide 201/200 by 4/2. Quot., 5/5. 


12, Divide iE by 4/4. 
y x 
18. Divide 4} by V2+3V/4. 


Suggestions. pene 24/4 + 34/3 = 5 4/}. Whence 
V4 _ av _ i 
A243 V/$ 5/5 = 0 


14. Divide Va@—@ by Va—d. Quot., Wa+b. 
15. Divide (adc) by (ab). Quot., av/be. 
16. Divide 200 by +/40. Quot., 104/10, or (10). 


17. Divide a/e—Vbe+aVy—Vby by V2+vVy. 


Suggestion —Observe that a 4/a—4/br+a /y—/by = a(4/a 


+V/y)— VUVE+Vy) = (a— 78) (V/2+ 9/4). 
18. Divide pa ee alae by Vat+Vb—Ve. 
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Operation. 


a+ 2/ab+b—c| a+ Vo— Ve 

a+ Vb— Ve vas ot ve 
ab +b + s/ac —e 
fab +b — »/be 
ea ee 


Vac + be — 


19. Divide d/a?—® by avV/(a+b)?2 


20. Divide Wa@—2x? by a—zx. Quot., ie 
a 


7 a1 +i a es 
21. D E : n(a%+1)" 
lvide my / 21 by na [243 Quot., n(@-+-1) 


INVOLUTION. 
233. Prob. 4.—To raise a radical to any power. 


Rule.—J/nvolve the coefficient to the required power, 
and also the quantity under the radical sign, writing 
the latter under the Siven sign. 


Demonstration. —This results directly from the principles of 
multiplication of radicals (280). Thus, to raise an/b to the mth 
power, is to take m factors of a4/, which gives aq/b x a/b x ax7b, 
ete., to m factors, But as the order of the factors is immaterial 
($5) this may be written aaa - - - to m factors x 4/6 x 470 x x/b to 
m factors. But aaa---to m factors is by notation a™, and 
bx 4/6 x 4/5 --- to m factors is by (230) 4/0", +. The mth 
power of a4/b is a™\/o, Q. BD. 


EXAMPLES. 
- -Ex..1. Raise 41/¥ to the 3rd power. 
ee 
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Model Solution. 
Operation. VP! =4V¥°4VF AVE HR EEX VE VE 
AE = te Voie 8 V8 = v0. 
Explanation.—The cube of 44/% is a product three factors each 
= }4/%; but as the order of the factors is immaterial this may be 
considered as 3 factors each = }, or #,, and 3 factors each = V4 


or $4/}. Hence (¢.4/9)' = ox 46/4 = 14s V¥- Which by 
removing the denominator from under the radical sign becomes 


ahs 10. 
2. Raise 24/3a*) to the second power. 


3. Raise 5 4x*y to the 5th power. 


4. Raise —a/ f to the 38rd power. 


4 
5. Square 3—/2. Square, 11-62. 
6. Cube V¥2—¥3. Cube, 111/293. 


7. Cube 2/z—y. : 
Cube, 8(a—y)Va—y, or 8(a—y)?. 

234. Cor.—To raise a radical to a power whose index is 
the index of the root, is simply to drop the radical sign. 
Thus, the square of ab is ab, the cube of ¥/2uy is 2cy, 
the square of »/—2a%) is —2a%b, the 5th power of /a@—b 
is ?@—D*. : 

Scholium.—This process of involution is a special case under 
(194). . | 

EVOLUTION. 


235. Prob. 5—To extract any required root of a mono- 
mial radical. 


Rule.—Lwtract the root of the coefficient, and of the 
quantity under the radical sign separately, affecting 


— 
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the latter with the given radical sign. Reduce the 
result to its simplest form. 


Demonstration.—The nth root of aa/b, signifies one of the n 
equal factors of a4/b. Hence if we resolve a into n equal factors, 
and 4/6, into n equal factors, a group consisting of one from each 
is tae nth root of a4/b. Thus one of the nm equal factors of a@ is 


4/4, and of 470, W478, for / 7b x V a/b x V a7 - -- ton factors, 
is V N/6-6 bb to n factors = 4/6 (288, 234). . If now we take a 


group consisting of one from each set of factors, that is 4/a V 7B, 


we have the nth root of a X78, since we have one of its n equal - 
factors. Q. B. D. 


EXAMPLES. 


Ex. 1. What is the 3rd root of 44/3a3z? 
Model Solution. 
Operation. V4 4/3a%e = R/EV /Ba%x = W4 A/ Bae 
= V/16 / 8a°x = 4/4802. 

Explanation.—The cube root of 44/3a°%x is one of the 8 equai 
factors which compose it. In order to find this, I resolve each of 
the two factors 4 and 4/8a°z into 3 equal factors, and take one of 
each. 4 resolved into 8 equal factors becomes V4 x WV 4 x V4. 
(A process which in reality is only indicated.) In like manner A/ 3a*, 
resolved into 8 equal factors becomes V V/ 80° x 4/8a'x x 4/3a%x 
or V &/3a%x x7 a/ Baie x V VA 3a*e since the root of the product 
equals the product of the roots. Now taking one factor out of each 


of these groups I have 4/4 V “/8a°z, and as three such factors could 


be formed from the number, 4°/4 v a/ 342 is the cube root of 44/ Bake. 


But this expression can be reduced to a more simple form, by observ, 


‘ing first that the square root of the cube root is the 6th root, and then 
_ reducing 4/4 to the same radical form. Thus I have 4/4 V 2/Ba*x 


= WER Bare = N/16 480% = 4/HBa% by (288). 
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2. Extract the cube root of /aizx*. Root, 2a. 

3. Extract the square root of 329/192a8z*. 

Suggestion.—The square root of 324/192a°a? = 44/2  4/192a*2* 
= 44/2 x 2aX/3a%a? = 80/24/8072" = 8a4/B/ 8072? = 8a ¥/ 24072". 


4, Extract the cube root of svi. 


5. Extract the 4th root of 16a21/z. Root, 2*/ atx. 


6. Extract the cube root of (a+2)V/a+2. 
Root, V/a+z. 


”. Extract the cube root of vi 5 : Root, av 3a. 
pay a 1s 
8. Extract the square root of a\/ 5° Root, 5 V2. 


236. Scholium.—This operation is but a special case of affecting 
a quantity with any given exponent (A494), and the examples may be 
performed according to the rule there given. Thus, to extract the 
cube root of 84/8aa?; putting it in the form 8 x (3aa*)$ and divid- 
ing exponents by 3 (multiplying by 4) we have 83(3aa?)é = 2A/ Baa". 
The pupil may solve the following in this manner: 23 


9. Extract the 5th root of »/32z%, 
Suggestion. 4/322" = (82)%2°, Multiplying exponents by } we 
have (32)'%2, But (82) = (2) = 4/8. 2. W4/820 = an/2, 
But the most simple way to solve this particular case is V Baa" 
Say /82a" = 4/2? = @4/2. Or by the rule given (285). 
10. Extract the square root of V/ 4908. 
11. Extract the cube root of 64~/8a‘, 
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12. Extract the 5th root of 486a~/4a%, Root, 34/2a. 


FOR REVIEW OR ADVANCED COURSE. 


23%. Prob. 6.—To extract the square root of a binomial, 
one or both of whose terms are radicals of the second, 
degree. 


Solution.—Such binomials have either the form a+n4/bd or 


ma/a+na/b. Now observing that (@ + y)? = x + 2ey+y?, we see 
that if we can separate the first term of any such binomial surd into 
two parts the square root of the product of which shall be 4 the 
other term, these two parts may be made the first and third terms 
of a trinomial (corresponding to 2?+ 2ay+y’), and the middle term 
being the second term of the given binomial, the square root will 
he the sum or difference of the square roots of the parts into which 
the first term is separated. 


EXAMPLES. 
Ex. 1. Extract the square root of 87—124/42. 


Solution.—Let z = one of the parts into which 87 is to be sepa- 
rated, and 87—a the other. Then we have 4/2(87—2) = —64/42, 
or squaring, 87#—a" = 1512, or a?—87¢ = —1512. .. «= 68 or 
24, and we have V87—124/42 = V63—12/42424. Now +/63 
= 84/7 and 4/24 = a4/ 6, and as the middle term of the trinomial 
is negative and twice the product of these roots, its square root is 


3 4/7—24/6. (123.) 
2. Extract the square root of 31/6+2/12. 


Suggestion. 34/6 is to be separated into two parts. Let them 
- be # and 84/6—2, Then 2(34/6—2) = 12. Whence 2 = 24/6 or 


6 and W316 424/12 = V9 6 42/184 VE=V2VEV V6 
= AV 24+ V6. 


7 
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3. Extract the square root of 12— 4/140. 
Root, Vi—V5. 


4, Extract the square root of 11+6V/2. 
5. Extract the square root of 13 + 24/30. 


6. Extract the square root of ar—2aV ax—a’. 


Suggestion.—Letting y be one of the parts into which aa is to be 
separated, the equation from which its value is found is y* — axy 
= —a’*(ax—a’) or —a*a+a*. Whence y = az—a’* or a’, and the 


parts are az—a’ and a. Hence / aat—2a/ax—a? 


am V (ax —a)—2a/an—a? +a? = +/ax—a?—4/a? or a—4/aa—a?, 


7. Extract the square root of 2a+2/@—&, 


IMAGINARY QUANTITIES. 


238, An Imaginary Quantity is an indicated even root 
of a negative quantity, or any expression, taken as a whole, 
which contains such a form either as a factor or a term. 


Thus /—b, /—a, 5/—B, 24+ /—4, VW—6, 3— Aas i 


etc., are imaginary quantities. 


239. Scholium 1.—It is a mistake to suppose that snch expres- 
sions are in any proper sense more unreal than other symbols. The 
term Impossible Quantities should not be applied to them: it con- 
veys a wrong impression. The limits of this work prevent anything 
more than a mere explanation of the method of multiplying or 
dividing one imaginary of the second degree by another. 


240. Scholium 2.—A curious property of these symbols, and - 
one which for some time puzzled mathematicians, appears when 
we attempt to multiply »/—a by 4/—a. Now the square root of 
any quantity multiplied by itself, should, by definition, be the 
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quantity itself; hence 4/—ax 4/—a = —a. But if we apply the 
process of multiplying the quantities under the radicals we haye 
4/—ax V4 = /a = +a, as well as —a. What then is the 
product of 4/—ax4/—a? Is it —a, or is it both +a and —a? 
The true product is —a; and the explanation is, that 4/a* is, in 
general, +a or —a, But when we know what factors were multi- © 
plied together to produce a’, and the nature of our discussion limits 
us to these, the sign of 4/a? is nc longer ambiguous; it is the same 
as was its root. 


v41. Prop.—Lvery imaginary term of the second degree 
(and in fact of every other degree) can be reduced to the form 


mV —1 in which m is not imaginary. m may be rational 
or surd. 

Demonstration.—Let 4/—z represent any such expression. Then 
VV —a = V/x(—1) = V24/—1, which is the required form, 


242. Scholium 3.—By means of this proposition and the 
property noticed in Sch. 2, the multiplication and division of 
imaginaries is effected. 


EXAMPLES. ” 
Ex. 1. Multiply 4./—3 by 20/—2. 


Operation. 44/—8 = 4/3 x =I. Also 2/=2 =2 3 
x 4/—1. Hence 44/—8 x 24/—2 =2 x 4/3 x 1/2 x V1 
x /—1 = 8 6x /—1x +/—1 = — 8/6, since »/—1 x 4/—1. 
regent Ie 


_ 2. Multiply 3/—5 by 4/—3. = Prod., —12¥/15.. 
8. Multiply /—# by V—y ——s~Prrod, — xy. 
4. Multiply 2/—9 by 3V—4 ——Ss~Prrod., —36. 
5. Multiply 20/6, 5/—4, 3\/—7 together. . 

| Prod. 604/42/ =i, or. —60+/—42. 
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6. Multiply 244+ +/—49 by 24—V/—49. 
Suggestion.—We have here the product of the sum and difference 
of two quantities which equals the difference of their squares. Hence 


(244 4/—49) x (24—4/ —49)=(24)?— (4/ —49)? =576 —(—49) =576 
+49 = 625. 


7. Divide ”—16 by V—4. 


Operation. 4/—16 =44/—1, and 4/—4=24/—1. Hence 


Scholium.—A superficial view of the case might lead one to think 
that the quotient was +2. Thus, noticing that the radicals are 


similar, he might conclude that = = Be = V/4= +2, an 
incorrect result. ‘ 
8. Divide 6/—3 by 2./—4. Quot., 53. 
9. Divide —/—1 by —6/—3. Quot., av. 
10. Divide 1+/—1 by 1—V/—1. 
Operation. es the example thus stot + and ral 


ing both terms of the fraction by 1+ 4/—1 there results, (see Hz. 6) 


1424/—1-1 C5 done Sie a 


Ss ae 


The example may also be performed thus: 


1+4+/-1|~/—-1i+1 
a ae | afent 


Since 1 divided by —+/—1 gives 4/—1, as —4/—1x /=1 


pt 
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SYNOPSIS FOR REVIEW. 


Power.—Degree of. 
Root.—Degree of. 


Exponent 
or Index. 


Radical. 


Son 1.—Powers and Roots correlative. 
Sou. 2.—Square, Cube, etc. 


Cor. Transferring a factor in a frac- 


2. + FRAcTION, A 
tion from one term to another. 


1. + INTEGER. 
3. — Int. on FR. 


J Rational. 


aeat | Trrational. 


IMAGINARY. 


How INDICATED. 1 m 
n 


Sim. Rads. RATIONALIZATION. TO affect with Exponents. 


Involution. Eyorurron. Calculus of radicals, 


Prob. |. 


Prob. |. 


To any power. Rute. Dem. _Cor—Signs, 


1. +m. 
2. Pee 
To affect with Exponents. Rute. Dem.2~ ° n 


m 
[3 —mor be 


Cor. 2.—Number of Terms. 
Cor, 3.—Coeflicients. 

Cor, 4.—Exponents in ea. term, 
Cor. 5.—RULE. 

Cor. 6.—(a—b). 


Sch.—Signes, 
Cor. 1.—Same as (193). 
Roots of Perfect Powers. Cor. 2.—R. of Prod. = Prod, 


Ruiz. Dem. of Roots, 
Cor, 3.—R. of Quot. = Quot. 
of Roots. 


Sch. 1. 


Square Root of Poly. Rutz. Don.4 Sch. 2. 
Sch. 3. 


[ Cor. 1.—Terminates, 


Brnomiau FormMvULA. 


Sch. 1, 
Sch. 2. 


Sch. 1. 
Sch. 2. 


Sch, 1. 
Cube Root of Dec. No. Rutz. Dem. Sch. 2. 
; Sch, 8, 


Square Root of Dec. No. Rune. Dem. { 


Cube Root of Poly. Ruiz. Dem. { 


Any Root whose index composed of factors, 2 or 8, 


Any Root. Solution, General Scholium, 


210 | SYNOPSIS. 


SYNOPSIS FOR REVIEW.—Continued. 


Prob. |. Remove factor. Rute. | Sch. Simplest forin. 
[ 2 Dem. Cor. Denomination of surd. 
Prob. 2. Idex composite, etc. Ruz. Dem. 
© | Prob. 3. To given index. Rute. Dem. 
s Prob. 4. Tocommon index. Rutz. Dem. 

. | > | Prob. 5. To rationalize Monomial Denominator. Ruue, Dem. 
a e Prob. 6. To rationalize Binomial Denominator. Rute. Dem. 
—< | © | Prop. |. To rationalize any binomial. Dem. 

o Prop. 2. To rationalize any trinomial. Dem. 
Q 
x Prob. I. To add and subtract. Ruiz. Dem. 
a 2 (Prop. I. Product of roots = equal root of product. Dem. 
cs = Prop. 2. similar Radicals, how multiplied. Dem. 
0o+ef Bs = (Prob. 2. To multiply Radicals. Rute. Dem. 
Fara 
7) = Prop. Quotient of roots = root of quotients. 
7 a Prob. 3. To divide Radicals. Rune. Dem. 
= = Prob. 4. Involution of Radicals. Rute. Dem. Sch. 
—! | © | Prob. 5. Evolution of Radicals, Rowe. Dem. 
s w \ Prob. 6. a+ V6 and a/ Vat Vb, ete. 
lu 
tc Ay. Sch. 1.—Called Impossible. 
cc 
< Definitions. | Sch, 2.—Reason for name. 
3 Prob. |. Toadd orsubtract. Rune. Dem. 
—< | Prob. 2. Tomultiply. Rutz. Dem. 
L = | Prob. 3. Todivide. Rute. Dem. 
Test Questions.—By what must numerator and denominator of 
ao\ ¥ 
( +A) 
gen 
y 


various significations of an exponent. Perform the operation 
/2x 4/3, and explain the process. Repeat the Binomial Formula, 
and by means of it expand (1 —a*)?, Demonstrate the rules for 

atte (PtP _ FP aa 
a—be + 4/a? 40a 
What sign is given to a square root? Why? To a cube ios? 
Why? What is the value of 2°? 


[Note.—Here ends the subject of Literal Arithmetic. The student 
is now prepared for the study of Algebra, nome 80 falied; 4..€.; 
The Science of the Equation. | 


square and cube root. Show that“ 7” 


R SECTION |. 


EQUATIONS WITH ONE UNKNOWN QUANTITY. 


DEFINITIONS. 


1. An Equation* is an expression in mathematical 
symbols, of equality between two numbers or sets és 
numbers. 


Ta I 

Illustration. 87° —2a’y = a is an equation because it is 
— 2 

an expression of equality between 3a—2a’y and = : 


2. Algebra is that branch of Pure Mathematics which 
treats of the nature and properties of the Equation and of 


* Do not pronounce this word ‘‘Equazion.”’ For this common error there is no 
authority. ‘t Equashun ” is the correct pronunciation, 
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its use as an instrument for conducting mathematical 
investigations, 


3. The First Member of an equation is the part on 
the left hand of the sign of equality. The Second 
Member is the part on the right. 


4. A Numerical Equation is one in which the 
known quantities are represented by decimal numbers; as 
122?—3a = 48, 


5. A Literal Equation is one in which some or all 
of the known quantities are represented by letters; as 
4ca?—2 


ax—e+3by = 5 


6. The Degree of an Equation is -determined by 
the highest number of unknown factors occurring in any 
term. 


Mlustration. av—be* = c+a’, is of the 8rd degree; a?x—4ax = 12 
is of the 1st degree; xy? = 18 is of the 4th degree, etc. 


¢. A Simple Equation is an equation of the first 
degree. 


Ilustration. y=ar+b is a simple equation, as also is — 


+40 = et. a¢ 


8. A Quadratic Equation is an equation of the 
second degree. 


9. A Cubic Equation is an equation of the third 
degree. A Biquadratic is one of the fourth degree. 


10, Equations aboye the second degree are called 
Higher Equations. 


Mca | 
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TRANSFORMATION OF EQUATIONS. 

11. To Transform an Equation is to change its 
form without destroying the equality of the members. 

12. There are four principal transformations of simple 
Equations containing one unknown quantity, viz.: Clearing 
of Fractions, Transposition, Collecting Terms, and Dividing 
by the coefficient of the unknown quantity. 


13. These transformations are based upon the following 


AXIOMS. 

Axiom 1.—Any operation which does not affect the value 
of a term or member, may be performed upon that term or 
member without destroying the Equation. 

Axiom 2.—If both members of an Equation are increased 
or diminished alike, the equality is not destroyed. 


14, Prob.—To clear an Equation of Fractions. 


Rule.— Multiply each member by the least or lowest 
comnion multiple of all the denominators. 


Demonstration.—This process clears the Equation of fractions, 
since, in the process of multiplying any particular fractional term, 
its denominator is one of the factors of the L. C. M. by which we 
are multiplying; hence dropping the denominator multiplies by 
this factor, and then this product (the numerator) is multiplied by 
the other factor of the L. C, M. 

This process does not destroy the Equation, since both members 
are increased or diminished alike. 


EXAMPLES. 


2x+3 A 
Ex. 1. Clear the equation 5+ 3+ i ze - of fractions. 


Model Solution. 6 is the L. ©. M. of 2, 3, 6, and 3, the denomina- 
tors. Now, it is evident that, if the first member of this equation is 
equal to the second, 6 times the first member is equai to 6 times the 


3 
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second; hence I can multiply each member by 6 and not destroy 
the equality. 
Therefore taking the equation 
eee 2a+8 
2 cB e716 i 
and multiplying each member by 6, I have 


8a+2n0+2 = 47+6. 


The operation is performed thus: 2 times 5 182; and 8 times @ is 


3v. 3 times j is; and 2 times zis 22, 6 times is zx. Hence 6 


times the first member is 3x4 2+. 

3 times _ is 27+3; and 2 times 27+3 is 4%+6. Hence 6 
times the second member is 47+ 6. 

Thus the denominators have all been caused to disappear without 
destroying the equality of the members of the equation, as both 
have been increased alike. 

Illustration —An equa- 
tion is aptly compared to 
a pair of scales with equal 
arms, balanced by weights 
in the two pans. 

Now, if the weights in 
the scale pans balance each 
other, that is, are equal, and 
we multiply the weights 
in each pan by 6 (or any other number), the balance (equality) will 
still be preserved. Or, if we increase or decrease the weights in 
both pans equally, the balance (equality) will not be destroyed. 


2 
2. Clear ae ae i+ i = — of fractions. 
ae 8a—15a+12 = 66. 
2 ! 
3. Clear 10+ Z = +18 34 of fractions. 


Sie 100+47—10 = 5 Miter Ss 


zx—l 2-2 3z—1  4— 
4. Olear aan — ae A oS + — of fractions. 
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Suggestion.—The multiplier is 6, In multiplying the second term, 
= it should be borne in mind that the — sign preceding this 
compound term, shows that the term as a whole is to be subtracted, 
Hence when this term is written without any mark of aggregation, 
its signs are to be changed, as in removing terms from a bracket 
preceded by a minus sign. The equation cleared of fractions is 
8e—3—27+4+4 62 = 81—14 8—2a2, Why are not the signs changed 
in the last term, I Are all the signs changed in the term Se 2 
Yes. What becomes of the — sign before this fraction in the one 
example? It is dropped after the operations signified by it have 
been expressed in detail. We might write the equation cleared of 
fractions thus: 3e—3—(2e—4) + 6z = 8e—148— 2a, the term 2a—4 
being still taken in the aggregate. Now removing the parenthesis 
(give the reason) we have 3e—3—27+4+6¢= 38¢—1+8—22, as 
above. 


NEGLECT TO MAKE THIS CHANGE OF SIGNS IS ONE OF THE 
MOST COMMON MISTAKES OF BEGINNERS. 


© x x 32 —n ~ 
Sa So — = 4e — - of fractions. 
mm’ ame™m 2m 


Result, a®mz+ama—ate = 4a®cem*—3mz+mn. 


6. Clear : pas ne — of fractions, 
Result, a—6a+18 = 2a. . 
22 Ne Hy f 
x Clear — Dy Tas a = 1 — 2 of fractions. 


Result, 4abz—3axr+3a+18b = 6a?>—6arbe. 


8 a—b 


ower ake — 1 of fractions. 


8. Oar 2 — 2+ 


Suggestion.—The miltiplior is ®—B’, 
- Result, an+de—ox+D'x+3a—3b = (a—bh—a + 0 
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9. Clear lech &> feted of fractions. 
z—c 2+ 
Result, abide + sadll = ax+bx—ac—be. 
2a 2 
10. Clear ~ =.= =3 + = omer of fractions. 


pga 4ax—2ba = 6a?—15ab + 60? + ax—2dz. 


TRANSPOSITION. 
15. Transposing a term is changing it from one 
'member of the equation to the other without destroying 
the equality of the members. 


16. Prob.—To transpose a term. 


Rule.— Drop it from the member in which it stands 
and insert it in the other member with its sign 
changed. 


Demonstration.—If the term to be transposed is +, dropping it 
from one member diminishes that member by the amount of the 
term, and writing it with the — sign in the other member, takes 
its amount from that member; hence both members are diminished 
alike, and the equality is not destroyed. (Repeat Axtom 2.) 

2nd.—If the term to be transposed is —, dropping it increases the 
member from which it is dropped, and writing it in the other 
member with the + sign inereasesthat member by the same amount ; 
and hence the equality is preserved. (Repeat Axtom 2.) 


EXAMPLES. 

Ex. 1. Given the equation 3+2a2—5 = 12—4z to trans- 
pose so that all the terms containing the unknown quantity, 
2, shall stand in the first member and the known terms in 
the second member. : 

Model Solution. 
Operation. 3+ 2x0—5 = 12—4a 
204-4e = 12-84-65 

Explanation.—Dropping 3 from the first member diminishes that 

member by 3; hence to preserve the equality, I subtract 3 from the 


an ‘ 
. 
ee 
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second member, or indicate the subtraction by writing it in the 
second member with the — sign. Thus the term 3 is transposed. 


Dropping —5 from the first member increases that member by 5; 
and hence to preserve the equality I add 5 to the second member. 
Thus the term —5 is transposed. 


Dropping —4z from the second member increases that member by 
4x; hence I increase the first member by adding 42 to it, and thus 
preserve the equality. 


Thave thus arranged the terms so that all those containing the 
unknown quantity stand in the first member, and all known terms 
in the second member; and yet I have preserved the equality, 


Wustration.—This operation can be illustrated by the scales on 
page 214, Suppose the positive terms to represent weights and the 
negative terms some forces lifting on the scale-pans. [Since the + 
and — terms represent quantities opposed in effects.] Taking the 
3 from the first member corresponds to taking off so much weight. 
This can be compensated, so as to keep the scales in equilibrium, by 
applying a lifting power of 3 to the other side, which is symbolized 
by —8 on that side. Again taking —5 from the first member is 
like taking away a lifting power of 5, which can be compensated by 
putting a weight of 5 on the other side (+5). In like manner the 
transposition of any term can be illustrated. In Sact all operations 
upon equations can be illustrated in a similar way.- 

In the following examples transpose the unknown terms to the 
first member and the known to the second. 

* 


2. Given 5a—12a+3ce—2x2 = 4a—2x74 4a to transpose: 


as above. 
Result, 5a—2%—4a+4 2x = 4a+12a—3e. 


3. Given 100+47—6 = 54+5—3802 to transpose the 


terms as above. 
Result, 4x—52+30x = 5—100+6. 


Eom --3z eels 711 
4. 'Transpose as above Tiaea ees g= 57 Rtt® 
ree! ae 
Re Men Big igi — 10 5 


5 2 


a 430 
4 


Lf 
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2 
5. Transpose as above sab— "2 daar 18d2? = at 
2 2a? 
Result, 18b22 + 2? — dar — = = = — 3ad. 


SOLUTION OF SIMPLE EQUATIONS WITH ONE 
UNKNOWN QUANTITY. 


17. To Solve an Equation is to find the value of the 
unknown quantity: that is, to find what value it must have 
in order that the equation be true. 


Iustration.—In the equation 4z—2 = 27+4, if we call 2, 3, the 
first member is 10, and as the second is also 10 for this value of 2, 
the equation is true. But if we try any other number than 3 
for 2, we shall find that the equation will not be true. Thus 
trying 4 for x, we find the first member 14 and the second 12; and 
the equation is not true. Again, try 5. The first member becomes 
18 and the second 14, and the equation is not true. 


Let the student see if he can ascertain by inspection what are the 
values of 2 in the following : 


o+3=8 +1. 
22 = 30 — 2; 


Though these equations are very simple, itis probable that it will 
take the student some time to guess out the values of 2 which make 
them true. 


But, if it is so difficult to hit upon just the value of x which is 


required to make so simple an equation true, the task would ‘be 
quite hopeless in such an one as 


3e—1 18-—a Te  11(e+8) 


— ——_— —_—_ 


Yet we have a very simple method of solving any such equation 
so as to tell certainly and easily what the value of zis. This pro- 


cess is now to be explained, and is called Solving the Equation, or 
sometimes the Resolution of the Tiguan: 
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18. An equation is said to be Satisfied when a value 
is given to the unknown quantity which makes it a true 
equation : 7. ¢., which makes its members equal. It is said 
to be Destroyed when its members by any process become 
unequal. 

19. To Verify an equation is to substitute the sup- 
posed value of the unknown quantity and thus see if it sat- 
isfies the equation.. 


20. Prob. 1.—To solve a simple equation containing one 
unknown quantity. 

Rule.—/. Jf the equation contain fractions, clear 
it of them by Art 14. 

LI. Transpose all the terms involving the wnknown 
quantity to the first member, and the known terms to 
the second member by Art. 15. 

ITI. Unite all the terms containing the unknown 
quantity into one by addition, and put the second 
member into its simplest form. 

IV. Divide each member by the coefficient of the 


unknown quantity. 


Demonstration.—The first step, clearing of fractions, does not 
destroy the equation, since each member is multiplied by the same 
quantity (Axiom 2). 

The second step does not destroy the equation, since it is adding 
the same quantity to each member, or subtracting the same se guenuity 
from each member (AxIoM 2). 

The third step does not destroy the equation, since it does not 
change the value of the members (Axtom 1). 

The fourth step does not destroy the equation, since it is dividing 
each member by the same quantity, and thus changes the members 
alike (Axiom 2). 

Hence, after these several processes, we still have a true equation. 
But now the first member is simply the unknown quantity, and the 
second member is all known. Thus we have what the unknown 
quantity is equal to; 4. e., its value, 


s 
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21. Scholium 1.—Jét must be fixed in the pupil's mind that he can - 
make but two classes of changes upon an equation without destroying it: 
viz., SUCH AS DO NOT AFFECT THE VALUE OF THE MEMBERS, or 
SUCH AS AFFECT BOTH MEMBERS EQUALLY. very operation 
must be seen to conform to these conditions. 


EXAMPLES. 


—4 1} 6 ve 
Ex. 1. Solve ott. Bos ay wok 


, and verify the 


e- 8 
result. 
Model Solution. 
Operation. (1) ---- iis + ae ‘. : = sre ‘ 

(2) - - - - 207+ 20+ 24a—32+5 = 302+ 35, 
(8) - - - - 20~+24a—302 = 35—20+82—5, 
(4) ---- 144—42, 
(5) ---- ae 


Explanation.—I first clear equation (1) of fractions by multiply- 
ing each member by the L. C. M. of its denominators, which is ry 
c+ 
Ws 
by 40. by dropping its denominator 2, thus getting x+1, as the 
result of multiplying by 2, and then multiply «+1 by 20, getting 
20a+20. [In like manner explain the entire process of clearing of 
fractions. ] 

Having cleared the equation of fractions I have (2). Inow transpose 
the terms containing «x to the first member and the known terms to 
the second member. Thus, dropping 30” from the second member 
diminishes it by that amount, whence to preserve the equality of the 
members I subtract 30x from the first member, 7. e., write it in that 
member with its sign changed. [In like manner explain the transpo- 
sition of each term.] 

I know equation (8) to be true, since I have changed both mem- 
bers alike, that is, have added to and subtracted from each member 
the same quantities. I now add together the terms of the first 
member, which does not affect the value of the member, and have 142. 
In the same manner uniting the terms of the second member does 
not alter its value; hence14e—=42. Finally, I divide each mem- 
ber by 14 and havew=8. This operation does not destroy the 
equation, since each member of the equality 14% = 42 is divided 
by the same number (Axrom 2). Hence 8 is the value of 2, 


This does not destroy the equation (Axrom 2). I multiply 
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Verification. 


Iwill now see by actual trial if 8 does satisfy the given equa- 
tion. Substituting 3 for 2, I have 


8+1 8x8—4 1: 6x8+7 
3 ats 5 a ies 8 -, or 
cape! cs is 
Bait) adh om, ee 
241+ = 8}, or 
year 
af 5) 


_the members of which are identical; and the value of z is verified. 


7s 
ea 
i 


1 5 
2. Solve and ae a soi = —— -  Hesult, «= 1. 
Verification. bet = ae or ; = “3 - Whence it appears that 


1 satisfies the equation. 
38a2—1 1+2% 
2 3 
Result, « = 2. 


3. Solve and verify 20—5 = 


Bel) paecar®.. 4 to find z. 


| 4, Given es 5 


Result, % = 4. 
5. Given (e+6—82 = 56 + 2a to find 2, and. verify. 


a 6. Given be + by = By to find y- 
ea ba—5 OT — Tax : 
7. Given 21 oie, Seer 4. 9 to find z. 
; Toe eau rm 
bees, 1 ap 88 5 ana 
Sr er ; ae a: | 


‘ - 

J q = ' * “« a. 

#5 a , Cr 
ta es 4 4. ,, 
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9. Given 25(1la—8) = 18(12%-+4 2) to find a. 


10. Given Fe e+ll = = i417 to find z. 


Result, x = 10. 
17—y 
2 


11. Given y+ Foe ca to find y. 


Result, y = 34. 


Verifloation. 3% + ss tt or 


D) > 
cs 93 6§, or 
20} _ 
“3 — 4, 


which is a true equation, since 20}--3 is 6§. 

In verifying it is not well to go through the processes of clearing 
of fractions, transposition, etc., but rather keep the terms as distinct 
as possible, and reduce each member separately to a form so simple 
that they can be seen to be equal. 


12. Given Je + 34= = + 1, to resolve and verify as 


above. Result, 2 = 14. 


acction #422, 75 aeatt 
Verification. 3 + 7 + 1, which reduces to — - 


Y= 55 17) 7272 


aT ORY Ae Vane cc 
‘ Ly _ 
13. Given sy+—=4 —3= — — 24 to resolve and 
verify as above. , 21 
a Result, y = 106° 
1h Given 3(a—1) ‘ A(t—2) _ 22—a) 


b) TA 


Result,.2 = > 
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15. Find the value of z in 3¢ + = ash te eS 


Suggestion.—Having cleared this equation of fractions, transposed 
the unknown terms to the first member, and the known to the 
second, there results —21¢ = —147. Hence to obtain a positive 
result divide each member by —21, and « = 7. 


#2. Cor. 1.—All the signs of the terms of both members of 
an equation can be changed from + to —, or vice versa, with- 
out destroying the equality, since this is equivalent to multiply- 
ing or dividing each member by —1. 


18—4z _ 6%—4 


16. Find the value of x in z + = Paes ao ‘ 
: Result, x = 4. 
17. Given ae 4 ey = al + 2—™ to find y. 


Result, y = 9. 


18, Find the value of z in 1 + ae = 32 + gets (See 
Fx. 12.) 25 
Result, z= 7’ 
19. Find the value of z in oo + eh = 16 — a 


Suggestion.—In clearing of fractions be careful to notice the term 

_ sae) As this term is to be subtracted, when the sign of aggre- 
gation (the line between the terms of the fraction) is dropped, the 
signs of the separate terms must be changed. The equation when 
cleared is 6%+6+427+8 = 192—37—9; and «=13. It is well 
for the pupil to explain such cases thus: Having multiplied - 
by the L. C. D. 12, I have 87+9; but this is to be subtracted, hence 
_- I annex it with its signs changed, as subtraction is performed 
Byron ier, . 

# ' S . <a ; = 
( 
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g— 5 Q22—4 


20. What value for z satisfies z + ae = 12 — 3 . 


‘21. Find the value of z which satisfies the equation 


a—4 _ 54414 1 
oT ee 


8a+%7 2a@—T  a—A4 ; 
a ee ee 23, to find z. 


Separating the fractions into parts, and reducing, ;4.7+4—,0 


+$=42—-1-2}. Whence G&—#,—He = —}-4—8}, or —He 
= —4§, or 4a = 5, and # = 35. 


* 


23. Given 4(7¢+9) +7, (249—92) = 4 (9%—13) +4 (82 
+1), to find z. : 


24. Solve $(¢+1)+4(@+2) = 16—4}(%+3). 

25. Solve $(32—3)—4(3a—4) = 541(27 +42). 
26. Solve 4(8—a) +2—1% = 4(2+6)—da. 
3a+2 


a 


27. Given —5xz = 6, to find 2. 


~~ Operation.— Multiplying each member by awe have 3a+*2—5Sax 
= 6a. Transposing, «—5ax = 3a, or (1—5a)x = 8a. 


[Note.—It is the common experience of pupils that they continue 
to find difficulty with Literal Equations even after they are quite — 
familiar with Numerical ones, such as the 26 above given. This 
difficulty must be overcome. No one has caught the true spirit of 
mathematical reasoning till the literal notation is seen and felt to be 
more simple than the decimal.] 


_ 28. What value for « satisfies az+b = cx+d? Verify ae 
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Verification.— Substituting the value of « for x we have ose 


d— - ree ae fa. 
+ b= oo 4a, Performing the multiplications indicated, and 


reducing each member to an improper fraction, this becomes, 
ad—ab+ab—be cd—be+ad—cd 


a eee Now —abdand +ab destroy each 
other i in the. first member, and +cd and —cd in the second. Hence 
we have ea. = =’ , which is evidently true. 

a—c a—e 


29. Given az+2? = dx+<a? to find the value of z. 
Result, x = a+b. 


30. Given az+m=bx +n to find x. Result, e=——". 
31. Given 6%+22—a = 3x—2c to find z. 
a—2c 
Result, 2 = ame 
; i! 
32. What value for 2 satisfies av+b — i+ 3 ? 
wr tleal)s 
. Ans; @2= F Hat) i)" 
33. Solve io = —— and verify the result. 
iad, bs 5a® 
34, Find » from ar — ©— 30" _ ab = ba + oes 
bz +-4a E. cS. 
iy Hae Result, « = ae oe 
ea Z—e¢ _u—(a+b+e) 
35. Solve a: SSse A LS ae 
: ae + ab? + be — a—bo— ae 
: oan Po ae acr-ab+bo—1 


“j ae ab 
36. Given : + : = ¢ to fined Result, «= or 


f 
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87. Given *=* — wal we = = 100-4116 to find’. 


Result, % = %a+ 246. 


38. Given  _ be =m + ~ to find «. 


ab—1 
Result, z= ict m 
39. Given 2 + 3ad = © to find «. 
ac(1—3ab 
Result, C= ——s 
; . 62+7%  Ya—138  22x@+4 
40. What is the value of x in noe eis es 


23. Scholium 3.—It is not always expedient to perform the 
several transformations in the same order as given in the rule. The ~ 
process may often be much shortened by the exercise of a little 
ingenuity. The ultimate object is to so transform the equation that 
the unknown quantity will stand alone in the first member. 


An expeditious method of solving the last example is as follows: 
Multiplying by 9, we have or 74 = = 6#+12. (The term 
Ya—13. 
6x+3 
other factor of 9, by multiplying the numerator.) Now dropping 
21¢7—39 

Qa+1 


is multiplied by 8 by dividing the denominator, and by the 


62 from each member and subtracting 7, we get 


Whence az = 4. 


AL. Given 2243 , 72-29 _ 82419 


9 * §2=12— ig °° find x. 


Suggestion. —Multiply numerator and denominator of the term 
4243 

5 by 2, transpose and unite it to the second member, and there 
Ta—29 a 
5e—12 


results 


_ Whence « = 6. 
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9@+5 | 8x—7 367415 
14 62-12-95 56 


42. Given a 2h to find z. 


: 62+ 7 2 —2 _ +1 
43. Given ee ot ee to find 2. 


P 6a-+1 2a—4 — 2e—1 
a ie a 
the result. Result, x = —2. 


— to find z, and verify 


‘Qcation, l2ti1_ —4—4 4-1 a 
Verification. Sth some —TA=16 = ek or “is — is = —1, 
or Beate —1 
iis ‘ 
; . -2(4¢+38) 7 oh é 
45. Given ot 8 to find z, and verify 
the value. 
. ® x a 
46. Solve for 2 the equation ae es = a 


An elegant solution of this is obtained by first uniting the two 


terms of the first member, which makes the equation oe a 
@ b a a*(b—a) : 
ee es a; Oe eo ea he 2 
b+a’? a(b—a) < b+ Whence 2 14a) 


47, a a(2 a “ = a(# at i) os ile oa <) eA) 


Suggestion.—Performing the multiplications and transposing, we 


CO) ORE Ne Se a a 5 2 eats 
Sie ope ie = 2 ividi 
LSBES deer +] ‘hr its + 30° * 797 = 15” Whence divi ng 
5 é 8 
by ia We have #= 557: 
ae es 
48. Solve ei emt ela Result, sat 


é 
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2a x 
49. Solve ab a ee 
207 


Result, x = 2a—5b+——- 


to the first member and unite the 


z 2 
terms} giving Ee? i 2a— 0b +. 


Suggestion.—Transpose 


x 
2a—b 


ba—d_ 
— 


a -b) _ 142 a 
3 o 


50. Solve 8a —a=2— 


51 Solve 


; ac—be 2 ab 3a—8b+2 — 4¢+ab 
Suggestion. —~— + 35 a+ 4 
4a+ab 6 8a(4-+4b) 


=a ™ 3q—8542 6@—0) +4. 


6 4 


aye: yte? = denltbozy 
52. Solve =" a8 map ngs LE ob apg 
__ 8¥—4ac+abe 
Result, y = Ta) 
58. Solve x2) —4 {(22—88)—3(a—2) = = b—$a. 


fesult, «= : b. 
ir Soe ee + 8(¢b — Yéy) = ‘Bab, show 
that y = 0. | 


a(b? + 2*) aa 
55. Solve ———+ = —* 
bx Ray 
Suggestion.—First divide each member by a, and then write the 
first member in two parts, reducing each fraction to its lowest terms. 


Result, z= - 


Drop ; from each member.and : =¢, 
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(Qe+3)a 1 _ 
: 56. Solve "apa tae =F 


Suggestion.—An elegant solution of this is obtained by no- 
, Qet+8)a _ 22432 
Qe+1 2w+1 

1 


1 a 
tion becomes pei ta = ?tl. Dropping «+1 from each 


Per rl 
ticing tha = ———-: ~ 
g x+1 ee whence the equa 


Soak 32 = 


member, transposing and changing signs, Sri =_ 


eed. 39. w= I, 
< 
57. Solve a tics Fr55-: 
3 2-2. 1 1 
Suggestion. yet tee 


62-+-13 38a+5 Re : 
Gee bees 5, SF Trey: 


58. Solve 


Suggestion.—First destroy the term = : 


@—-1 2-2 2-5 2-6 
ee ee 6 aT 


Suggestion.—Reducing each term to a mixed number we have 
fut 1 1 1 1 1 
em ee ey OC oe 
= as = Se . Reducing the terms in each member separately to 

1 


a 
common denominators and adding, we ge @a2) i 3) @=-O@—7)’ 
Whence (w—2) @—8) = ae oats or «*—137+42 = w?—52x+6, 
and a = 4}. f 

24. Scholium 4.—It often happens that an equation which — 
involves the second or even higher powers of the unknown quantity 


is still, virtually, a simple equation, since these terms destroy oe 
ne in the reduction. 


f 
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60. What value for 2 satisfies 3—z—2(x—1) («+2) 
= (x—3) (5—2a) ? . 
Ans., x = 14. 
61. Solve the equation (a—5) aie (w—5) (2a—5) 
ine (c—2) = 0? 
rad L = 2Pe. 
(G7 — 3) (2 — 3). 
aaa tain 


62. Solve a — 3 (82—4) + 


8 ; 
oe? and verify. | 
63. Solve («+ §) (e—§) — (+5) (ex—3) + $= 0, and 
verify the result. 
64. Solve (a+) (6+2) = (e+) (d+2). 


Result, « = od—ab 


a+b—c—a 


a+b a b 
Bo ON ot Papin 
__ ab (a+b—2c) 
Skin Aaah @+2—ac—be 


66. Solve (a+2) (b+2)—a(b+c) = _ ra) 


- Suggestion.—Perform the multiplication indicated in the first 
member, and write the terms withowt clearing of fractions; this 
a@e+abe _ (a+da0 


b b 


2 
gives (a + b)a—ac= ae Whence (a+d)a = 


Dividing by (@+6) we have z = > 


SIMPLE EQUATIONS CONTAINING RADICALS. 


25. Many equations containing radicals which involve 
the unknown quantity, though not primarily appearing as 
simple equations, become so after being freed of such 
radicals. 
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26. Prob. 2.—To free an equation of Radicals. 


Rule.—ZI. Transpose the terms so that the radical, 


if there is but one, or the more complex radical, if 
there are several, shall constitute one member. 


IT. Involve each member of the equation to a power 
of the same degree as the radical. 


III. If a radical still remains repeat the process, 
being careful to keep the members in the most con- 
densed form and lowest terms. 


Demonstration.— That this process frees the equation of the 
radical which constitutes one of its members is evident from the fact 
that a radical quantity is involved to a power of the same degree 
as its indicated root by dropping the root sign. 

That the process does not destroy the equality of the members is 
evident from the fact that the like powers of equal quantities are 
equal. Both members are increased or decreased alike. 


EXAMPLES. 


Ex. 1. Find the value of z in +/47+16 = 12. 


Model Solution. 
Operation. 4/4x + 16 = 12. 


4a = 128. 
# = 32. 


Explanation.—I first square each member of the equation, The 
first member, 4/47+16, is squared by dropping its radical sign, 
since thé square of a square root is the number itself. The square 
of the second member, 12, is 144. This process is equivalent to 
multiplying the first member by 4/4x+16 and the second by 12, 
hence as 4/4a+16 is equal to 12, both members have been increased 
alike, [The equation being freed from radicals the explanation 
becomes the same as before. ] 


2% Solve /5x+6 = 4, and verify. 


- 
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ay 
3. Solve V102+3 = 7. Result, «= rt 


4. Solve /22+3+4 = %, and verify. 


Suggestion.—First transpose the 4 and unite it with the 7; 
otherwise, squaring will not free the equation of radicals. 


5. Solve 8+ /3z2+6 = 14, and verify. 


6. Solve and. verify 3\/22+6+43 = 15. 


Result, x = 5. 

al 
7. Solve Vaz+2ab—a = 6. Result, x = ES. 
ee St 1 ; t 
8. Solve Ve+e—2—% = 0. Result, 2 = 5 
9. Solve azt+avV/2ax+22= ab. Result, e = Pid 
or, : 2(a+0) 


Suggestion.—Before squaring put the equation in the form 
a/ 2ax+a = b—a, 


10. Given /12+y—vVy = 2 to find the value of y. 
Result, y = 4. 


Queries.—If each member is squared as the equation stands, 
will the equation be freed from radicals? Is the first member a 
binomial or a trinomial? What is its square? Which will give the 
most simple result, to square it as it stands or to transpose one of 
the radicals? Which one is it best to transpose? Will once ae 
ing free it from radicals ? 


ll. Given Wz—16 = 8—4/z to solve and verify. 


Suggestion. —Solve this and the five following like the bra: 
by squaring twice. 
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12. Solve Va+2+Va—z = Vaz. 
Result, «= 
a 


18. Solve /z—a = Va Va. 


* O54 
Result, « = cre 


(14. Solve V5 x V/z+2 = V5r+2. 
x 9 
Result, % = —- 


20 
15. Solve ata = Vei+oV/P4 a. 
b°— 4a? 
Result, 2 = : 
| = 4a 
16. Solve 2\/b+2—W/4a+z2 = V2. 
Result, « = (o—a) 
2a—b 


Query.—Why is it best to transpose one of the terms of the first 
member to the second before squaring ? 


to find 2. 


17. Given «+ /a—z = 
a . Vea 


Scholium {.—It is frequently best. to clear the equation of frac- 
tions first, even when it involves radicals, especially if the denomi- 
nator is of such a form as will not make the equation complicated. 


In this case, clearing of fractions we have #,/a—a+a—a =a. 
Whence ees = &, oF /a—%=1, Finally «= a—1. 


oan a Ve" x 
ve ® 
Seance The pupil should exercise his ingenuity in seeing 


in what different ways he can solve such examples, and notice the 
most elegant methods. For example, compare the following : 


18. Solve —— 


1st Method.—Clearing of fractions z’—aa* = . Dividing by 2, 
tee er? Tay 
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2nd Method.—-Multiplying each member by 4/« we have z—ar=1 
as before. 

8rd Method._Dividing numerator and denominator of the second 
member by 4/x, we have ——- =———- Whence multiplying each 

a fe fa 

member by 4/2, <—az = 1, ete. 

4th Method.—Divide the numerator of the first member by its 


denominator and 4/2—a4/z = ae Dividing each member by 4/2, 
1-—4= : or 2 = : 
ee 1 


Vax—b — 3 Var—2b_ Result, oe 
Vat+b 3V/ax+5b 


Suggestion.—The more elegant solution of this is to reduce each 


19. pole 


member to a mixed number, obtaining 1—-———— = 1— b = 
a/ax+b 34/aa+ 5b 
Dropping the 1, and dividing by —2, oe petit ie ae Clear- 


fac+b  8/ax+5b 
ing of fractions 64/aa+10b = '7%4/ac+%b. .». »/ax = 8b, ete. 


In a similar manner solve the two following: 


20. Solve ————_ VE+28 _ Va+ 38 Result, x = 4. 
Vets  Va+6 
2 
21. Solve Va+2a = Vat 4a, Result, 2 = (4). 
Ve+b Vx+3d ~ 


22. Solve agen =1 Koes 


——$——_ = —_—. Result, x = 3. 
V3e+1 ss 2 é 
Suggestion. i = /8e-1. 
98. Solve z= ye Samet ee oe . 


e 
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Suggestion.—In this and the following use the same expedient as 
in the 22nd. Thus 4/e—2= =54/a—-84+ 34/2, or 544/2=5, or a= 
12). jp tig 144 
1 191. 


See 1 VOM 
— Va+/a ey gin 
‘Suggestion—We have »/2—/a=}4/2+12/a, or 24/2 
= 2fy/o. oma 16a, 


—B Vaxz—b 
aie OO 
B: Vaxz+-b a c 


1 ce \2 

Result, x = (6+) : 

Berens Weert Ve—e_ Resull, pe 
Vat+ar/a—2 1l+m 


Suggestion.—Rationalize the denominator (224), and after 
mae VE—e = 21/m—a. 


We ae Va _ __ a(e—1)? 
27. Solve ae 7 C. Result, x = reget. 
V40+1+4+2/¢ 4 
28. Solve ————— —= Result, 7 ==. 
ON hee bss nyha 9 
29. Solve Va+/z — VeVe=y/ Z 
a+Va 


Suggestion.—Multiply each member by Ve+4/z, 4/a, and after 
reduction 4/a*9—« = a—}4/z, Squaring, transposing, and com- 


dining, Vi = je o =i 
+, 80. Solve 0 V8 ve = — V20/z. 


p Feenels es 9, 


{26-3 - , Le} 
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31. Bove 4 / = wae +4/—= pa 


Result, « = . +9; 
—c 
it pee ee <--9, aly 
32. Bolve | “hoe PR dae % = 2a. 
33. Solve .154+1.575—.875a = .0625z. 2 = 2. 
34. Solve 1.22— ——— eS = 4748.9. x = 20. 
35. Solve 4.82— — = 1.67+8.9. a=. 
%—.202 x 
36. Solve 2.382— {= 3.2— 
37. Solve z—.24 = a. % = 4,259 ts 


SUMMARY OF PRACTICAL SUGGESTIONS. 


27.-—In attempting to solve a simple equation which 
does not contain radicals, consider, 

1. Whether it is best to clear of fractions first. 

2. Look out for compound negative terms. . 

3. If the numerators are polynomials and the denomina- 
tors monomials, it is often better to separate the fractions 
into parts. (Hz. 22, p. 224 is an illustration.) 

4. It is often expedient, when some of the denominators 
are monomial or simple, and others polynomial or more 
complex, to clear of the most simple first, and after each 
step see that by transposition, uniting terms, etc., the equation 
is kept in as simple a form as possible. (See zs. 40 to 44.) 

5. It is sometimes best to transpose and unite some of 
the terms before-clearing of fractions. (See Hus. 46 to 54.) 
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6. Be constantly on the lookout for a factor which can be 
_ canceled from each member of the equation (Hx, 55), or for 
terms which destroy each other (Zzs. 60 to 66). ; 

7. It sometimes happens that by reducing fractions to 
mixed numbers the terms will unite or destroy each other, 
especially when there are several polynomial denominators. 
(See Zz. 59.) 
_ 28. WHEN THE Equation conTAINS RADICALS, CON- 
SIDER, j i 

1. If there is but one radical, by causing it to constitute 
one member and the rational terms the other, the equation 
can be freed by involving each member to the power denoted 
by the index of the radical. (See Ezs. 1 to 9.) 

2. Ifthere are two radicals and other terms, make the more 
‘complex radical constitute one member, alone, before squaring. 
Such cases usually require two involutions. (See Has. 10 to 16.) 

3. If there is a radical denominator and radicals of a 
similar form in the numerators or constituting other terms, 
it may be best to clear of fractions first, either in whole or 
part. (See Hus. 17, 18, 29.) ; 

4. Frequently a fraction may be reduced to a whole or 
mixed number with advantage. (See Hzs. 19 to 25.) 

5. It is sometimes best to rationalize a radical denomina- 
tor. (See Hus. 26 to 28.) . 

6. Always watch for an opportunity to cancel a factor, 
or drop terms which destroy each other. 


APPLICATION: 8. 


29. According to the definition (2), Algebra treats of, 
1st, The nature and properties of the Equation; and 2nd, 
the method of using it as an instrument for mathematical 
investigation. ==, 

The Simple Equation has been so thoroughly discussed 


oe ao 
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in the preceding part of the section, that the pupil will now 
be able to use it in solving problems. 


30. The Algebraic Solution of a problem consists 
of two parts: 


1st. The Statement, which consists in expressing by 
ne or more equations the conditions of the problem. 


2nd. The Solution of these equations so as to find 
the values of the unknown quantities in known ones. This 
process has been explained, in the case of Simple Equa- 
tions, in the preceding articles. 


31. The Statement of a problem requires some knowl- 
edge of the subject about which the question is asked. 
Often it requires a great deal of this kind of knowledge in 
order to ‘‘state a problem.” This is not Algebra; but it 
is knowledge which it is more or less important to have 
according to the nature of the subject. 


32. Directions to guide the student in the Statement 
of Problems: 


1st. Study the meaning of the problem, so that, if you had the 
answer given, you could prove it, noticing carefully just what opera- 
tions you would have to perform upon the answer in proving. This 
is called, Discovering the relations between the quantities involved. 

2nd. Represent the unknown (required) quantities (the answer) 
by some one or more of the final letters of the alphabet, as 2, y, z 
or #, and the known quantities by the other letters, or numbers, 
given in the problem. 

3rd. Lastly, by combining the quantities involved, both known 
and unknown, according to the conditions given in the problem (as 


you would to prove it, if the answer were known) Lt ee these 
relations in the form of an equation, 


PROBLEMS. 


Ex. 1. What number is that to the double of which if 18 
be added, the sum is 82? 
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Model Solution. 


Statement.—Let @ represent the unknown number sought. Then 
the problem says that double this number, that is 2a, with 18 added, 
that is 22418, is 82. Hence 2¢+18 = 82 is the statement. 


Resolution of the Equation.—[With this the pupil is familiar. ] 
Solving 2¢+18 = 82, we find z= 32. 32 is, therefore, the number 
sought. 


Verification. . 2x 82+18 — 82. 


[Note.—In this example there are three members involved, the 
18, 82, and the one to be found, which we call x The relations 
between these numbers are explicitly stated in the problem, and the 
statement is easily made. This is not always so. These relations 
are often the most difficult thing to discover, and their discovery 
requires a knowledge of other subjects than Algebra. Suppose the 
problem to be: Given three masses of metal of equal weight, one of 
pure gold, one of pure silver, and one part gold and part silver. 
When they are immersed in water, the gold displaces 5 ounces, the 
silver 9 ounces, and the compound 6 ounces, What part of the last 
was gold and what part silver? Now in this problem the relations 
between the quantities are not explicitly stated. Yet by a knowl- 
edge of Natural Philosophy and a little of Mensuration, they can be 
found out, and the statement of the problem made in an equation. ] 


2. What number is that, to the double of which if 44 be 
added, the sum is 4 times the required number ? 


Suggestion.—Suppose I guess that the number sought is 30, how 
will you tell whether I am right or not? You say: “Double 30 
and add 44 to it, and, if you are right, the sum will equal 4 times 
30.” But 2x30+44 does not = 4x30; so I am wrong. Now, 
call the number sought 2, and use it as 30 was used in proving that 
it is not the answer, and the statement, 27+44 = 42 is obtained. 
Whence w = 22. Verify it. 


3. What number is that, the double of which exceeds its 
half by 6? sty Ans. 4, 


, 
{ 
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4. The property of two persons is $16000, and one owns 
threé times as much as the other. How much has each ? 


Statement. Let z = the less amount. 
Then 3a = the greater amount. 
And 3z+a = 16000. 
*, @ = 4000 and 3a = 12000. 


5. A man being asked his age replied: “‘If to my age 
you add its half, and third, and then deduct 10, the result 
is 100.” What was his age ? _., Ans., 60. 


6. After paying 4 of a bill and 4 of it, $92 still remained 
due. What was the bill at first ? 


Statement—Let 2 = the amount of the bill; then 4@ and ja 
had been paid. Taking these amounts from the bill we have 
x—1txz—i2. But this, by the problem, was $92. Hence z—4a—ta 
=! Relies er se 


7. The sum of 2 numbers is 180 and the difference 10. 
What are the numbers ? 


Statement.—Let x = the less number: then z+10 is the greater, 
anda+x#+10= 180. .. «= 85, and «+10 = 95, and the two num- 
bers are 85 and 95. 


8. The sum of two numbers is 5760, and their a ree 
is 4 the greater. What are they ? 


Statement.—Let x = the greater; then 5760—z is the less, and 
e—(5760—a) = : .". @ = 8456, and the leas is 2804. 


9. A man divided 80 cents among four beggars; to the 
first two he gave equal amounts, to the third twice as much 
as to one of these, and to the fourth twice as much as to 
the third. How much did he give to each? _ 


The equation is z+~+4+2e+4r = 80. Whence he gave the first - 
and second 10c. each, the third 20c., and the fourth 40c. 
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10. A, B, ©, and D, invest $4755 in a speculation, B 
furnishes 3 times as much. as A, C as much as A and B 
together, and D as much as © and B. How much does 
each invest ? : 

Ans. A, $317; B, $951; C, $1268; and D, $2219. 


ee 


THE SAME PROBLEMS WITH THE LITERAL 
NOTATION. 


11. What number is that, to n times which if m be 
added, the sum is s ? 


The equation is nz+m = s, Ans., ——. 
nr 


Scholium.—To make this conform to Pron, 1, we call ¢= 82, 
ee pals = 82. Butthe answer *—” 
n 2 n 
applies just as well to any other problem of the kind, no matter 
what numbers are involved, Thus, let the problem be,— What 
number is that to 5 times which if 20 be added, the sum is 1002 


Now s = 100, m= 20, and n=5. Whence — a ade = 16 


m= 18, and n = 2. 


We, therefore, see that — is a general answer to all such problems. 


12. What number is that, to a times which if } be added, 
the sum is ¢ times the number ? 


Ans., Equation, av+6 = cx. .. The number is aay 


Queries,—Howisthis adapted to Pros, 2? What other problems 
can you state to which this value of z affords an answer ? 
| es 
13. What number is that, a times which exceeds z times 
it by m? 


: x eee 
Equation, a—F=M w= Cpeails the number. 


Queries.—How is this adapted to Pros. 3? What other problems 


f ‘ 
“ \ ‘o, - tn 
re 
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can you state to which — i affords an answer? Repeat the same 


inquiries after each of the seven following examples. 


14. The property of two persons is $m, and one owns n 
times as much as the other. How much has each? 
m mn 

gin itn and IT+n * 


15. What number is that to which if “th and th of 
itself be added, and then a deducted, the result is 0? 


16. After paying * th and th of a bill, a remained due. 


What was the bill ? 
amn 


Ans... ———_—— + 
mn—n—m 
17. The sum of two numbers is s, and their difference d. 


What are the numbers ? 


s+d Pr s—d 


Ans., a 3 


33. Cor.— Observe that the solution of this problem proves 
the very useful theorem : 


Half the sum plus half the difference of two quantities is the 
greater of the quantities, and half the sum minus half the dif- 
‘ference is the less. 


Thus, the sum of two numbers is 20 and their difference 12. 
What are the numbers ? 5 + : = 10+6=16, the greater; and ae 
= 10—6 = 4, the less. 
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18. The sum of two numbers is s and their difference is 


1 
. mit of the greater. What are the numbers. 
s(m—1) 
o— 1% Sm] 

19. A man divided $a among 4 beggars; to the first two 
he gave equal amounts, to the third m times as much as to 
each of these, and to the fourth m times as much as to the 
third. How much did he give to each ? 


Ans. .. To each of the first two $- 


Equation, z—(s—zx) ==. Anz., 


Meas to the third 
am m2 
Samim and to the fourth reer 


20. A, B, C, and D invest $s in a speculation. B fur- 
_ nishes m times as much as A; © as much as A and B 
together, and D as much as C and B together. How much 
does each invest ? 


; aaa a ms | aq s(1+m), 
Ans., A furnishes Bla! Sdn? Aan ; 
and D, s(1+2m) | 


3+4m 


21. At a certain election 943 men voted, and the candi- 


date chosen had a majority of 65 votes. How many voted 
for each ? Ans., 439 and 504. 


22. A farmer has two flocks of sheep, each containing 
the same number. From one he sells 39, and from the 
other 93, and then finds just twice as many in one flock 
as in the other. How many did each flock originally 
contain. ? Ans., 147. 


23. A person spends $ of his income in board and lodg- | 
ing, $ in clothing, and in charity, and has $318 left. 
What is his income? Ans., $720, 


s 
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24. From a bin of wheat 4 was taken, and 20 bushels 
were added. After this 4 of what was then in the bin was 
sold, and + as much as then remained+30 bushels was put 
in, when it was found that the bin contained just $ as much 
as at first. How much did it contain at first? 

Suggestion.—Calling « the amount in the bin at first, after taking 
out 1, there remains $2. To this add 20 bushels and there is in the 
bin $a+20. After selling } of this % remains, or 3(4¢7+20). } of 
this is 4(4¢+20). .°. &(4e+20)+4(42+20)+30 = 4a. Whence 
az = 560, the answer. ; 

25. A person has a hours at his disposal; how far may 
he ride in a coach which travels 4 miles per hour, and yet 
have time to return on foot walking at ¢ miles per hour? 


abe 
Ans., be 


26. After paying “th of my money, and then th of what 


remained, I had $a left. How much had [I at first ? 


Equation, a at as = 4. 
n nm 


dee) eee 
nn nN — 1 SL 
27. A boy, being asked his age, replied, 11 years are 7 


years more than 3 of my age. How old was he? 
Statement.—Let z= his age. Then 37+7=11. «.%= 10. 


28. A boy, being asked how many sheep his father had, 
replied, that 40 were 5 less than 3 of his father’s flock. How | 
many sheep had his father ? Ans., 60. 


29. If A can perform a piece of work in 10 days, 
and B in 8 days, in what time will they perform it - 
together ? W 
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Statement.—Let « = the number of days. Then since A can do 


the work in 10 days, in 1 day he will do zy, and in 2 days a of it, 


In like manner B will do =: Hence 3 + a (all the work) or 1. 


This 1 sometimes troubles pupils. But let them consider that if 
two of us doa piece of work, one doing 2 and the other 4, ff the 
workis all done, the sum of the parts done is 1. 


30. There is a certain piece of work which A and B can 
do in 8 days; but A and C can do it in 6 days, or Band © 
in 10 days. How long would it take any one of them to 
do it alone? How long if all work ? 


Suggestion. 7 : is the difference between what B and C can 
do in a day; and = is the swm of what they can do in a day. 
(See 33.) 

Ans., A in 10} days, C in 14%, B in 348, and all in 55. 


31. A, B, and C can do a piece of work in 4 days, which 
A alone can do in 12, and B alone in 8 days. C begins the 
work alone, and is joined after 2 days by A, and they work 
together 2 days more. A and O being then called off, how 
long will it take B to finish the work? _Ans., 54 days. 


32. A performs # of a piece of work in 4 days; he then 
receives the assistance of B, and the two together finish it 
in 6 days. Required the time in which each could have 
done it alone? 2 


| Suggestion.—How much does A doiniday? Let «= the time 
6 


B would require to doit all. The equation is = Seg - A could 
do.it in 14, and B in 21 days, 

33. A vessel can be emptied by 3 taps; by the first alone 
it could be emptied in 80 minutes, by the second in 
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200 minutes, and by the third in 5 hours. In what time 
will it be emptied if all the taps are opened at once ? 
Ans., 48 minutes. 


34. A can do a piece of work in a days; B in d days, 
and C the same piece in ¢ days. In how many days will 
they finish it, when all work together ? 

abe 


A NSey ab +be-+ae 3 


35. Three men A, B, and C are employed on a certain 
piece of work. A and B can doit ina days; A and C in 
6 days, and B,and C in ¢ days. How long would it take 
each to do it alone ? How long would it take them to do 
the work together ? 


2abe davs. Bin <2 Rabe 
be+ac—ab ys, be + ab—ac’ 


; 2abe 2abe 
Cin i ipa and all together in ——— aarti + 


Ans., A in 


ab+a 


Suggestion.— Notice the singular symmetry of these answers. 
Such symmetry is common, and sometimes becomes very useful in 
complicated processes. 


34, Scholium.— It is not always expedient to use x to represent 
the number sought. The solution is often simplified by letting « be 
taken for some number from which the one sought is readily found, 
or by letting 2a, 3x, or some multiple of x stand for the unknown 
quantity. The latter expedient is often used to avoid fractions. 


36. There is a fish whose head is 9 inches long; the tail 
is as long as the head and half the body, and the body is 
as long as the head and tail together. What is the length 
of the fish ? ; Ans., 72 in. 
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Suggestion.—Let « = the length of the body; then 9+4% = the 
length of the tail. The a neitia"s is~ =18+4«. If «= the whole 


length the equation is 945 +9 +7= eb. 


37. A general whose cavalry was } of his infantry, after 
a defeat found that before the battle j, of his infantry less 
120, and 5 of his cavalry plus 120 had deserted. After 
the battle he found 4 of his whole original army in garri- 
son, § on the field, and that the rest of those engaged were 
either taken prisoners or slain. Now 300 plus the number 
slain and captured was 4 the infantry he had at first. Of 
how many did his army consist originally ? 

Suggestion.—Let «= the number of cavalry; then 30 = the 
infantry, and 47 = the whole army. 

Ans., Whole army 3600 men; viz., 900 cavalry, and 2700 
infantry. 

38. A shepherd, in time of war, was plundered by a party 
of soldiers who took 4 of his flock and } of a sheep more ; 
another party took 4 of the remainder and 4 of a sheep; 
and a third party took 4 of the last remainder and } of a 
sheep, when he had but 25 sheep left. How many had he 
at first. 


Suggestion.—-Letting 12« = the number in his flock at first, 9 
—iis what remained after the first plundering, 6c—j after the 
second, and 8c—# after the third. The equation is 8u—} = 26, 
*, 120 = 103, the number in his flock at first. The pupil should 
notice that he wants the value of 12m instead of 2, 


39. A cask, A, contains 12 gallons of wine mixed with 
18 gallons of water; another, B, contains 9 gallons of wine 
mixed with 3 gallons of water. How many gallons must 
be drawn from each to make a mixture of 7 gallons of wine 
and 7 of water? 


Suggestion. % of the mixture in A is wine, and } water; and in’ 
B 3 is wineand} water. Let = the number of gallons to be drawn 
from A; then 14—2 represents the number to be drawn from B. 


| 
wer — 
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Of the first, 22 is wine, and a is water; of the second #(14—2) is 
wine, and 4(14—2) is water. But in this new mixture the wine and 
water are equal. .. 2¢+3(14—x) = #a+}(14—2). ~ 


40. In the composition of a quantity of gunpowder the 
nitre was 10 lbs. more than % of the whole, the sulphur 
was 44 Ibs, less than 4 of the whole, and the charcoal 2 lbs. 
less than 4 of the nitre. What was the amount of the gun- 
powder ? Ans., 69 Ibs. 


Suggestion. « being the whole, the nitre is r+ 10, the sulphur 
ta—4i, and the charcoal 4(¢+ 10)—2. 


41. Several detachments of artillery divided a certain 
number of cdhnnon balls. The first took 72, and 4 of the 
remainder; the next 144 and } of the remainder ; the third 
216, and 4 of the remainder; the fourth 288, and } of 
those that were left; and so on; when it was found that 
_ the balls had been equally divided. What was the number 
of balls and detachments ? 

Ans., 4608 balls, and 8 detachments. 


42. A gentleman bequeathed his property as follows: To 
his eldest child he left $1800, and 4 of the rest of his 
property ; to the second, twice that sum and 4 of what then 
remained ; to the third, three times the same sum and 4 
of the remainder, and so on; and by this arrangement his 
property was divided equally among his children. How 
many children were there, and what was the fortune of 
each ? Ans., 5, and $9000 the fortune of each. 


43. A wholesale druggist has two grades of attar of roses; 
the one cost 9 dollars per ounce, the other 5. He wishes to 
mix both grades together in such quantities that he may 
have 50 ounces, and each ounce, without profit or loss, may 
be sold for 8 dollars. How much must he take of each 
grade to make up this mixture ? 

Ans., 374 ounces of the best, 124 of the other. 
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44. Let the price of the best grade in the preceding 


problem = @ dollars, the price of the poorest = 6 dollars, — 


the number of ounces in the mixture — n, and the price 
of the mixture = ¢. How many ounces of each kind must 
he use ? 


Ans., ee ounces of the poorest, and a of the 


other. 


45. A father, who has three children, bequeaths his 
property in the following manner: To the eldest son 
he leaves $1,000, together with the 4th part of what 
remains; to the second he leaves $2,000, together with 
the 4th part of what remains after the portion of the 
eldest and $2,000 have been subtracted from the estate ; 
to the third he leaves $3,000, together with the 4th part 
of what remains after the portions of the two other sons 
and $3,000 have been subtracted. The property is found 
to be entirely disposed of by this arrangement. What was 
the amount of the property ? Ans., $9,000. 


46. A father, who has three children, bequeaths his 
property in the following manner: To the eldest son 
he leaves a sum a, together with the nth part of what 
remains ; to the second he leaves a sum 2a, together with 
the nth part of what remains after the portion of the 
_ eldest and 2a have been subtracted from the estate ; to the 
third he leaves a sum 3a, together with the nth part of 
what remains after the portions of the two other sons 
and 3a have been subtracted. The property is found to be 
entirely disposed of by this arrangement. What was the 
amount of the property ? : es 

Pe 2_4n+I1)a _ 
, ‘ _Ans., Ceraas Peat 


#e, 
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47. A general arranging his troops in the form of a solid 
square, finds he has 21 men over, but attempting to add 1 
man to each side of the square, finds he wants 200 men to 
fill up the square; required the number of men on a side 
at first, and the whole number of troops. 

Result, 110 and 12121. 


Query.—Show that this problem is the same as the following? 
The difference between the squares of two consecutive numbers is 
221. What are the numbers? 


48. Gold is 19} times as heavy as water, and silver 10} 
times. A mixed mass weighs 4160 ounces, and displaces — 
250 ounces of water. What proportions of gold and silver 
does it contain ? 

Ans., Gold 3377 ounces ; silver, 783 ounces. 


THE TRANSLATION OF EQUATIONS INTO PRAC- 
TICAL PROBLEMS. 


35. Cor.—Since the statement of a problem is expressing 
the conditions of the problem in an equation, or in equatione 
(30), it follows, conversely, that an equation may be considered 
as the enunciation in algebraic language of the conditions of a 
practical problem. 


EXAMPLES. 


Ex. 1. Form problems of which 5 — 7 —6 is the state- 


or 


ment. 


Suggestion.—Any number of problems may be stated which will 
meet the requirements, Thus, “ What number is that whose third 
part exceedsits fifth by 6?’ Again; “A man being asked his age said, 
‘When I was } as old as I now am, I was 6 years older than when 
I was } as old as [am now;’ what was his age?” Or, again; “A 
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man being engaged to work a certain number of days, continued in 
the service 4 of the whole time, but during this time was sick, and 
lost a number of days equal to $ of the whole time, when finally he 
had to break the engagement, having actually worked but 6 days. 


What was the whole period engaged for?” 


2. Form problems of which z+102 = 66 is the state- 
ment. 


3. Give similar translations of each of the following equa- 


cso Brat — v5 3 ae ri i aa—% Fie ee x+4e 
—760+600 = 2000; go = 8. 
4. Translate the equations 3¢+zx— 16000 ; +5 + ; 


—10= 100. 
5. Enunciate problems which will give rise to the follow- 


ing equations : a—= — aenous e+2x+ 24+ 4a¢—80. 


[Note.—The following examples give rise to equations found 
under Art. 26.] 


- 6. What number is that which gives the same quotient 
when 28 is added to its square root, and the sum divided 
by its square root.+4, as when 38 is added to the same 
root, and this sum divided by the square root of the num- 
ber +6? 


7. Aman has a certain number of square rods of land 
lying in a square ; if 12 rods be added, the whole being kept 
in the form of a square, his plat is increased by 2 rods on 
aside. How much land has he ? ; 


8. What number is that to which if 12 be added its square 
root is increased by 2? 


/ : | 
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9. If 4 times a certain number be increased by 1, the 
square root of this sum + twice the square root of the num- 
ber itself, divided by the difference of the same quantities 
is 9. What is the number ? 


10. There is a certain number to which if its square root 
be added, and the square root of the remainder be taken, 
and again the square root be subtracted from the number, 
and the square root of this remainder be taken, the differ- 
ence between the results is 1} times the square root of 
the quotient of the number divided by the number + its 
square root. What is the number? 


11. What number is that from which if 32 be subtracted, 
the square root of the difference is equal to the square root 
of the number —+4 the square root of 32? 


12. What number is that from which if a be subtracted, 
the square root of the difference is equal to the square root 


of the number —4 the square root of a ? 


Ans., ae 


13. What number is that whose square root + 2a, divided 
by its square root +6, equals its square root +4a, divided 
by its square root +30? 


a—) 


ane ( ab y ~ 


DEFINITIONS. 


36. The preceding problems haye all been solved by a 
single equation containing only one unknown quantity. In 
some of them several quantities have been sought, it is true, 
but we have managed to represent these quantities by the 
use of a single unknown quantity, 2. There are, however, 
many problems in which this is not practicable. In such 
problems there are two or more quantities sought, and the 
conditions are such as to give rise to two or more 
equations. . 

Ilustration.—To make this latter statement clear, consider the 
following problem: A says to B, “If + of my age were added to % 
of yours, the sum would be 193 years.” But, says B to A, “If 2 of 
mine were subtracted from 4 of yours, the remainder would be 18} 
years.” Required their ages. Here are two distinct quantities 
sought; viz., A’s age and B’s age. Suppose we represent A’s age 
by a, and B’s by y. Now notice that there are also two sets of con- 
ditions, 1st, the statement which A makes to B; and, 2nd, the 
statement which B makes to A. According to the Ist, we have the 
equation 40+ 2y = 194; and according to the 2nd, 4a—fy = 18}. 


37. Independent Equations are such as express 
different conditions, and neither can be reduced to the 
other. 

38. Simultaneous Equations arc those which express 


different conditions of the same problem, and consequently 
the letters representing the unknown quantities signify the 
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same things in each. Each equation of a set of simultane- 
ous equations is, therefore, satisfied by the same values of 
the unknown quantities. 


Illustration.—Thus in the example above the two equations 42 
+2y = 194 and ja—#y = 18} are independent equations, since they 
express different conditions, and neither can be produced from the 
other. But, since these conditions are of the same problem, so that 
z in the first equation means the same as 2 in the second, and y in 
the first, the same as y in the second, they are simultaneous equations. 
It is evident that the true values of z and y must satisfy, or verify, 
’ both equations. If, however, we were to write one equation from one 
problem, and one from another, while they would be independent, 
they would not be simultaneous ; x and y would not mean the same 
things in the first equation as in the second. In fact, the equations 
would be so independent, that they would have nothing to do with 
each other. 


39. Elimination is the process of producing from 
a given set of simultaneous equations containing two or 
more unknown quantities, a new set of equations in which 
one, at least, of the unknown quantities. shall not appear. 
The quantity thus disappearing is said to be eliminated. 
(The word literally means putting out of doors: We use 
it as meaning causing to disappear.) 


- 40. There are Three Methods of Elimination in 
most common use: viz., by Comparison, by Substitution, 
and by Addition or Subtraction. There is also a very 
elegant method by Undetermined Multipliers, which is 
worthy of more attention than it generally receives, but 
which will be reserved for the advanced course. 


Scholium.—-Any one of these methods will solve all problems; 
but some problems are more readily worked by one method than by 
another, while it is often convenient to use several of the methods in 
the same problem, especially when there are more than two un- 
known quantities, 


WITH TWO UNKNOWN QUANTITIES. 255 


ELIMINATION BY COMPARISON. 


41. Prob. 1.—Having given. two independent, simul- 
taneous, simple equations between two unknown quantities, 
to deduce therefrom by comparison a new equation contain- 
ing only one of the unknown quantities. 


Rule.—/. Find expressions for the value of the 
same unknown quantity from each equation, in 
terms of the other unknown quantity and known 
quantities. 

IT. Place these two values equal to each other, and 
the result will be the equation sought, 

Demonstration.—The first operations being performed according 
to the rules for simple equations with one unknown quantity, need 
no further demonstration. 

2nd. Having formed expressions for the yalue of the same unknown 
quantity in both equations, since the equations are simultaneous 
this unknown quantity means the same thing in the two equations, 
and hence the two expressions for its value are equal. Q. ED. 


Scholium.—The resulting equation can be solved by the rules 


already given. 
EXAMPLES 


_ OF INDEPENDENT SIMULTANEOUS EQUATIONS. 
Ex. 1. Given 4x+y = 34 and 4y+2=16; to find z 


and y and verify the values. 
Model Solution. 


34— 
Operation. (1) 4o+y = 34 co <4 
(2) 4y+a = 16 oe = 16Ag 
34— ; 
—— = 16—-4 = 
4 y y 
4e4+2=— 84 . (oe 8 


Explanation.—Transposing y and dividing by 4 I have from the 
1st equation, z oo . Transposing 4y in the 2nd equation I 


have = 16—4y. Now, since these equations are assumed to be 
simultaneous, « means the same thing in both; and since things that 


: j 
foe 
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are equal to the same thing are equal to each other, oe = 16 


—4y, From this equation I fndy=2, Finally, since y is found 
to be 2, putting 2 for y in the first equation, I have 4%+2 = 34; 
whence a= 8. 

Verification. —Substituting for z, 8, and for y, 2, in the ist equa- 
tion I have 32+2 = 34; and in the 2nd, 8+8=16, we see that 
both equations are satisfied. 

2. Given 5v+4y = 58, and 3a+7y = 67, to find z and 
y, eliminating by comparison. Verify the results. 


Results, 1 ores 
ae 


38. Given 1lz+3y = 100 and 4x—y = 4, to find « and 
y, eliminating by comparison. Verify the results, 


Results, ; hae 
y= 4. 
; —2 
4, Same as above, given 8 — e+8 _ = sen and 
8—y 2a4+-1 
OnE ae peers 
3 4 2 
Suggestion —Observe the effect of the — sign before the com- 
pound quantities. The value of y from the 1st is y = = and 
from the 2nd, y = a Hence ig = =, and #=5, 
and y = 5. ‘ 
5. Given « +ay=0 
ag y—e 
6. Given av + : = m 
cro —- Yun 
7. Given ax —by =m : 
cz +dy=n 


8. Given ax+by = m, and cx+dy = n, to find x and Y, 
eliminating by comparison. 


Suggestion.—After having found the value of x or y by compari- — 
son, find the value of the other in the same way. 
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ELIMINATION BY SUBSTITUTION. 


£2. Prob. 2.—Having given two independent, simulta- 
neous, simple equations, between two unknown quantities, 
to deduce therefrom by substitution a single equation with 
but one of the unknown quantities. 

Rule.—I. Find from one of the equations the value 
of the unknown quantity to be eliminated, in terms of 
the other unknown quantity and known quantities. 

IT. Substitute this value for the same unknown quan- 
tity in the other equation. 

Demonstration.—The first process consists in the solution of a 
simple equation, and is demonstrated in Art. 20. 

The second process is self-evident, since, the equations being 
simultaneous, the letters mean the same thing in both, and it does 
not destroy the equality of the members to replace any quantity by 
its equal. Q. E D. 


EXAMPLES, 
Hx. 1. Given the independent, simultaneous equations 
“EY —=;! = 8, and a aL = = 11, to find z and y, 
- eliminating by substitution. Verify the results. 
Model Solution. 


Operation. (1) ay = a = 8 
80+ 3y— 204 2y = 48 
x+by = 48 
C= 48—By 
ty | @—Y 
(2) a a + a sds 11 
@) eect, tye 5, 
3 4 
48—4y 24 8y 
A ag LES ee | 
3 2 ; 
96—8y +72—9y = 66 
—1%y = —103 
. y = 6 
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Explanation.—Taking equation (1) I clear it of fractions and 
solve it for x, finding that « = 48—5y. Now if I take the 2d 
equation and substitute this value for 2, I shall have a simple 
equation with only the unknown quantity y init. This substitu- 
tion does not destroy the equality, since the equations are simul- 


48 — 5 
taneous (38). Making the substitution I have ae 


eg i sin =11. Reducing this equation by the method for 


simple equations with one unknown quantity, I find y = 6. 


Finally, resuming (1) I substitute this value for y, which evi- 
dently does not destroy the equation, and have ss _ — tek 
Solving (4), which is now a simple equation with one unknown 
quantity, I find 218. (Instead of taking (1) in its first form it 
would be better, because so much shorter, to take its reduced form, 
e=48—5y. «. a= 18.) 


[Note.—The student should keep a sharp lookout for oppor- - 
tunities to effect such reductions of terms as are made above in the 
equations following (8) and (4). In the latter the process consists 


in observing that aa is ; + 8, and — = is — ; + 2, hence the 


first member becomes 5 +8 -% + 2, and transposing the 3 and 2, 


we have 5 — - = 3, all of which can readily he effected mentally.] 


2. Given 32—2y = 1 and 3y—4a2 = 1, to solve as above. 
Result, x =5 and y= %. 


Suggestion.—From the second, y = wre , hence the first 


becomes go — 248" 1, “. #=5. Taking the reduced form 
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144 : 
of the second, y = ae and putting 5 for % y=. Verify both 
equations, 


5 
Result, z = 12 and of =16 


; 3x —d5y Ra+y z—2 
evens ee SPL ‘ a ee 
5) as ,and 8 ; L 5 


: ete) mak ty : 
4. Given 5 +5 = Land 544 =1. Verify. 


Result, x = re and y = 12, 
; eee RE | 
5. Given = + a = m,and : =e ria n, 


Suggestion.—If we clear these equations of fractions they will 
become quite complex. But multiplying the first by ¢ and the 


second by a, we have < + : =cem, and = + <= an. From the 


former <= cm -*, which substituted in the latter for =a gives 
ad—be ad—be 


anges Ot, or =an—em y= -. This 
vo y an—em 
value of y may now be substituted in the first. To get the value 


of 2 from such an equation as : = oo simply divide 1 by each 


member, 7, ¢., take their reciprocals. 


: mm en oH m 
6. Given paceman gti: = As 
Result, x= m+n, and y= m+n, 


; ; pry me Bhi Boro Re 
7. Given rable = 1, and 3a + 8 =3 
Result, x = 8a, and y = —2b. 


eg Se Sareny Oe Ley ny 
SNe weeaina) ek at ce Ngee 


9. Given a = and a + ty = 3. 
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ELIMINATION BY ADDITION OR SUBTRACTION. 


43. Prob. 3.—Having given two independent, simulta- 
neous, simple equations between two unknown quantities, 
to deduce therefrom by Addition or Subtraction a single equa- 
- tion with but one unknown quantity. 


Rule.—I. Reduce the eqwations to the forms ax+by 
=m, and cx+dy =n. 


Tf f the coefficients of the quantity to be eliminated 
are not alike in both equations, make thenv so. by 
finding their L. C. M. and then nvultiplying the mem- 
bers of each equation by this L. C. M. exclusive of the 


factor which the term to be eliminated already con- 
tains. 


III, If the signs of the terms containing the quantity 
to be eliminated are alike in both equations, subtract 
one equation from the other, member by menrber. If - 
these signs are unlike, add the equations. . 


Demonstration.—The first operations are performed according to’ 
_ the rules already given for clearing of fractions, transposition, and 
uniting terms, and hence do not vitiate the equations. The object 
of this reduction is to make the two subsequent steps practicable, 
The second step does not vitiate the equations, since in the case 


of either equation, both its members are multiplied by the same 
number. 


The 38rd step eliminates the unknown quantity, since, as the 
terms containing the quantity to be eliminated have the same 
numerical value, if they have the same sign, by subtracting the 
equations one will destroy the other, and if they have different 
signs, by adding the equations they will destroy each other. The 
result is a true equation, since, If equals (the two members of one 
equation) are added to equals (the two members of the other 
equation), the sums. are equal. Thus we have a new equation with 
but one unknown quantity. 9. E. D. 
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EXAMPLES, 

Ex. 1. Given 527+ 6y = 28, and «+4y = 14, to eliminate 
by addition or subtraction and find the values of a and y. 
Verify the results. 

, Model Solution. 

Operation. (1) ba + by = BS 

‘ (2) c+ 4y = 14 


(8) 10% + 12y — 56 
(4) 8¢ + 1 = 42 
(5) = 14, .¢= 92. 


(6) 2+ 4y = 14 
4y = 12, ais tye te 

Explanation.—The equations being in the required form need no 
reduction, ; 

To eliminate y I make its coefficients alike in both equations by 
multiplying the members of (1) by 2, and of (2) by 3, thus obtain- 
ing (8) and (4). This does not destroy the equations by (Ax. 2). 

Then subtracting the members of (4) from the corresponding 
members of (8) I have (5), which is a true equation since the mem- 

bers of (3) have been increased equally (Ax. 2). 

From (5) I have # = 2, 

Finally, substituting 2 for x in (2) I have (6), which is a true 
equation, since the value of the members of (2) is not altered by 
this substitution (Ax. 1). 

From (6) I find by previous methods Via. 

Verification.—Substituting 2 for 2, and 8 for y in both of the 
original equations, I have 

(1) 10 + 18 = 28 
@) 2+4+12=14 
Whence I see that both equations are satisfied for « = 2, and 
o='8. 


2. Given 7%x--12y = 289, and 5d2+27y = 491, to find 
zand y. ; 
Model Solution. 

Operation. (1) Tiw#— 12y= 289 (2) 55u+ 27y = 491 
69382 — 108y = 2601 2202 + 108y = 1964 
2202 + 108y = 1964 


(8) 918¢ = = 4565 
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(3) 918¢ =: 4565 


o='5 
(4) 275 + 27y = 491 
27y = 216 
a See 


Explanation.—Since these equations are of the required form, I 
have only to make the numerical values of the terms to be elimi- 
nated alike. I will eliminate y, since its coefficients are smaller 
than those of z and the process will not involye as large numbers. 
The L. C. M. of 12 and 27 is 108, hence I multiply (1) by 9, obtain- 
ing 693¢—108y = 2601, and (2) by 4, obtaining 2202 + 108y—1964. 
This process does not vitiate the equations, since, Equals multiplied 
by the same number give equal products. I now observe that the 
signs of 108y in the two equations are different, and consequently 
that by adding the corresponding members of the equations these 
terms will destroy each other and give an equation in gonly. Add- 
ing gives a true equation, since, Equals added to equals give equal 
sums. I therefore have 913¢ = 4565, ora = 5. Substituting this 
result in (2), I have 275+27y = 491, whence y = 8. 


44. Scholium.—It is usually expedient, in examples involving 
two unknown quantities, to find the value of the second by substi- 
tution; but this is by no means always so. The pupil should 
perform the examples in several ways, if he can discern no choice 
of ways at first, and then compare the methods with reference to 
practicability. 


ais Giveny ete ene «<1 
and ERY 4 = ay — EY to find a and y. 


3 


Suggestion.—Cleared of fractions and reduced to their proper 
form these equations become 


6y+ w= 34 
45a — 8ly = 25 


Whence 2 = 4, and y =5. 
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4. Given 1 =o Senet i aes si = 10 aay anil 
ai: = ba — ts » to find the values of z and y. 
Results, x =3 and y= %, 
eee he a. dz+y al 
, 5. Given Pos = a5 and 8%—5y = 1, to find the 
values of z and y. Results, x= and y = 11. 


45, Scholium—In practice it often requires considerable dis- 
crimination to determine which of the methods of elimination to 
employ. But, as any one method will-solve all cases, the pupil 
need not hesitate too long in attempting to select the best one. If 
he sees any reason why one method will be better than another in 
the given case, he will of course use it; but, if no such ground for 
choice is apparent, it will often be we to try more than one 
method, and see if one is any more expeditious than another, 


EXAMPLES FOR GENERAL PRACTICE, 


Ex. 1. Given 3x—5y = 13 and 2%+'%y = 81, to find x 
and y. Results, x =16 and y= 7%. 


iven = 4 Y — cae lan 
2. Given 3 + 4 9and7 + = = 7, to find a and y. 
Results, x= 12 and y = 20. 
4a—3y—7  38u yi y—!  @ ey 


3. ee rena Ba 5 tame 
—1=4"45 + to find z and y. 


7 
— Results, x=3andy=2. 


ay 8a—2 eam) = 
4. Given cc Lene Aim ne + and 7a=12y, 


to find z and y. 

Suggestion.—The first equation reduces at once to 7 = 7+11y. 
In this case the pupil will see that the three methods of eliminating 
x are almost identical. Comparing the values of 7x, we have 12y 
= 7+11ly; or we may call it substituting the value of 7a found in 


re 
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the second equation; 4. ¢., 12y, for 7z in the first. Subtracting the 
second from the first we should have 0 = 7—y. : 


5. Given 2 + = 100 nd = to find z and y. 


aap 10 3 
Suggestion.—The second becomes by dividing by 2, ce c= 
and by multiplying by 7, = — - = Now adding this to the 


first we have 3 = 17, or = 5 and hence y = 8. 


; a8 d 
6. Given — + —=m and raha =n, to find x and y. 
Cen Pe a 
Suggestion. = me - = dm and pet = bn, .. pda — 
x y x y x 
ad + be ~ten Pinata A 
+6n and = eta Instead of substituting this value of 2, it 


will be less work to eliminate 2 from the two given equations as we 


did y. hut ye tase et eeonk es = = on, and sub- 
ety oi. 
be+ad 


cm—an 


tracting, aD =cm—a, -. Y= 
7. Given 4¢+4y = 14 and 47+4y = 11, to find x and y, 
and verify. 


Suggestion.—Do not clear of fractions. 
BY — 242 _ 15a + ¥ 3x + 2y 
1 ea) ie ee 


y—d _ iie+ 152 33y+1 . 
¥ ; aie “or, to find x and y, and verify. 


8. Given 2 — 


16460¢  162y—107 
By—1 ~~~ 5+2y 
, to find the values of x and y. 


9. Given 82 — 


__ txt —12y? +38 
~ 3¢—2y- 1 


, and 2+6y+92 


Suggestion—Multiply the 1st equation by 5+42y, and reduce 
before multiplying by 8y—1. Clear the 2nd of fractions. Whence 
289y—3840x = 187, and 15a4+2y= 36. ». = 2, y=38. 
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62? + 130 — 2492 


10. Given 32 6 1= a ee 
Ug 2e—4y 43 > and 


151—162  9zy—110 
3a — Bye = ee » to find the values of z and UP 


Result, x= 9, and y=2 


11. Given 162 + 6y —1 — isa 18h 207 : 
+ 6y 82 — 3y pQ > and 


10z+10y—35 _ 54 
apap Et — = Bef 2y a1? to find the values of x 


and y. Result, x = 6, and y = 5, 


- 12, Given (7+5) (y+7) = (+1) (y—9) + 112, and 
aa+10 = 3y+1, to find the values of x and Yy. 
fesult, x = 3, and Y= ob: 
13. Given dcx = cy—2b, and by oe) oo + cz, 
. ¢ c 


__ a+26 


to find the values of x and y. Resull, « = =, Sex 
be c 


Suggestion—From the 1st equation 2 == ‘ — 5 Substituting 


yon 8 3, 
this in the 2nd, by 4 Se) =z a fe ee rags Whence, trans- 


c b 
a se, De? 28 —c') ab" — e—-¢ 
posing and uniting, ag = > Sona i or 7 
Ba) 
= — x B 7 5 and y = 2p Substituting this value of y in 


the 1st equation and reducing, we find z= — These equations 


can be solved by a variety of methods, but the pupil should con- 
stantly exercise his inventive genius to discover the most expedi- 
tious and elegant solutions.. 


i, 14. Given 2a -+0.4y 221.2, and 3.42—0.02y = 0,01, 46 
find the values of 2 and y. Result, «= .02, y= 2.9, 


oe mens 
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+y = 18.73 
0.560+13.421y = 763.4 


o = —39.81, 
Result, } i 58.54, 


15. Given | 


nearly. 


APPLICATIONS. ~ 


Ex. 1. There are two numbers, such, that three times the 
greater added to one-third the less is 36 ; and if twice the 
greater be subtracted from 6 times the less, and the remain- 
der divided by 8, the quotient will be 4. What are the 
numbers? 

Model Solution. 

Operation. Let « = the greater number, 


and y = the less number. 
Then (1) 30 + fy = 36 


(2) 3 AT ee 


(8) 6y + 54a = 648 
(4) 6y— w= 8 


562 — 616 

e— 1 

(5) 6y — 22 = 82 
y=9 


Explanation.—As there are two unknown quantities involved in 
this example, 7. ¢., the two numbers sought, I let # represent the 
greater and y the less. There are also two sets of conditions stated 
in the problem: Ist, 3 times the greater added to } the less is 36. 
This, according to the notation, is 8¢+4y = 86, which is the first 
equation, The 2d set of conditions is, that twice the greater is to 
be subtracted from 6 times the less, which is 6y—2a, and this differ- 
enee divided tyibaten! ee This quotient is equal to 4. 
Hence the second equation, = 4, 
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2. Find two numbers, such, that if the first be increased 
by a, it will be m times the second ; and if the second be 
increased by 8, it will be m times the first ? 


Result, at s and ee = 


3. What two numbers are those, to 4 of the sum of which 
if I add 13, the result will be 17 ; andif from 4 their differ- 
ence I subtract 1, the remainder will be 2? Verify. 

Ans., 9 and 3. 


[Note.—In verifying the results in such examples as these, no 
attention should be paid to the equations; but the results should 
be tested directly by the statement. Thus, in this example, 4 of 
the sum of 9 and 8is 4. Adding 13 the result is, as the example 
requires, 17. Again } the difference of 9 and 3 is 3. Subtracting 1, 
the remainder is 2, as required.] 


4, What fraction is that, whose numerator being doubled, 
and denominator increased by 7, the value becomes %; but 
the denominator being doubled, and the numerator increased 


by 2, the value becomes 4? 
Ans., $. 


Queries and Suggestions.—How many sets of conditions in this 
problem? What are they? How many unknown (required) 
quantities? What are they? There must always be as many 
of one as of the other, The unknown (required) quantities 
here are the numerator and the denominator of the fraction. 


If these are called respectively 2 and y the fraction is ; 
Now, by the first set of conditions, a = %, and, by the second set, 
+2. 
ey 

5. What fraction is that which becomes $ when its nu- 
merator is increased by 6, and 4 when its denominator is 
_ diminished by2? | Ans., $5- 
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6. If 1 be added to the numerator of a certain fraction, 
its value is4; but if 1 be added to its denominator, its value 
is}. What is the fraction? Verify. . Ans., i. '- 


7. There is a certain number, to the sum of whose digits 
if you add 7, the result will be three times the left hand 
digit ; and iffrom the number itself you subtract 18, the 
digits will have changed places. What is the number? 
Verify. Ans., 53. 


Suggestion.—The two numbers sought are the two digits, Hence 
let y = the units digit, and « = the tens digit. The number then 
is 10e+y. Just as when 6 is the units digit of a number and 5 
the tens, the number is 10x5+6. Of course the number would not 
be represented by zy, for this would indicate the product of the 
digits. (See Part I., 30, Szconp Law, Scholium ist.) The first 
conditions give 2e—y = 7, and the second 10%+y—18 = 10y+a, 
i, e., the units becomes the tens figure and the tens becomes the 
units. 


8. A certain number of two digits contains the sum of its 
digits four times and their product twice. What is the 
number ? Ans. 36. 


9. There is a number consisting of two digits ; the num- 
ber is equal to 3 times the sum of its digits, but if the num- 
ber be multiplied by 3, the product equals the square of the 
sum of its digits. What isthe number? Verify. 


10. A number consisting of 2 digits, when divided by 4 
gives a certain quotient and a remainder of 3; when divided 
by 9, gives another quotient. and a remainder of 8. Now, 
the digit on the left hand is equal to the quotient which 
was obtained when the number was divided by 9; and 
the other digit is equal to = of the quotient obtained 
when the number was divided by 4. What is the number? 
Verify. . 
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11. A farmer parting with his stock, sells to one person 


9 horses and 7 cows for 300 dollars 3 and to another, at the 


Same prices, 6 horses and 13 cows for the same sum. What 
was the price of each ? m 
> <Ans., $24 and $12. 

12. A son asked his father how old he was. His father 
answered him thus: If you take away 5 from my years, and 
divide the remainder by 8, the quotient will be 4 of your 
age ; but if you add 2 to your age, and multiply the whole 
by 3, and then subtract 7 from the product, you will have 
the number of the years of my age. What was the age of 
the father and son ? 
Ans., 53 and 18. 
_ 18. A farmer purchased 100 acres of land for $2450; for 

a part of the land he paid $20 an acre, and for the other part 
$30 an acre. How many acres were there in each part? 
Verify. 

Scholium.—Very many such problems can be solved equally well 
by means of one or of two unknown quantities. 

14. At acertain election 946 men voted for two candidates, 
and the successful one had a majority of 558. How many 
votes were given for each candidate ? Verify. © 


15. A jockey has two horses and two saddles. The sad- 
dles are worth 15 and 10 dollars, respectively. Now if the 
better saddle be put on the better horse, the value of the 
better horse and saddle will be worth 4 of the other horse 
and saddle. But if the better saddle be put on the poorer 
horse, and the poorer saddle on the better horse, the value 
of the better horse and saddle will be worth once and + 
the value of the other. Required the worth of each 
horse ? ' Result., 65 and 50 dollars. 


16. A sum of money was divided equally among a certain 
uumber of persons ; had there been four more persons, each 
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would have received one dollar less, and had there been four 
fewer, each would have received two dollars more than he 
did: required thenumber of persons, and what each received? 
Verify. 


. © noes il aes zt 
Suggestion. i ahs and = (9a 2. Hence zy+4x = 


+y’+4y, and SP ie So alae, or 4a=y'+4y, and —2z 
=—y?+4y. Adding, 2a = 8y. 

17. A farmer hired a laborer for ten mee and agreed to 
pay him $12 for every day he labored, and he was to forfeit 
$8 for every day he was absent. He received at the end of 
his time $40. How many days did he labor, and how many 
days was he absent? Verify. 


18. A boatman can row down stream a distance of 20 
miles, and back again, in 10 hours, the current being uni- 
form all the time; and he finds that he can row 2 miles 
against the current in the same time that he rows 3 miles 
with it. Required the time in going and returning. 

Result, 4 and 6 hours. 

Suggestion.—If z and y are the times of rowing down and up, 


respectively, at what rate does he row down? At what rate up? 
Twice one of these rates equals 3 times the other. 


19. A and B together could have completed a piece of 
work in 15 days, but after laboring together 6 days, A was 
left to finish it alone, which he did in 30 days. _ In how 
many days could each have performed the work alone ? 

Ans., 50, and 214 days. - 
 Suggestion.—If # represent the number of days A would require 
to do it alone, and y the number B would require, how much 
would each do ina day? How much both? How much would 
they do in6 days? How much would remain to be done by A alone? 


How much would A do in 30 days ? In resolving these equations 
do not clear of fractions. 


20. Two pipes, the water flowing in each uniformly, filled 


Sods 
2 Fd ee 
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a cistern containing 330 gallons, the one running during 
5 hours, and the other during 4; the same two pipes, the — 
first running during two hours, and the second three, filled 
another cistern containing 195 gallons. The discharge of 
each pipe is required. Verify. 


21. If I were to enlarge my field by making it 5 rods 
longer and 4 rods wider, its area would be increased 240 
square rods ; but if I were to make its length 4 rods less, and 
its width 5 rods less, its area would be diminished 210 square 
rods. Required the present length, width, and area. Verify. | 

22. A farmer sells a horses, and d cows for $m ; and at the 

‘Same prices a, horses, and 0, cows for $m,; what is the price 
of each? Apply the. results to Hz. 11. See (30) Part 1. 


byn—bm, | aym—am, 
Ans., Of a oes a5 ; of a cow eae 


[Note.—-Observe the symmetry of such results. Thus, in these 
numerators the @ and 6 change places and in the denominators the 
subscripts change letters. ] 

“93. A man bought s acres of land for $m. For a part he 
paid $a per acre, and for the rest $a, per acre. How many 
acres in each part ? Deduce from the general answer obtained 
in this case the particular answers to Hx. 13. ~ 


_* m—a,s M—as 
Ans., ~ and 7 Ueres. 


—a, 1 


24. A waterman rows a given distance a and back again 
in 6 hours, and finds that he can row c miles with the current 
~ ford miles against it: required the times of rowing down and 
up the stream, also the rate of the current and the rate of 


i ; b 
rowing? Ans. Time down, at time up, <7} rate 


oe - | a(e-+d) 
of Pha. —- ; rate of rowing, sees 


t Deduce from these answers those of Ex. 18. 


=e 
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GRECTION HLL 


46, Prob.—Having given several simple, simultaneous, 
independent equations, involving as many unknown quanti- 
ties as there are equations, to find the values of the unknown 
quantities, 


Rule. Combine the equations two and two by 
either of the methods of elimination, eliminating by 
each combination the same unknown quantity, thus 
producing a new set of equations, one less in number, 
and containing at least one less unknown quantity. 


ITI. Combine this new set two and two in like manner, 
eliminating another of the unknown quantities. 


ITI. Repeat the process wntil a single equation is 
found with but one unknown quantity. 


IV. Solve this equation and then substitute the valwe 
of this unknown quantity in one of the next preceding 
set of equations, and there will result an equation 
containing another single unknown quantity, the 
value of which can therefore be found. 


V. Substitute the two values now found in one of the 
next preceding set, and find the value of the remain- 
ing unknown quantity in this equation. Continue 
this process till all the unknown quantities are deter- 
mined. 


Scholium 1.—If any equation of any set does not contain the 
quantity you are seeking to eliminate from the following set, this 


eee 
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equation can be written at once in that set and the remaining equa- 
tions combined. 


Scholium 2.—In eliminating any unknown quantity from a par- 
ticular set of equations, any one of the equations may be combined 
with each of the others, and the new set thus formed. But some 
other order may be preferable as giving simpler results, 


Scholium 3.—It is sometimes better to find the values of all the 
unknown quantities in the same way as the first is found, rather 
than by substitution. 


Demonstration 1.—The combinations of the equations give true 
equations because they are all made upon the methods of elimina- 
tion already demonstrated. 

2. That the number of equations can always be reduced to one 
by this process, is evident, since, if we have n equations and com- 
bine any one of them with each of the others, there will be n—1 new 
equations, Combining one of these n—1 new equations with all the 
rest there will result n—2. Hence n—1 such combinations will 
produce a single equation; and as one unknown quantity, at least, 
has disappeared from each set there will be but one left. Q. B.D. 


EXAMPLES. 
Ex. 1. Given (1,) Ya—2z2+3u = 1%, 
: (2) t+4y—2z = 11, 
(3,) dy—3¢—2u = 8, 
(4) —3u+2t+4y= 9, 
(5;) 3z+8u = 83, 
to find the values of 2, y, z, ¢, and u. 
Model Solution. 
Operation.  (1,) t+4y—22= 11 
(22)  %#+4y—3u 9| 2nd set, from which 


(39) 32+8u = 33 | 2 is absent. 
(4,) 85y—6e—5u=107/ 
(13) 82+ 8u = 


sa i. 4g oe x and ¢ are absent, 
P — (Nill 


(1,) 8e+8u= 88) 4th set, from which 
(2,) 1162-125" = —27 } x, t, and y, are absent, 


a 8rd set, from which 


f 
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(1,) 1808u = 8909 ».u=3- 


(1,) 32¢+24 =83 2=8 
(8,) 4y—124+9=18 ..y=4 
(l,) ¢+16-6=11 .. t=1 
(3,) 20—38@—6= 8 tes 2 


Explanation.—I notice that I have 5 equations with 5 unknown 
quantities. From these I wish to produce a new set of 4 equations 
from which one at least of the unknown quantities shall be eliminated. 
I observe that 2 does not appear in (2, ), (4,), and (5,), hence I write 
these as three of the 2d set of equations, Then eliminating z 
between (1,) and (3,) I have (4,), and thus obtain the 2nd set of 4 
equations containing only 4 unknown quantities. 


Again, as ¢ is contained in a less number of this set of equations 
than any one of the other unknown quantities, I eliminate it next; 
i. é., 1 produce a 8rd set which does not contain it. As (3,) and 
(4,) do not contain ¢, I transfer them at once to the 3rd set; and 
then eliminating ¢ between (1,) and (2,) this set is complete, sina 
8 equations with 3 unknown quantities. 


Now eliminating y from this set by combining (2,) and (85), and 
transferring (1,), I have the 4th set of two equations with only 2 


unknown quantities. Combining these two so as to eliminate 21 
find wu = 3. 


Finally, substituting 3 for win (1,), I find z= 8. 
Substituting 3 for uv and 3 for z in (8,), I find y = 4. 
Substituting 4 for y and 3 for z in (1,), I find ¢=1. 
Substituting the valuesofy and win (3,), I find z = 2. 


e+y = 30) Pa Of, 

2. Given { w+ z= 2 si y= 10; 
yt2=15 re 

8r—4y = 24— 2, == 12, 

3. Given; 6z+4+ y= 2484, Values, + y = 20, 
x+80 = 3y+4z. i 


u= 
x75 
_— 


) 


“Ax— y+ 32 = 35 Val 
4u+32—2y = 19 rieteeg 


2u+4y +22 = 46 


4. Given 


~) 


~) 


ab t+ 2Y— z= 22 


a Se a 
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x 
at gt = 1%, t= 48, 
; x 
5. Given at itz = 94, Results, 4 y = 120, 
it e+e == 76, Z = 240. 


Suggestion.—This may be solved in the ordinary way by clearing 
of fractions, etc., but the following is far more elegant: 
Dividing the 1st by 3 and the 2nd by 2 and subtracting, we have 


y a 1% 
727 60-38 
J 2nd set. 
Subtracting } the 1st from the 8rd..... a her oe 14 
2A apes ag My 
Oh 360 + 5-60 15 
ee ent 
| 360 | 24-126 
. 2 1 cits, 
Subtracting - Bhd-868 — 80 T = 1, and z = 240, 
2 6& 1 
ist | 2 
aty a a+b—c’ 
:  Nege 2 
6. Given; (+7 =4, Values, | ¥ = 775» 
Hea | 2 
yt” Set rree 


Suggestion.—Do not clear of fractions. Having found the value 
of one unknown quantity, do not get the others by substitution, but 
. Teturn to the original equations and get each in the same manner. 


auPO. ees E 


a =— 6, 
coy « 12 i 
Cy Me re : 
rie Given | o— +5 = oP Values, + ¥ = 12, 
2 Sv eee eae | 
ee SE ge ee = 8, 
zt yte 2 ‘ 
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8. Given 


9. Given 


10. Given 


11. Given 


12. Given 


ye eee i SS 
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zta= yt+4%, 
YAO = 2u4 2, 
2+ta = 3@+3y. 


9a + 6y +424 30+ 2u 
+1=—0, 
1l6z+4v+1= 0, 


252—5y +z + bv —u 


+1=0, 
z+ 2y+4e—v — 2u 

+1=—0, 
4¢—2y +2 —2v + u 

0s 


utv+e+y= 10, 
utv+t+e+z2z = 11, 
utv+ty+z = 12, 
Uute+y+z = 13, 
v+e+y+2 = 14. 


3y—1 62 =z 
Spa et 
52 42 5 
Pi ak pe 
Bae ks ote pol vow Rmoiig 
eG Cat eee eS 
Tig 10g a5 2 ee | 
ata—Q2y  z—y— 
BG igs <2 Z| 
38a = HY H2+7 


Values, 


Values, iz = 


Values, + 2 = 5, 


(lp 
Wisal, 


R= 2, 


Values, 4 y= 3, 


| Aa | 
== 10: 

Values 
; =P. 
Zaks 
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4e+3y+2_ 2y+2z—a2+1) 
10 


15 
r—z—5 fie coe 
9% + dy —2z 22 +y—3z 
aes 2 
13. Given Ve os 
ty 4e43 ! alues, y=", 
~tagla sla al basic 
12 ws 
3r+42 Fy 
=y—1+—— a 
[x+ty = 10—}, am Sa 
14, Given { $(x+z) = 9—y, Values, 3 y = 4, 
4(a—z) = 2y—7. £=3i 
APPLICATIONS. 


Ex. 1. The sum of three numbers is 9. The sum of the 
first, twice the second, and three times the third is 22. The 
sum of the first, four times the second, and nine times the 
third is 58, What are the numbers? Ans., 1, 3, and 5. 

Suggestion.—How many unknown quantities? How many sets 
of conditions? What are they? Express the first in an equation,— 
the second,—the third. 

2. Five persons, A, B, C, D, and E played at cards; after 
A had won half of B’s money, B one-third of C’s, 0 one- 
fourth of D’s, and D one-sixth of E’s, they each had $7.50. 
How much had each to begin with ? 

Ans., A, $2.75; B, $9.50; C, $8.25; D, $8; and H, $9. — 

3. There are 4 men, A, B, ©, and D, the value of whose 
estates is $14,000; twice A’s, three times B’s, half of C’s, 


4 
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and one-fifth of D’s, is $16,000; A’s, twice B’s, twice C’s, 
and two-fifths of D’s, is $18,000; and half of A’s, with one- 
third of B’s, one-fourth of C’s, and one-fifth of D’s, is 
$4,000. Required the property of each. | 

Ans., A’s, $2,000; B’s, $3,000; C’s, $4,000; D’s, $5,000. 


4, A number is represented by three figures ; the sum of 
these is 11; the figure in the place of units is double that in 
the place of hundreds, and when 297 is added to this num- 
ber, the sum obtained is represented by the figures of this 
number reversed. What is the number? Ans., 326. 


Suggestion.—Letting x represent the hundreds figure, y the tens, 
and z the units, the number is represented by 100z+10y+2. The 
number with the digits reversed is 1002+ 10y+<2. 


5. A man worked for a person ten days, having his wife 
with him 8 days, and his son 6 days, and he received $10.30 
as compensation for all three; at another time he wrought 
12 days, his wife 10 days, and son 4 days, and he received 
$13.20; at another time he wrought 15 days, his wife 10 
days, and his son 12 days, at the same rates as before, and 
he received $13.84. What were the daily wages of each ? 

Ans.,.The husband %5 cts.; wife, 50 cts. The son, 20 
cts. expense per day. 


Suggestion.—The value of the quantity representing the son’s 
wages is found to be negative. Therefore the son produced the 
opposite effect from wages; 7. ¢., he was an expense. 


6. Three masons, A, B, C, are to build a wall. A and B, 
jointly, can build the wall in 12 days; B and C can accom- 
plish it in 20 days, and A and O in 15 days. How many 
days would each require to build the wall, and in what time 
will they finish it, if all three work together ?: 

Ans., A requires 20 days; B, 30; and C, 60; and all 
three require 10 days. 
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7. Three laborers are employed on a certain work. A 
and B, jointly, can complete the work in a days; A and © 
_ require 6 days, B and C require ¢ days. What time does 
each one, working alone, require to accomplish the work, 
on the condition that each one, under all circumstances, 
does the same quantity of work? And in what time would 
they finish it, if they all three worked together ? 

2abe 2abe 


days, B -_—_——- days, 


~ Ans., A requires beach eas cae 


ted 2abe a , 
and C Satan es days. Jointly, they require 
days. 

Deduce from these results those of the preceding 


example. 


Rabe 
ab+ac+be 


8. If A and B together can perform a piece of work in 
8 days, A and C together in 9 days, and B and C together 
in 10 days, in how many days can each alone perform the 
same work ? 

Ans., A in 1434 days, B in 172} days, and CO in 23, 
days. 

9. A gentleman left a sum of money to be divided among 
his four sons, so that the share of the oldest was 4 of the 
-sum of the shares of the other three, the share of the | 
‘second 4 of the sum of the other three, and the share of the 
third } of the sum of the other three; and it was found 
that the share of the oldest exceeded that of the youngest 
‘by $14. What was the whole sum, and what was the share 
of each person ? 
. Ans., Whole sum, $120; oldest son’s share, $40; second 
‘son’s, $30; third son’s, $24; youngest son’s, $26. , 
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SYNOPSIS. 
{ Algebra. 
f Equation. Members. 


DEFINITIONS. < Independent Equations. Simultaneous. 
Transposition. Elimination. 
Statement. Solution. 


KINDS OF z si tic With one unknown quantity. 
EQUATIONS. H My * \ With more than one unknown quantity. 


igher. 
AXIOMS. 
|. Clearing of fractions. Rutz. Dem. Il. 
TRANSFOR- | 2. Transposition. Rutz. Dem. Il. 
MATIONS. 3. Uniting terms. 
4. Dividing by coefficient of unknown quan. 


Prob. !. To solve equations. 


Ruiz. Dem. Practical suggestions. 


Prob. 2. To free an equation of radicals. 
Ruiz. Dem. 


SIMPLE EQUATIONS. 


Practical suggestions, 


( Number of methods. Reason for several. 
Prob. |. By comparison. Rutz. Dem. 
Prob. 2. By substitution. Rutz. Dem. 
Prob. 3. By addition and subtraction. Rote. Dem. 
Prob. 4. With several unknown quantities. 

Route. Dem. 


ELIMINATION. 


Sch. 1, 2, 


Test Questions ——Upon what principle is an equation cleared of 
fractions? How is it done? Upon what principle is elimination 
by addition and subtraction performed? What comparison? Sub- - 
stitution? Give the seven Practical Suggestions upon solving 
Simple Equations. The six upon freeing of Radicals. Give the 
reason for changing the signs of the terms of a fraction having a 
polynomial numerator, preceded by a minus sign, when clearing of 
fractions. What is the general method of precedure in stating a 
problem? Does the statement involve a knowledge of anything but 
algebra? Illustrate. Upon what principle may all the signs of an 
equation be changed? (This may be explained in at least four dif- 
ferent ways.) Having given the sum and difference of two quanti- 
ties, how are the quantities found? Prove it, 


Procnession 


— ‘@CHAPTER, n. 


QOEC TION f. 


RATIO. 

47. Ratio is the relative magnitude of one quantity as 
compared with another of the same kind, and is expressed 
by the quotient arising from dividing the first by the second. 
The first quantity named is called the Antecedent, and the 
second the Consequent. Taken together they are called the 
Terms of the ratio, or a Couplet. 


48. The Sign of ratio is the colon, :, the common sign 
of division, +, or the fractional form of indicating ‘Srna 


illustration.—The ratio of 8 to 4is expressed 8: 4, 8+-4, or — o any 


one of which may be read “‘8 is to 4,” or “ratio of 8 to 4.” The 
antecedent is 8, and the consequent 4, The sign: is an exact 
equivalent for +, and by many writers, especially the Germans, the 
former is used exclusively. The sign : is, probably, a mere modi- 
fication of +-, made by dropping the horizontal line, as unnecessary, 
Possibly the sign + finds its analogy in the fractional form for 
expressing division, by considering the upper dot as symbolizing a 
dividend, and the lower a divisor. 

49. Cor.—A ratio being merely a fraction, or an unese- 
cuted problem, in Division, of which the antecedent is the 


r 
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numerator, or dividend, and the consequent the denominator, or 
divisor, any changes made upon the terms of a ratio produce 
the same effect upon tts value, as the like changes do upon the 
value of a fraction, when made upon its corresponding terms. 
The principal of these are, 


Ist. Jf both terms are multiplied, or both divided by the same 
number, the value of the ratio is NOT CHANGED. 


Illustration. 16:8 = 2 
-4x16:4x8 = 2 
Ag: $ a 


2nd. A ratio is MULTIPLIED by multiplying the antecedent 
or by dividing the consequent. 


Illustration. 82:8=4 
2x82 2Si18 
82: = 8 

3rd. A ratio is DIVIDED by dividing the antecedent or by 

multiplying the consequent. 

Illustration. 24:6 =4 
24:6 =a 
24:2x6 = 2 


50. A Direct Ratio is the quotient of the antecedent 
divided by the consequent, as explained above. (4'7.) 


An Indirect or Reciprocal Ratio is the quotient of 
the consequent divided by the antecedent, 7. ¢., the recipro- 
cal of the direct ratio. 


Thus, the direct ratio of 6 to 8 is 2, but the inverse ratio is 3 or 4. 
When the word ratio is used without qualification it means direct 
ratio. The inverse or reciprocal, it will be seen, is the ratio of the 
reciprocals. Thus the inverse ratio of 8 to 4 is the ratio of 4 to 4, 


or $. 


51. A ratio is always WRITTEN as a direct ratio. 


a 


Thus, the inverse ratio of a to b is b: a, or 4 : 2 the latter being 
expressed as the direct ratio of the reciprocals, ; 
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52. A ratio of Greater Inequality is 4 ratio which ig 
greater than unity, as 4:3. A ratio of Less ney 
is a ratio which is less than unity, as 3:4. 


53, A Compound Ratio is the product of the cor- 
responding terms of several simpleratios. 

Thus, the compound ratio a:b, ¢:d, m:n,isaem:bdn. Thisterm 
corresponds to compound fraction. A compound ratio is the same 
in effect as a compound fraction: 

54, A Duplicate Ratio is the ratio of the squares, a 
triplicate, of the cubes, a subduplicate, of the square 
roots, and a subtriplicate, of the cude roots of two num- 
bers. Thus, a?: 2, a3:03, \/a : /b, and Wa: 3. 

' EXAMPLES. 
Ex. 1. What is the ratio of 3am? to 6am? ? 


Model Solution.—Since the ratio of two quantities is the quotient 
of the antecedent divided by the consequent, the ratio 8am* : 6am? is 
oar or aa 
6am?’ 22” 

2. What is the inverse ratio of a—d to a?—2?? 

Ans., +6. 
Sos ay 


E 


Schaal inthe ratio of to 5? of? : %> Of 


2 
Bre On i 28 t or Sor gees. 
Answers to three, 1, 14, and ii 
4. What i is the triplicate ratio of 6 to 2, Ans., 217. 
5. What is the subduplicate ratio of 64 to 16? Ans., 2. 
6. What is the compound ratio of 3 to 4, 8 to 9, 2 to 6, 


and 4 to 2? Ans., 4:9, or 3 


2 
3! 2a 


7%. Reduce 360:315 to its lowest terms. 


Suggestion. —This is the same as reducing a fraction to its lowest 
terms, The result is 8: 7. 


x 
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8. Reduce a'+ 2a*z : a to its lowest terms. 
' Result, a+2a:1. 


9. Which is the greater, 16: 15, or 17 to 14? 


Suggestion.—To compare two fractions, reduce them to a common 
denominator. On thesame princip'e these ratios become 224 : 210, 
and 255:210. Otherwise perform the division and compare the 
quotients, By this method we have 1.06+, and 1.21+. 


10. Which is greater, a@—:a—bd, or a@+2ab+h: 
a+o? 

11. Which is least of the ratios 20:17, 22:18, and 
25 : 23? 

12. Which is greater, a+2: ha+4, ora+4:}4a+5? 

Ans., a+4:4a+5>4a+42: 4444. 

13. What is the compound ratio of 15:12, 6:7, and 
9:4? Ans., 135 : 56, 

14. Compound the ratios a—2*:a@, atax:b, and 
b:a—2. Result, The duplicate ratio of a+2 to a. 

15. Show that the compound ratio of e+y: a, «—y: b, 


Levy 
and 6: *—¥ is 1, 


16. Is the compound ratio of 3a+2: 6a+1, and 2a+3: 
a+2, a ratio of greater or of less inequality, if a is —3? If 


ais2? -Ifais —2? Ans.,—Zero, Greater, Infinity. 
17. Compound the following: 7:5, the duplicate of 
4:9, and the triplicate of 3 : 2. Result, 14 : 15. 
3 , 
; er te, 88 Ey eee 
. Suggestion. 5 x 9 oe 3.6.8 7 14: 16. 


18. Compound the sub-duplicate of 2*: y?, and the tripli- 
cate of Va: Vy. Result, @ > ap. 
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19. Compound the inverse ratio of /z+/y to ay, 
and the direct ratio x+2/zy+y: /z+V/y. 
Result, z—y. 
20. Which is the greater, the inverse subtriplicate ratio - 
of 8 to 64, or the direct duplicate ratio of 2 to 3? 


Proportion. 


RECTION IL. 


55. Proportion is an equality of ratios, the terms of 
the ratios being expressed. The equality is indicated iY 
the ordinary sign of equality, =, or by the double colon : 

Thus, 8:4 = 6:3, or 8:4::6:8, or 8+4=6+8, or -=— 


all mean precisely the same thing. A proportion is usually read 
thus: ‘‘as 8 is to 4 so is 6 to 8.” 


Scholium.—The pupil should practice writing a proportion in the 


form ¢ = © , still reading it “ais to b as ¢ is to d.” One form 


bere 
should be as familiar as the other. He must accustom himself to 
the thought that a@:6::¢:d means ; = 5 and nothing more. It will 


_ be seen that the language “8 is to 4 as6 is to 3,” means simply that 


= - for it is an abbreviated form for saying that “the relation 
which 8 bears to 4 is the same as (is equal to) that which 6 bears 


is 3 ; et 6 
to 2;” that is, 8 is as many times 4 as 6 is times 3, or : ae 


56. The Extremes (outside terms) of a proportion are 
the first and fourth terms. The Means (middle terms) are ~ 
the second and third terms. Thus, in a:b =c:d,a@ and, 
d are the extremes, and 6 and ¢ are the means. 
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57. A Mean Proportional between two quantities is a 
quantity to which either of the two bears the same ratio 
that the mean does to the other. 


Thus, if m is a mean proportional between @ and b, a bears .the 
same ratio to m that m does to 6; 7. ¢, @:m::m:b, 


58. A Third Proportional to two quantities is such a 
quantity that the first is to the second as the second is to 
this third (proportional). 


Thus, in the last proportion, } is a third proportional to a and m. 
So, also, a is a third proportional to 6 and m. 


Scholium.—Notice carefully the language used in the last two 
definitions. We do not say ‘‘a mean proportional to,” but “a 
mean proportional between,” two others. So, again, wesay “a third - 
proportional to two others.” Moreover, it is necessary that the two 
others be taken in the order named in the statement. Thus, if y is 
a third proportional to m and n, m:n::n:y. But, if y isa third 
proportional to n.and m, n:m::m:y. 


59. A proportion is taken by Inversion when the terms 
of each ratio are written in inverse order. Thus, if 
a:6::¢:d, by inversion we have b:a::d:c. Itis tobe 
observed that in inversion the means are made extremes, 
and the extremes means. 


- 60. A proportion is taken by Alternation when the 

“means are made to change places, or the extremes. Thus, 
a:b::¢e:d becomes by alternation either a:c¢::0:d, or 
d:b::¢:a. The appositeness of the term alternation 
(taking every other one) is seen from the fact that the new 
order is obtained by taking the terms alternately; that is, 
Ist and 3rd, 2d and 4th; or 4th and 2nd, 3rd and Ist. — 


61. A proportion is taken by Composition when 
the sum of the terms of each ratio is compared with either 
+ term of that ratio, the same order being observed in both 
ratios; or when the-sum of the antecedents and aces sum of 
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the consequents are compared with either antecedent and 
its consequent. Thus, if a:b::c¢:d, by composition 
we have a+0b:a::c+d:c, or a+6:6::ce4+d:d, or 
at+te:6+d::a:b, orate: d+d::e:d. 

62. If the difference instead of the sum be taken in the 
last definition, the proportion is taken by Division. 


63. Four quantities are Inversely or Reciprocally Propor- 
tional when the 1st is to the 2nd as the 4th is to the 3rd, 
or as the reciprocal of the 3rd is to the reciprocal of the 
4th. Thus, if a and 0 are to each other inversely, or recipro- 
cally, as m and n, a:b::n:m, or what is the same thing, 


64. A Continued Proportion is a succession of equal 
ratios, in which each consequent is the antecedent of the 
next ratio. Thus, if @:6::6:c::¢:d::d:e. we have a 
continued proportion. 


65. Prop. 1.—In a proportion the product of the 
extremes equals the product of the means. 

Demonstration.—If @:6::¢:d then ad=be. For a:b::e:d 
is the same as ;= - which cleared of fractions becomes ad = be, 
Q. E. D. 

66. Cor. 1.—The square of a mean nes equals the 
product of its extremes, and hence a mean proportional itself 
equals the square root of the product of its extremes. For, if 
a:m::m:d, by the proposition m? = ad. Whence ex- 
tracting the square root of each member, m = Vad. 

GY. Cor. 2.—Hither extreme of a proportion equals the 


| product of the means divided by the other extreme ; and, in 
- hike id either mean equals the pr oduct of the eatremes 


288 RATIO, PROPORTION, AND PROGRESSION. 


divided by the other mean. For, if a:6::¢:d, ad = be. 


aplgais Pee gee pads, and mre’. 
a Cc b 


68. Prop. 2.—If the product of two quantities 
equals the product of two others, the two former may 
be made the extremes, or the means of a proportion, 
and the two latter the other terms. 

Demonstration.—Suppose my = nz. Dividing each member by 
wy, we have ~ = rt i.€@, m:@::n:y. In like manner dividing 


©. 
by mn we have f= -, 4.6. YiNii im. 


Let the pupil determine how each of the following forms 
may be deduced from the relation my = nz. 


Ly see LV RAM ase eR Given above. 

eS ON Ge OR LO. By what do you divide? 

By gp FOR SN Si Atay Ss Given above. 

ACT gf HEN Waa ss ab Dividing ma by each mem- 
ber we have ~ = =. 

De UW Sea ONL ata as eka By what do you divide? 

6. ve alty Ae ia es ee How obtained ? 

Ta hE Sen Oc EN ee hay ae ad 

Be FP SOM San Sine ee . 


TRANSFORMATIONS OF A PROPORTION. | 


69. Prop. 3.—Proposition 1, together with the two 
principles that such changes in the terms of a Aoi 
tion may be made, as, 

1. Do not change the values of the ratios, 

2. Chanége both ratios alike, 
are sufficient to determine in all cases what transfor- 
mations are possible without destroying the proportion. 


That these two principles are correct is evident from the nature 
of a proportion, as an equality of ratios. 
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EXAMPLES. 


MULTIPLES. 

Ex. 1. If a@:b::«:y, prove that ma:mb::2:y. 

Sclution—This change does not alter the value of the first 
ratio, and hence the equality of ratios remains. 

2. If a:b::a:y is ma:mb::ne:ny? Why? Is the 
value of either ratio changed? Why? 

3. If a:b::a:y is ma:b::me:y? Is the value of 
either ratio changed? How? 

Ans., This change does not destroy the proportion, 


because it multiplies both ratios by the same quantity. 


PE Poi ek od a inky? OF oe eee 
4, Tf a:bi:ary, is ai:mb::a:my? or biz cys 


a 
or —:b:: a: my? 
m 


5. If the first term of a proportion is multiplied by any 
number, in what four ways may it be compensated so as 
not to destroy the proportion? Does multiplying the third 
term by the same number compensate? Why? Does 
dividing the 4th term? Why? Does dividing the second 
term? Why? 

6. If the third term of a proportion is divided by any 
number, in what ways can the change be compensated so as 
not to destroy the proportion? Give the reason in each case. 


CHANGES IN THE ORDER OF TERMS. 
7. If a:b::2:y is @:%::b:y? How are the ratios 


changed ? 
Solution. @:6::a:y is the same as s=y (55). Now multi- 
F b 
plying each member of this equality by 7? we have 


13 


yy 
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re 

= X-—->- XxX =- 

Sea le Tee) 

of == e which is 
Ca 
asmrobig. 


Thus we see that a@:b::a:y is transformed into @:%::b:y by 
multiplying both ratios by a This does not destroy their equality 
by (69, 2). 

O9a. Hence we see that we can change the order of the means with- 
out destroying a proportion. ; 

8. If m:a::n:y, is m:m::y:2? Howare the ratios 
changed ? 


Ans., Yes. The first, -, is multiplied by —. and the 

2 < 

second, = is multiplied by ¥ and — — y since nx=my. 
y xn mM ne 


9. If four quantities are in proportion are they in propor- 
tion by inversion? How are the ratios changed ? 

Solution. @:0::¢:d is the same as ;= : , by the definition of 
a proportion. Now dividing 1 by each member of this equality I 
have 


The substance of this is that if two Menid = are equal, their 
reciprocals are equal. 


ODD. Hence we see that we can take a proportion by inversion with- 
out destroying it. . 

10. If 3a) : 267: : 6ma : 10m*2*, is 2: a? ::5mz: ? 

Solution. —Taking the proportion, and cancelling like factors from 
both terms of the same ratio, which does not change its value, and 
like factors from both antecedents, which divides both ratios and 
hence does not destroy the proportion, and like factors from both 


consequents, which divides both ratios, and hence does not destroy 
the proportion, we-have 
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b3 P) 5 
ga2B : 26% :: Omg: 1Pm*x?, 
or a®: 6::2: 5m. — 
Whence changing the order of the ratios 2: 5ma::a°:0?, and 
finally changing the order of the means (69, 2), we have 
2207 2: Oma: d. 


11. If gaa’: foy :: a®x : By, show that b: 4 :: a@: ¥. 


COMPOSITION AND DIVISION. 
12. If@:6::m:n, show that a+b:a :im+tnim. 


Solution. @:06:: m:n is the same as ;=o- Now add , to 


b 
the first member and “ to the second, and we have aes ! = 


b 
le 
bo De: nee 


; that isa+b:b::m+nin. 
18. If a: 0:: 2: y, show that a—d:b::a—yiy. 
Suggestion.—Subtract from the first ratio ah and from the sec- 
ond. a 
We 


14. If m:n::a%:y, show that m+n:m—ni:2+y 
22—Y. 


Suggestion.—By the. method of Hz. 12, I have men = — 
and by that of Zx. 13, a = — 
Mtn wt+y 


Dividing the former by the latter, I have rg 
that is, m+n:M—n i: a@+y:2—y. ; 
G9c. Hence we see that a proportion may be taken by composition, 
or by division, or by both at once, without destroying it. 
15. If ta—a:4a+a::b—y:b+y, show that aay 
‘ut Ds, 
16. Ifa:b:: a: y, doesit follow that a—y :b—a::a:2? 
Ans., No. 


f 
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17. From a:6::%:y, prove that ma+nb:ma—nb 
::ma+tny:ma—ny. Also that if a:b::¢e:d,andm:n 


a@ bi o¢ 
eae Ce, Oe ee 


18. Ifa: d:: 2: yi sila: oP? leat: Oe ts a tae? 
Is Va: Vb:: Ve: Vy? Is ab: bt:: a3: yb? ie LS. 
:: am: ym whether m is integral or fractional, positive or 
hegative? Why is it that the ratios remain equal in each 
case ? How are they changed ? 


MISCELLANEOUS. 


19. Ifa: b::c¢:d, show that ma+nd : pa+gqb:: me+nd 
: pe+qd. 


Suggestion.—The ratios to be compared when reduced to a C. D. 
acmp + benp + admg + bdng ate aemp + bemq + adnp +bdng 
(ap +b(cp + 4g) (ap+bq(cp+dq) 

Now from the given proportion we learn that wd = be, Therefore, 
exchanging them in the two middle terms of the first ratio, the 
ratios become identical. 

This may also be shown as follows: Multiplying antecedents by 
m and consequents by n, ma:nb::me:nd. By composition 
ma+nb:ma::me+nd:me, or multiplying both ratios by m, 
ma+nb:a::me+nd:e. By changing the places of the means 
ma+nb:me+nd::a:e. In like manner it may be shown that 
patgd:pe+gqd::a:e. .. matnb:me+nd :: pat+gqh: pe+qd, or 
ma+nb:pa+qb::me+nd: pe+gd. The student should give the 
reason why each step does not vitiate the proportion, according 
to (69), 


20. If (¢ ++ ¢ +d) (a—b—c+d) = (a—b+c—d) 
(a+b—c—d) prove that a:0b::¢:d. 


are, —— 


Suggestion.—Performing the operations and reducing, 2ad—2be 


= —2ad + 2be, or ad = be. Whence ¢ = S, ora:b::e:d, 
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This may also be Pee by writing according to Prop. 2, a+5 
+¢+d:a—b+c—d:: a+b—c—d:a—b—e4d. Comparing the sum 


of each satenedunt and its consequent with their difference, 2¢ — 


+2¢: 26+ 2d :: 2a—2c:2b—2d. Whence at+e:a—e::b+d:b—d. . 
Repeating the same processes we have a:b::¢:d. 


a—az 

21. If ve 
duce other forms of proportion from the given relation. 
How many can be produced ? 

22. If r = s/t, show that r:s::1: 2. 

23. If (a+)? : (a—z)*:: pe e—y, show that a: 
2: /2a—y : Vy. 

Solution. a? + 2an+2?: a —Zaa+a? i: e@+y:0—y, 

2a? + 2x? : daw :: 2a: 2y, a? +a: a7 :: 2asy, 
@ 2473: 2a—y:y, ©. a:a@:: 4/2a—y: “/y. 
Let the student give the reasons. 

Pee titsOs.e:d::6:fi:g:h::1: kh, etc, show that 
(a+c+e+g+i+,etc.) :(6+d+f+h+k-+, ete.) :: 4:6, or 
e:d, ore: f,etc. That is, in a series of equal ratios, the 
sum of all the antecedents is to the sum of all the conse- 
quents, as any antecedent is to its consequent. 


Solution. 2 7= = 5 or ab = ba, Fa qr d= be, 


a a 7% : 
Preah vs =F or ah = bg, 5 teal heal coded ce 

Adding, Be ac etc.) = D(at+e+et+g+tit, etc.) ; 
whence (at+ce+et+g+i+, etc.):(+d+ft+ht+h+, ete.) :: a:b or 
(since a:b =e: d, ete.), as ¢:d:: @:f, ete. 

25. Four given numbers are represented by a, 0, c, d; 
what quantity added to each will give sums which are pro- 
portional. be—ad 

Ans., shag te ear = 

96. If four numbers are proportionals, show that there is 

no number which, being added to each, will leave the 


resulting four numbers proportionals. 


= b, show that a—z : 2a::26:a+<a. Pro- 


Procression 
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70. A Progression is a series of terms which increase 
or decrease by a common difference, or by a common mul- 
tiplier.* The former is called an <Arithmetical, and the 
latter a Geometrical Progression. 

A Progression is Increasing or Decreasing according as 
the terms increase or decrease in passing to the right. The 
terms Ascending and Descending are used in the same sense 
as increasing and decreasing, respectively. 


In an increasing Arithmetical Progression the common 
difference is added to any one term to produce the next 
term to the right; and in a decreasing progression it is 
subtracted. 


In an increasing Geometrical Progression the constant 
multiplier by which each succeeding term to the right is 
produced from the preceding is more than unity ; and in a 
decreasing progression it is less than unity. This constant 
multiplier in a Geometrical Progression is called the Ratio. 
of the series.t+ 


71. The character, .., is used to separate the terms. of 
an Arithmetical Progression, and the colon, :, for a like 
purpose in a Geometrical Progression. 


* This is the common use of the term. It is also used to include what is called 
a Harmonical Progression. 


+ This is an unfortunate use of the term Ratio, inasmuch as it is at variance with 
its use in proportion. To harmonize the use of the term in proportion, with this 
use, may have led some writers to define ratio, as used in proportion, as the quo- 
tient of the consequent divided by the antecedent. But the definition has. neither 
logic nor the common usage of authors, English or Continental, to support it. The 
French use rapport in proportion, and rai-on in progression, ? 
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Illustrations. 

1..3..5..7, etc., is an Increasing Arithmetical Progression with a 
common difference 2, or +2. 

15..10..5..0..—5, etc., is a Decreasing Arithmetical Progression 
with a common difference—5. 

@..a@+d..a+2d..a+ 3d, etc., is the general form of an Arith- 
metical Progression, d being the com- 
mon difference. 

2:4:8:16, etc., is an Increasing Geometrical Progression with 

ratio 2. 

12:4: 4:4: 35, etc., is a Decreasing Geometrical Progression with 
ratio 4, 

@:ar:ar*: ar*: ar‘, etc., is the general form of a Geometrical Pro- 
gression, 7 being the ratio, and greater 
or less than unity, according as the 
series is increasing or decreasing. 


72. There are Five Things to be considered in any pro- 
gression; viz., the first term, the last term, the common 
difference or the ratio, the number of terms, and the sum of 
the series, either three of which being given the other two 
can be found, as will appear from the subsequent discussion. 


MARITHMETICAL j) 


Be aan PAI Ponies [eos igeall| 


7 PROGRESSION 


V3. Prop.1.—The formula for finding the nth, or 
last term of an Arithmetical Progression ; or, more 
properly, the formula expressing the relation between 
the first term, the nth term, the common difference, 
and the number of terms of swch a series is 

t7=a+(n—1)d, 
in which a is the first term, dthe common difference, m the - 
number of terms, and /the zth or last term, d being positive 
or negative according as the series is increasing or decreasing. 


f 
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Demonstration.-—According to the notation, the series is 
a. .a+d..a+2d..a+3d..a+4d..a+ 5d, ete. 
idee we observe that as each succeeding term is produced by add- 
ing the common difference to the preceding, when we haye reached _ 
the nth term, we shall have added the common difference to the first 
term n—1 times; that is, the nth term, or? =a+(n—1)d. Q. B.D. 


Scholium.——As this formula is a simple equation in terms of @, J, 
n, and d, any one of them may be found in terms of the other three. 


V4. Prop. 2.—The formula for the sum of an 
Arithmetical Progression, i. e., expressing the rela- 
tion between the sum of the series, the first term, last 
term, and number of terms is 

_fatl 
eas er) |n, 


s representing the sum of the series, a the first term, 7 the 
last term, and the number of terms. 

Demonstration.—If / is the last term of the progression, the term 
before it is J—d, and the one before that /—2d, etc. Hence, as a..a 
+d..@+2d..a+3d----1, represents the series, 7. .J—d..l—2d..l 
—3d----a, represents the ‘same series reversed, Now, the sum 
of the first series is 

eS a+(a+d)+(a+2)+ --- (—2d) + (—d) +1; 
and reversed, s =1+(/— d)+(I-2d)+  - -- (a@4+2d)+(a+d) +a. 
Adding, 23 = 28 = (a+) + (a+) +(a+l)+ --- (@+1)+(a4+)+ (4d. 
Tf the number of terms in the series is: n, there will be m terms in 
this sum, each of which is (@ +2); hence 28 = @+J)n, or 


or E. D 
=| |” @ BD. 


Scholium.—This formula being a simple equation in terms of s, 
a, l, and'n, any one of the four can be found in terms of the other 
three, 


75. Cor. 1.—Formulas. -_ ‘ 
(1) l1=a+(n—1)d, and 


(2). tis . aay a} n, being two equations 


between the five coe a, 1, n, d, and s, any two of these 
five can be fownd in terms of the other three. 
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[Note.—It is not considered worth while to make separate cases 
out of the different problems which arise in the progressions, or to 
cumber the memory with the multiplicity of formulas which can be 
deduced from the two fundamental ones, but rather that these should 
be fixed in memory, and their use clearly undetstood.] 


EXAMPLES. 


Ex. 1. The first term of an A. P. is 2, and the common 
difference 3, what is the 11th term? What the sum of the 
series ? 


Solution.—In the first case thereare under consideration the first 
term, @ = 2, the common difference, d= 8, the number of terms, 
n = 11, and the last term, which is the thing required. The relation 
between these is given in /=a+ Sa 1)d; in which by substituting 
the given values there results 7 = 2+ (11— D8 = = 32. In the second 


case the formula Hize [Sp gives the relation, in which by sub- 
2 a 32 


atari the given values there monnlte eo E 11 18% 


2. The first term of an A. P. is 8, the last term 203, and 
’ the common difference 5, what is the number of terms ? 
What the sum of the series ? Ans., n = 40, s = 4220. 
3. The first term of an A. P. is 8, the last term 203, and 
the number of terms 40, what are the common difference 
and the sum? 
~4. The last term is 1, the sum 1717, ‘and the number of 
‘terms: 34, what are the first term and the common differ- 
ence y 
Suggestion, —The equations are 1 = a+(34—1)d, and 1n17 


= = (5) 34, from which to find @ andd. a=4100, and d= — 


5. What is the sum of the numbers 1, 2, 3, 4, ete., to 1000 ? 

6. The first term of an arithmetical progression is 1, and 
the number of terms 23, what must be the common differ- 
ence that the sum of all the terms may be 100? What the 
last term ? ne pic 
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7. If the first term of an arithmetical progression is 100, 
and the number of terms 21, what must the common differ- 
ence be that the sum of the series may be 1260? What the 
last term ? : Ans., —4. 


8. Two persons, A and B, start from the same place 
together, and travel in the same direction. A goes 40 miles 
per day; B goes 20 miles the first day, and increases his 
rate of travel 3 of a mile per day. How far will they be 
apart at the end of 40 days, and which will be in advance? 

Ans., A will be 215 miles in advance of B. 


9. The first term of an arithmetical progression is —7, 
the common difference —7, and the number of terms 101, 
what is the sum of the series ? Ans., —36057. 


76. Cor. 2.—The formula for inserting a given number of 
l—a 

m-+1’ 
in which m represents the number of means. From this d, 
the common difference, being found, the terms can readily be © 
written. 


arithmetical means between two given extremes is d = 


Demonstration.—If a is the first term and / the last, and there 
are m terms between, or m means, there are in all m+2 terms. 
Hence substituting in the formula /=a+(n—1)d for n, m+2, we 


have 7=a+(m+1)d. From this d= ‘ae 


Ty ED. 


10. Insert 8 arithmetical means between 3 and 21. 
Series, B. ten dwe hve LS x. Lo an Ye eee 
11. Insert 3 arithmetical means between } and 4. 
E Series, %..#;..44. 
12. What is the nth term of the series 1..3..5..7.., 
ete.? Ans., 2n—1, 


13. What is the sum of n terms of the series 1..3..5..7 
vey CLOT Ans., n, - 
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14. If-a body falling to the earth descends a feet the 
first second, 3a the second, 5a the third, and so on, how ~ 
far will it fall during the ¢th second? Ans. (2¢—1)a,_ 

- 15. If a body falling to the earth descends a feet the first 
second, 3a the second, 5a the third, and so on, how far will 
it fall in ¢ seconds ? Ans., at®. 

16. A debt can be discharged in a year by paying $1 the 
first week, $3 the second, $5 the third, and so on; required 
the last payment and the amount of the debt. 

Ans., Last payment, $103 ; amount, $2704. 

17. A person saves $270 the first year, $210 the second, 
and so on. In how many years will a person who saves 
every year $180 have saved as much as he? Ans., 4. 

18. A board, 24 inches wide at the narrow end, and 10 
feet long, increases in width 14 inches for every foot ‘im 
length; what is the width of the wide end? Ans., 174 in. 

19. If 100 oranges are placed in a line, exactly 2 yards 
from each other, and the first 2 yards from a basket; what 
distance must a boy travel, starting from the basket, to 
gather them up singly, and return with each to the basket ? 

Ans., 11 mi. 3 fur. 32 rd. 4 yd. 

[Note.—-For other examples involving the principles of Arith- 
- metical Progression, see Problems after Quadratics, and also the 
subject of Interest.] . 


vy”, Prop.1.—The formula for finding the nth, or 
last term of a Geometrical Progression; or, more 
properly, the formula expressing the relation between 


the first term,the nth term, the ratio, and the number _ 
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of terms of such a series is | = ar*—1, in which 1 is the 
last, or nth term, a the first term, r the ratio, and n the — 
numober of terms. 

Demonstration.—Letting a represent the first term and 7 the 
ratio, the series is a: ar: ar? ar*: ar*: etc. Whence it appears that 
any term consists of the first term multiplied into the ratio raised to 
a power whose exponent is one less than the number of the term. 
Therefore the nth term, or? =ar™—1,  Q. E. D. 

8. Prop. 2.—The formula for the sum of @ 
Geometrical Progression, or expressing the relation — 
between the sum of the series, the first term, the ratio, 
and the number of terms is 

ar® — a 
sat 15 es se 
in which s represents the sum, a the first term, 7 the ratio, 
and » the number of terms. 

Demonstration. —The sum of the series being found by adding 

all its terms, we have, , ’ 
s=a+ar+ar+ar+ --ar+ar + ar, and multiplying 
byrj7s= ar tar’ +ar'+ -- arm +ar— +47" + 00". 
Subtracting 7s— s= ar"—a, or 


arn—a 
(r—1)3 = urn—a, and s = T° 
T— 


Q. BE. D, 


Suggestion.—The student will notice that multiplying the first 
series by 7, and placing the terms of the product under the like 
terms of the series, simply moves each term, when multiplied, one 
place to the right, so that however many terms there may be in the 
series, each will have a similar one in the product except the first 
term, a; and each term in the product will have a similar one in 
the series, except the last one, ar”. 


”9. Cor. 1.—Formulas - 


(1) We ar? and 
r — : 
(2) es > being two equations 


between. the five quantities, a, 1, r, n, and s, are sufficient to de- _- 


termine any Two of them when the others are given. 
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80. Cor. 2.—Since 1 = ar’—1, Ir = arn, which substituted 


‘in (2) gives 8 = — 3 which formula is often convenient, 


* 


EXAMPLES. 

Ex. 1. The first-term of a geometrical progression fs 2, 
the ratio 3, and the number of terms 6. What are the last 
term and the sum of the series ? 

arn—a 


Ans., b= 2-3 == 486, 8 = ——— 


2. The last term of a geometrical progression is 62500, 
the ratio 5, and the number of terms 7%. What are the first 
term and the sum of the series ? 

Ans., a = 4, and.s = 78124. 


3. By saving 1 cent the first week, 2 cents the second 
week, 4 cents the third week, and so on, doubling the 
amount every week; how much is saved the last week of the 
year ? Ans., $22,517,998, 136,852.48. 

Suggestion.—This problem requires us to raise 2 to the 51st 
power. This is readily effected thus: the 3rd power of 2 is 8. 
The 8rd power multiplied by the 3rd power gives the 6th power; 
hence 8 x 8 = 64 is the 6th power. In like manner 64 x 64 = 4096 
is the 12th power, and 4096 x 4096 = 16777216 is the 24th power; 
and, finally, 16777216 x 16777216 x 8 is the 51st power. 

4, What is the sum of 10 terms of the series 8:4:2:1 
: 4; ete. ? 


‘ 1 
a(r*—1) 8( 5 bay 1) Py gS by A ORR 


= 28, 


Suggestion. s= Sire ge ia a 8X ay ae 
. 2 
=e = 1583. Also, 7=are— =5 = _ ~z- In such cases the 


aie? student will avoid unnecessary multiplications by sup- 
pressing factors. 


5. If 4 is the first term, 324 the last, and 5 the number 
_ of terms, what is the ratio ?- 
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81. Cor. 3.—The formula for inserting m geometrical 


; m+1/T 
means between a and lis r = - 


6. Insert 5 geometrical means between 3 and 192. 
The ratio is 2. 


7. Find 4 geometrical means between } and 4. 


Result, The ratio is Bp whence the series becomes 


i 1 A 1 1 1 


2° 98. gt of. 32 oF . 3t ot . 34° 3 

Scholium.—This and many other problems in Geometrical Pro- 
gression, are more readily solved by means of logarithms. Many 
also require a knowledge of quadratic equations, and even of the 
higher equations. Some farther illustrations will be given in their 
proper place, especially in treating the subject of Interest. 


82. Cor. 4.—The formula for the sum of an Infinite De- 


. ° : 5 a 

creasing Geometrical Progression 1s § = 7a 

Demonstration.—Since in a decreasing progression the ratio is 
less than unity, the last term, ar"~', is also less than the first term, 
and numerator and denominator of the value of nS both become 
negative. Hence it is well enough to write the formula for the sum of 
such a series s = = that is, change the signs of both terms of 

yin 

the fraction. Now, if the terms of a series are constantly decreas- 
ing, and the number of terms is infinite, we can fix no value, how- 
ever small, which will not be greater than the last, or than some 
term which may be reached and passed. Hence we are compelled 
to call the last term of such a series 0, which makes the formula 
: a ; 
&s= PES - Q. FE. D, 

Scholium.— Decimal Repetends afford illustrations of such series. 
Thus .333 +, is 8, +435 +aesst, ete., to infinity. Again, 54343484 
is, 35 + the series 7435 +9¢30 t+roatocost, etc., to infinity. 
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8. Find the sum of the series 1: 4: }: etc., to infinity. 
Sum, 2% 

9. Beieicea the sum of the series 1, . 4, --- to infinity. 
Sum, 14. 
10. Find the value of .1212 - - - to infinity. Sum, oy. 
11. Find the value of .2333, etc., to infinity. Swm, x5. 


12. Find the value of .3411111, etc., to infinity. 
Sum, $94. 
13. Find the value of .323232, etc., to infinity. Swin, 3§. 
14, Find the value of .20414141, etc., to infinity. 
; Sum, 3924. 
15. Suppose a body to move eternally in this manner ; 
yiz., 20 miles the first minute, 19 miles the second minute, 
18,5 the third, and so on in geometrical progression. What 
is the utmost distance it can reach ? Ans., 400 miles. 
16. What is the distance passed through by a ball, before 
it comes to rest, which falls from the height of 50 feet, and 
at every fall rebounds half the distance ? Ans., 150. 
17. In the preceding problem, suppose the body falls 
167, feet the first second, 3 times as far the next second, 
and 5 times as far the third second, and so on, how long 
will it be before it comes to rest ? ; 
Ans. q's V579 (443 0/2) = 10.27657+ seconds. 
Suggestion. —To fall 50 ft. takes / in secs. To feboand 25 
takes y) feat 165 secs, and to fall 25 the sametime. To rebound 12} ft. 


takes 4/ mm” and the same to fall. . Hence the series giving 


, j “50 
the time is i ree eA, 


2 1%; 25 25 to infinit 
f/f E+ ie, iby 7 Bae ete 


f 
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SYNOPSIS. 


Ratio.—Terms of.—Antecedent.—Consequent.— 


sat Couplet. 
Definitions. P 
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iS) Direct.—Inverse.—Greater Inequality, less. 
a Compound ratio.—Duplicate, sub-duplicate, ete. 
ce Sign of. 
Cor.—Changes in terms of. 
Proportion.—Extremes.—Means. 
Be Mean proportional.—Third proportional. 
( Definitions. | Inyersion.—Alternation.—Composition.—Division, 
¥ | \ Inverse or reciprocal proportion.—Continued. 
= 
° Prop. 1.— Cor. 1.—Cor. 2. 
FE Fundamen- | prop. 2. 
=) tal Propo- Prop. 3.—Principles on which transformations are 
= sitions. 
= made. 
4 ce Equi-multiples.—Why proportion not destroyed. 
Transfor- Chg. in order of terms.—_,** a at 
L mations. Composition, or division.— ‘ ct a * 
Involution, or evolution.— “ S * 
Progression.— Arithmetical.—Geometrical. 
, Increasing, or ascending.—Decreasing, or descend- 
Definitions. ing. 
Common difference, positive, negative. 
on L Ratio, greater than 1, less than 1. 
Ss Sign of Arithmetical Progression.—Of Geometri- 
7) cal. 
n 
= Five things.—Given, required. 
S Two fundamental formulas.—Produce them.—To 
a A. P insert means. 


G. P { Two fundamental formu- { To insert means. 
ans las.--Produce them. | Sum of infinite series. 


Test Questions.—Give the various changes which can be made 
upon the terms of a ratio and tell how the ratio is affected, and 
Why? State the various transformations which can be made upon 
a proportion without cestroying it, and Give the reason in each case. 
Produce the two fundamental formulas of Arithmetical Progression. 
Also of Geometrical. 
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APPLICATIONS. ~ 


[Note.—Teacher and pupil should bearin mind that the object of — 
this section is to teach the properties of Ratio and Proportion; 
hence all the operations should be performed upon the proportion. 
The proportion should be kept in the form of a proportion, and not 
reduced to an equation. ] 


Ex. 1. Divide 60 into two parts which are to each other 


as 2:3. 

Suggestion.—Letting « and 60—z« be the parts, 2: 60—@ 3: 2:3. 
Hence x: 60 :: 2:5, or @:24:: 2:2; and w=24, The pupil should 
give the reason for each transformation. What is the first trans-- 
formation? Composition. Why does it not destroy the propor- 
tion? What the second transformation? Why does it not destroy 
the proportion ? 

2. A boy being asked his age said: John, who is 18, is 
older than I; but, if you add to my age } of it, and from 

“this sum subtract } of my age, the result will be to John’s 
age as 10:9. How old was the boy? Verify. 


Operation. w+ia—10:18:: 10:9, 
$a: 18 :: 10: 9, 
De Loat 102 9) 
gags: Te: 18, 
Pci 16: 


Let the pupil tell, in each instance, just what the transformation 
is, and why, according to (69), the proportion is not destroyed. 

Verification. 16+4,°—1 = 20, which is to 18 as 10 is to 9, the 
ratio being 4,2. 

3. Two brothers being asked their ages, the younger re- 
plied, my age is to my brother’s as 2 to 3; and if you add 18 
to mine and 2 to his, the sums will be as 3 to 2. What 


were their ages ? 
Suggestion.—To solve with one unknown quantity we may repre- 
sent the younger brother’s age by 2a and the older’s by 3. 
Then 2 +18 :8H42:: 3:2; 
Whence 22418: 27#+18:: 38: 18, 
! Qe0+18 : 25e:: 3:15 ::1:5. 
2a+18:2::5:1, 
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Qa4+18: 2a ::5:2, 
18; 245: 3: 2, 
Diag, tee. 

*, @= 6, 2a = 12, and 8¢ = 18, 

[Note.—True, it gives a somewhat shorter solution of this example 
to put the first proportion immediately into the equation 4%+36 
= 9246, whence z= 80 and«=6, But the object is to become 
familiar with the properties of a proportion. | 

4, A man’s age when he was married was to his wife’s as 
3 to 2; but after 4 years, his age was to hers as 7 to 5. 
‘What were their ages when they were married ? 

Suggestion —This may be solved with one unknown quantity, 
like the preceding, and that is the more elegant way. We may also 
use two. Thus, @:y:: 8:2, and a+4:y+4::7:5. From the 
former @:$y::3:3 .. «= gy. Substituting in the latter gy 
+4:y+4::7:5. Whence 3y+8:27+8::7:5, y:2y+8:: 2:5 
dy: 2y+8::4:5, 2y:8::4:1, and y:1::16:1. .«. y= 16, and 
w= gy = 24. . 

5. A man is now 25 years old and his brother is 15. How 
many years before their ages will be as 5 to 4? Verify. 

6. A man has two flocks of sheep, each containing the 
same number; from one he sold 80 and from the other 20, 
when the numbers in the flocks were as 2 to 3. How many 
_ were there in each flock in the first place? Verity. 

7. It is known to every one that a small body near the eye 
hides a large one farther off; and it is a principle in optics 
so nearly axiomatic that we will take it for granted, that, in 
order to have the smaller body just cover the larger their 
distances from the eye must be in proportion to their breadths, 
or lengths. From this some very pleasing calculations can be 
made, The pupil may make the following: 

1st. The breadth of a man’s thumb is about 1 inch, and 
he can readily hold it at 2 feet from his eye; how far off is 
the man who is 5 feet 8 inches high, when the breadth of 
the man’s thumb at 2 feet from his eye just covers the man? 


Ans., 136 feet. 
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2nd. Wishing to know approximately the height of the top 
of a steeple from the ground, I found that my hand, which _ 
is 4 inches wide near the thumb, when held 2 feet from my 
eye, just covered the height of the steeple at a distance of 
240 paces of 3 feet each. What was the height of the top of 
the steeple from the ground ? Ans., 120 feet. 

8. What number is that to which if 1, 5, and 13 be sev- 
erally added, the second sum will be a mean proportional 
between the other two? Verify. 

9. What number is that whose 4 increased by 2 is to its 4 
diminished by 1, as 6 is to 2}? Ans., 30. 

10. The number of acres a farmer planted with corn is to 
the number he planted with potatoes, as 4 to 1; but if he 
had planted 6 acres less of corn, and 3 as many potatoes 
+154 acres, the ratio would have been as % to $. How 
many acres of each did he plant? 


—— 


[Note.—The five following examples are designed to be solved 
by using two or more unknown quantities. ] 


11. Find two numbers, the greater of which shall be to the 
less, as their sum to 42; and as their difference is to 6, 


Suggestion. Let x = one and y the other. 
Then Fe (1) wiys::@+y: 42, 
(2) aiy::a2—y: 6, 
By equality of ratios “+y:42:: a—y: 6, 
and et+y:a—y:: 7:1, 
Qa: Qy 3: 8:6, 
w:2y:: 4:6, 
w:$y:: 4:4, 
eat —— ye 
Substituting in (2) 4y:y:: fy—y: 6, 
Or, $2 4-52 dy 6, 
Agel oney 26 
1:1:: y: 24 
i iene, - 


© = ty = 82. 
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12. Two numbers have such a relation to each other, that 
if 4 be added to each, they will be in proportion as 3 to 4; 
and if 4 be subtracted from each, they will be to each other 
as 1to4. What are the numbers? Ans., 5 and 8. 


Suggestion. 2+4:y+4::3:4 anda—4:y—4::1:4. Whence 


a Pigtto se Pia x : . Substituting, 


—4::1:4, a—4: 20—4:::1:6, o—4:0::1:5, 4:0::4:5. 
.. ©=6. Substituting, 6:3::y:4, or 3:3::4:8 .. y¥=8, 


e+1:3::y:4,or 
424.4 
3 


a—4; 


13. Find two numbers in the ratio of 24 to 2, such that 
when each is diminished by 5, they shall be in the ratio of 
14 to 1. Numbers, 25 and 20. 


14. There are two numbers which are to each other as 16 
to 9, and 24 is a mean proportional between them. What 
are the numbers ? Ans., 32 and 18. 


[Note,—The following examples may be solved by converting the 
proportion into an equation, at whatever stage of the solution it is 
found expedient. ] 

-15. Find two numbers in the ratio of 5 to 7, to whieh 
two other required numbers in the ratio of 3 to 5 being 
respectively added, the sums shall be in the ratio of 9 to 13, 
and the difference of those sums = 16. 

Numbers, 30 and 42, and 6 and 10. . 


16. A farmer hires a farm for $245 per annum ; the arable 
land being valued at $2 an acre, and the pasture at $1.40; 
now the number of acres of arable is to half the excess of 
the arable above the pasture as 28:9. How many acres 
are there of each ? 

Ans., 98 acres of arable, and 35 of pasture. 


17. The quantity of water which flows from an orifice is 
proportioned to the area of the orifice, and the velocity 
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of the water. Now there are two orifices in a reservoir, 
the areas being as 5 to 13, and the velocities as 8 to 7, and _ 
from one there issued in a certain time 561 cubic feet more 
than from the other. How much water did each orifice 
discharge in this time? Ans., 440 and 1001 cubic feet. 


18. At an election for two members of parliament, three 
_ men offer themselves as candidates, and all the electors give 
single votes. The number of voters for the two successful 
ones are in the ratio of 9 to 8 ; and could the first have had 
seven more without changing the numbers which the others 
had, his majority over the second would have been to the 
majority of the second over the third as 12:7. Now if the 
first and third had formed a coalition, and had one more 
voter, they would each have succeeded by a majority of 7. 
How many voted for each? 
Ans., 369, 328, and 300, respectively. 


19. A man, driving a flock of geese and turkeys to mar- 
ket, in order to distinguish his own from any he might 
meet on the road, pulled 5 feathers out of the tail of each 
turkey, and 2 out of the tail of each goose, and upon count- 
ing them, found that the number of turkeys’ feathers 
lacked 15 of being twice those of the geese. Having bought 
20 geese and sold 15 turkeys by the way, he found that the 
number of geese was to the number of turkeys as 8 to 3. 
What was the number of each at first ? 

Ans., 45 turkeys, and 60 geese. 


PROBLEMS. OF PURSUIT. 


20. A fox starts up 120 feet ahead of a hound at exactly 
4 past 2 o’clock P. M.; the hound gives chase and gains 
5 feet every 2 minutes. At what time will he overtake the 


fox? 
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- Statement.—Letting « be the time which will elapse before the 
hound overtakes the fox, the problem becomes: If a hound gain 5 
feet in two minutes, how long will it take him to gain 120 feet? 
That is 5:120:: 2: .. @ = 48, and the hound overtakes the fox 
at 3 o’clock and 18 minutes. ; 


21. A privateer espies a merchantman 10 miles to lee- 
ward at 11.45 A. M., and, there being a good breeze, bears 
down upon her at 11 miles per hour, while the merchant- 
man can only make 8 miles per hour in her attempt to 
escape. After 2 hours chase the topsail of the privateer 
being carried away, she can only make 17 miles while the 
merchantman makes 15. At what time will the privateer 
overtake the merchantman ? Ans., At 5.30 P. M. 


22. A hare, 50 of her leaps before a greyhound, takes 4 
leaps to the greyhound’s 3; but 2 of the greyhound’s leaps 
are as much as 3 of the hare’s. How many leaps must the 
greyhound take to overtake the hare ? 


Suggestion. | Let 3¢ = the number of the hound’s leaps, 
whence 4¢= ri “ir narebs ive 
in the same time. Then 2:3:: 8¢:4%7+50. ... ©= 100; and the 
hound takes 300 leaps. 


23. The hour and minute hands of a clock are exactly 
together at 12 M. When are they next together? 


Suggestion.—Measuring the distance 
around the dial by the hour spaces, the 
whole distance around is 12 spaces. 
Now, when the hour hand gets to 1, the 
minute hand has gone clear around, or 
over 12 spaces. But as the hour hand 
has gone one space, the minute hand has \ 
gained only 11 spaces. Now as the 
minute hand must gain an entire round, 
or 12 spaces, to overtake the hour hand, 
we have the question: If the minute hand gains 11 spaces in 1 hour, 
how long will it take to gain 12 spaces? .*, 11:12::1 hour: @ 
hours; and «= 1,4 hours, or 1 hour 5,5, minutes, 


APPLICATIONS. 311 


Scholium.—1. It is evident that the hands are together every 1,1, 
hours; hence to find at what time they are together between any 
two hours on the clial, we have only to multiply 1,4; by the number. 
of the whole hours past 12 o'clock. Thus between 7 and 8 they 
pass each other at 7,4, or 7 o’clock and 38,2- minutes. Between 10 
and 11 they pass each other at 10 o’clock 54,8, minutes, 

24. At what time between 6 and 7 o’clock is the minute 
hand just 4 of the circle in advance of the hour hand? 


Suggestion.—The question is: If the minute hand gains 11 spaces 
in one hour, how long will it take it to gain 61 rounds, or 75 spaces? 
Or, if it gains 1 round in ;4, hours, how long will it take it to gain 
64 rounds? 

Ans., At 49,1; minutes past 6. 

25. At what time between 4 and 5 is the hour hand of a 
watch just 20 minutes in advance of the minute hand? 

Ans., At no time between these hours. The minute hand 
is within 20 minutes of the hour hand at 4 o’clock, and at 


5,5 minutes past 5. 

26. Before noon, a clock which is too fast, and points to 
afternoon time, is put back 5 hours and 40 minutes; and it 
is observed that the time before shown is to the true time 

as 29 to 105. Required the true time. 

Suggestion.—Letting z= the time pointed to, a: : 7+ 6} :: 29: 105. 
Observe that to turn the hands back 5h. 40m. is the same as to turn 
them forward 6h. 20m. 2 = 2h, 25m., and the true time was 2h. 
25m.+6h, 20m., or 15m. before nine o’clock in the morning. ° 

27. Two bodies move uniformly around the circumfer- 
ence of the same circle, which measures s feet. When they 
start, one is a feet before the other ; but the first moves m 
and the second M feet in a second. When will these bodies 
pass each other the 1st time, when the 2nd, when the Srda >) 
ete., supposing that they do not disturb each other’s motion, 
and go around the same way ?. 


Suggestion.—1st. If “> m, the second gains M—m feet a. sec- 
ond, and haying a feet to gain, overtakes the first, and does it in 
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en seconds. The problem is then like the preceding, as the — 
second gains a whole round every ms seconds. Hence the second ~ 
in from the starting, the third at pases 


, ete. 


the fourth 


passing is at 


a a+3s 


M—m 


2nd. If M< m, the second is overtaken 
by the first after the first has gained s—a 


.  8—a ae 
feet, or in i seconds ; and in every 


— 5 seconds thereafter; that is, from the 


28—a 38—a 
<9 Ro etc. 
28. The earth makes a revolution data the sun in about 
365 days and Mars in about 687 days. How long is it from 
the time at which these planets are together on the same 
side of the sun till they are next together? That is, how 
long does it take the earth to gain an entire revolution? 
Ans., 68%7—365 : 365 :: 687: a, «. w= 780 days, nearly. 


[Note.—The time required by a planet to go around the sun is . 
called its Periodic Time, or its year. When two planets are on the 
same side of the sun at the same time, they are said to be in Con- 
junction. The time from one conjunction to the next is the Synodic 
Period, 'The way in which this problem usually presents itself is 
this: We can observe when a planet is in conjunction with the earth, 
and thus knowing the time of the earth’s revolution (a year), we can 
find the Periodic Time of the planet, or how long it takes to go 
around the sun. | 


time of starting, in 


29. Calling the earth’s periodic time 3654 days, and 
observing Jupiter’s synodic period to be about 399 days, 
how long is Jupiter in completing a revolution around the 
sun; that is, what is its periodic time, or length of its year? 

Ans. 11444 of our years. 

30. Saturn’s synodic period is about 378 days; what is its 

periodic time ? Ans. 2944 of our she 
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PARTITIVE PROPORTION. 


82a. Partitive Proportion is a term applied to the 
division of a number into parts which shall be in the ratio 
of given numbers. 


31. Divide 350 into two parts which shall be to each 
other as 3 to4. As2:5. As11: 24. 


Suggestion.—Let 3z represent onepart, and 4z the other; whence 
3u +4% = 350, « = 50; and the parts are 150, and 200. 


32. Divide a into two parts which shall be to each other 
as m:n. 


The parts are ao , and ae 
m+n m+n 
33. Divide 560 into three parts which shall be to each 
other as 17, 23, and 16. As 43, 2, and 11. 


34. Divide a into three parts which shall be to each 
other as m, , and 7. 


35. Divide 23 into two parts which shall be to each 


other as % and 3. 
The parts are 124%; and 1044. 


36. Divide a into two parts which shall be to each other 
in the ratio ol to sh, As Ms : pt 
ae mn 
sma 
ms+rn 


The parts in the last case are i dle 
ms-+rn 


+) 
. 


‘Q@HAPTER III. 


R SECTION I. 


PERCENTAGE. 


83. According to our definition, the Equation, of which 
it is the special province of Algebra to treat, is the grand 
instrument for investigating the relations of quantities. 
Now, in simple Percentage, there are four quantities to be 
compared ; viz., the Base, the Rate Per Cent., the Percent- 
age, and the Amount, and the problem is, To discover and 
express in equations the relations between these four quan- 
tities so that if a sufficient number of them are given the 
others may be found. 

[Note.—For Definitions see Practical Arithmetic, p. 225 e¢ re 


84. Prob. 1.—To express the relation between base, 
rate per cent., and percentage. 


Solution.—Let } represent the base, r the %, and p the Ree Sees 


Now 7% means 7 100ths of the base. Hencer% of dis joo times 5, 
a rb Sage) rb 
100° °° ”~ 100° - 


S85. Prob. 2.—To express the relation between rate 
per cent., amount or difference, and base. 


Solution.—Let s represent the sum or difference of the base and 


rh _ 0(100 + r+) aoe 
tage. Thens=6+ —_=- 
percentage ens=b+ ih so , the + sign to be used 
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when the base is increased by the percentage, and the — sign when 
, the base is diminished by the percentage. 


Scholium.—The two formule 
(yp = _ and 
6(100+ 7) 
100 
expressing the relation between the four quantities }, 7, p, and s, 
two of which must always be given to find the others, are in them- 
selves sufficient for the solution of all problems in Simple Percentage, 


(2)  —— 


EXAMPLES. 


Ex. 1. Bought a horse for $840, and sold it for $560. 
How much did I lose per cent. ? Ans., 334%. 


Suggestion.—Here 0 and s are given to find r. Hence formula (2) 
is to be used. And as there is loss involved, the — sign is to be 
840(100—r) 


taken. Substituting in this formula, 560 = at TT Solving 
for r we have i ui = 100—7, or ssi = 100—r; whence r= 100 
840 3 
ei0e 100. 
2. A number being increased by 2 equals 14. Required 
the increase per cent. ? Ans., 168%. 
Suggestion.—Formula (1) gives 2 = a . and (2) gives 14 
= as . From which we are to find 7, Multiplying (1) by 7, 
_ rb 7b (100-47) z 100 
14= i00° Whence Tr eek ea C= 100s." Ce erm 
= 162. 
3. A piece of cloth sold for $779, cash, which was 5% off. 
Required the price of the cloth. Price, $820. 
4. Sold 40% of my wheat, and had remaining 981 bushels. 
How much had I at first ? Ans., 1685 bushels. 


5. A man sold two horses at $420 each; for one he re- ~ 
ceived 25% more,and for the other 25% less than its value. 
Required his loss... Loss, $56. 
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Suggestion.—Letting } and b, be the values of the horses, we have 


_ 6(100—25) pMAOOs 25). pe : 
420 =“, and 420 =o. «756 = 1250,, or b 


= 2, and +3, = Hy the value of the horses, Now },, found 


from the 2nd, is 336, and as =, — 840 = the loss, we have 896 —840 


= 56 = the loss. 

Those who are not familiar with algebraic reasoning will prefer 
to find the values of } and 6, from the two formulas, and add —_ 
together. 

6. A man sold 72 turkeys, which was 32% of the number 


he had remaining. How many had he at first ? 
Ans., 29/7. 


7. A farmer saved annually $1454, which was 334% of: 
his annual income. Required his income? <Ans., $4364. 

8. A merchant having 400 barrels of cider, sold at one 
time 45% of it; at another time 20% of the remainder. How 


many barrels did he sell in all? Ans., 224 bbl. 
: rb 45 x 400 
Operation. p = io ae 180. 


_ 7b, 20x 220 

str jh00 

o. P+ py, =224. 
9. A housekeeper gave to her neighbor 4 of a pound of 
tea, and had $ of a pound remaining. What per cent. of 


= 44, 


her tea had 1% remaining ? Ans., 85£%. 
; a eee: 
Operation. te {00° c= i oe 854. 


10. John has 4 of a dollar, and Henry has 3 of a dollar. 
What per cent. of John’s money equals Henry’s? What of 


Henry’s equals John’s ? Ans., 120%, 834%. 
Ca (ren 
Operation. = 00° (i 7 fall 120. 
1 7g i a: 
3 = 950 = 50° Oa Aaa pirat ast - 


[Note.—For other examples in percentage, pa PRACTICAL 
ARITHMETIC. | 


QEECTION II. 


SIMPLE INTEREST AND COMMON DISCOUNT. 
[Note.—For definitions see Practical Arithmetic. ] 


86. Prob. 1.—To express the relation between princi- 
pal, rate per cent., time, and interest. 

Solution. —Let p, 7, ¢, and i represent respectively the principal, 
rate per cent., time and interest; ¢ being in the denomination for 
which the rate per cent. is estimated. Thus, if the rate per cent. is 
rate per cent. per year, t is to be understood as years; if the rate 
per cent. is per month, ¢ is months, etc. 


Then as p is the base, the percentage for a unit of time is — i 00 P (4); : 


tr 
and for ¢ units of time it i ee ay | shit) 
ime it is 700° i= i00° 


S87. Prob. 2.—To express the relation between amount, 
principal, rate per cent., and time. 

Solution.—Since the amount is the sum of principal and interest, 
' representing the amount by a, we have a=p+i, But i= Lie 


100 + ¢ 100a 

hence a= pti §e=f or P= ios 

88. Scholium.—This problem embraces the common rule for 
Discount (see Arithmetic, 383). The pupil should be careful 
to understand the reasonableness of discount. For example, if I hold 
a note against Mr. B., which note is payable at any future time, 
af the note is drawing interest for all money is worth, the Present Worth 
of the note at the time it was given was its face. If the rate at which 
it is drawing interest is /ess than money is worth (or if it draws no 
- interest) the Present Worth atits date is less than the face of the 
note. If it draws no interest, its Present Worth at any time is less 
than its face. Finally, if the rate which the note draws is greater 
than the market rate, the Present Worth of the note at its date is 
more than its face. 

Scholium,—The two formule (1) i= in ee 


: 100+¢r 
Q)¢@=ptt=P—>o9—> 
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are sufficient to solve all problems in Simple Interest and Common Dis- 
count, 


_ EXAMPLES. 
Ex. 1. What is the interest on $250 for 1 yr. 10 mo. 15 da., 
at 6% per annum. Ans., $28.124. 


Solution.—In this example I am to consider principal, time, 
rate per cent, and interest, the latter of which is the unknown 
quantity. Formula (1) expresses the relation between these quanti- 
ties. The rate per cent. being per annum, the time must be in years. 


15 days = 48=.5 ofa month. 10.5 months = ee of a year. 


12 
orp 


. 1 yr. 10 mo. 15 da. =1.875 years. Now (1) gives ees 


. 5 
© 1.895 x6 x 286 
apie. 

2. What is the interest on $47.25 for 1 yr. and 6 mo., at 
6% per annum ? Ans., $4,2525. 

3 cae 
bai ¢ i. 
Opatitiols eens AYE 2P _ 4.0505, 
2B 


= 28.124. 


4 
$e 
3. What is the interest on $145.50 for 1 yr. 9 mo. 24 da., 
at 6% per annum ? : Ans., $15.86 nearly. 
Operation. «= SiG Gig 145-50 
100 
4. What is the interest on $123.75 for 2 yr. 8 mo. 12 da., 
at 6% per annum ? Ans., $20.0475. 
5. What is the interest on $475 for 2 yr. 7 mo. and 20 da., 
at 6% per annum ? j Ans., $75.2084. 
6. What is the interest on $340.60 for 4 yr. and 5 mo., at : 
6% per annum? Ans., $90,259. 
7. What is the interest on $50.40 for 1 yr. and 10 mo., at 
1% per annum ? oul Ans., $6,468. 


= 15.86 nearly. 
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Suggestion.—In solving this example the operation upon paper 
consists simply in multiplying 12.833 by .504. The pupil should = 
always reduce the written details of his arithmetical work to — 
the minimum. Thus, in this case, he sees mentally that 10 mo. 

50.40 x 1.833 x 7 


are .833 of a year. Hence 2 = =, Ae Ge ata But 1.833 
x 7 he produces mentally, and writes 12.838. And 12.833 
“cancelling the 100 from 50.40 makes it .504. Hence 504 


the only written work should be as in the margin. 51832 
In practice, nothing but this multiplication should be 64165 
written down. ms 6.467832 
Solve the following by thus reducing the written work to a 
minimum. The answers are given as in practice in business. 
8. What is the interest on $49.80 for 2 yr. and 11 mo., at 
71% per annum ? Ans., $10.17. 


2 ir ae 2.9166 _ 9 9166 x7 x.498 = 10.17, 


9. What’ is the interest on $95.40 for 3 yr. 9 mo., at 8% 
per annum ? 


Operation. or gee * Be? £ 28.62. The operation should 


be performed mentally. Thus 8x 8.75 = 30. Dropping the 0, and 
one 0 from the denominator, and for the 10 remaining in the denomi- 
nator removing the decimal point in 95.40 so as to make it 9.54, we 
have simply to multiply 9.54 by 3. All of this should be done ata 
glance, without writing more than is given above. 


10. What is the interest on $196 for 5 yr. 7 mo., at 9% 


per annum ? Ans., $98.49. 
11. What is the interest on a $471. 11 for 4 yr. 8 mo., at 74% 

per annum ? Ans., $164.89. 
12. What is the interest « on $18. 60 for 3 mo. 12 da., at 3% 

per mo. ? Ans., $1.90. 
nae tak i= ee at x8 x .3872=.872 x 5.1=1.90. 


13. What is the interest on $400 for $150 days, at 24% 
per month ? — ” Ans., $50. 


320 BUSINESS RULES. 


3 5 
A499 x 5 x 3 
Operation. 7 = er (Wat aad 50. 


14. What is the interest on $1,000 for 2 mo. 12 da., at 
14% per month ? Ans., $36. 


15. What is the amount of $432.10 for 5 yr. 4 mo. 24 das 
at 7% per annum ? Ans., $595.43. 


100-+¢ 10045.4x7 _ 
Too” = 432-10 —T 5 — = 4.821 x 187.8 


Operation. a=p 
= 595.4338. 

16. What is the amount of $325.25 for 2 yr. 9 mo. 12 da., 
at 64% per annum ? Ans., $384.09. 


100 +2.78} x6. 
Operation. a = 825.25 nee 2.783 x 6.5 


= 884.09. 


17. In what time will $13, at 6% per annum, give $0.975 
interest ? Ans.,1 yr. 3 mo. 


Solution.—Since principal, rate per cent., time and interest are 


compared 74 = ian gives the relation. As time is required, I solve 


this equation for ¢, and have ¢ = > Substituting the given values, 


ay RES 
APO x 978 


Pgs be 
3 
18. In what time will $45.25, at 6% per annum, give 
$1.81 interest ? Ans., 8 mo. 
19. In what time will $70.50, at 9% per annum, give 
$31.725 interest ? Ans., 5 yr. 


20. In what time will $140, at 7% per annum, give 
$10.8612 interest ? Ans., 1 yr. 1 mo. 9 da. 
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21. In what time will $48.50, at 6% per annum, amount 
to $56.1874 ? Ans., 2 yr. 7 mo. 21 da. 


Suggestion.—Subtract the principal from the amount to find the 
interest. 


22. In what time will $248, at 6% per annum, amount to 
— $282,224 P Ans., 2 yr. 3 mo. 18 da. 


23. In what time will $700, at 9% per annum, amount to 
$712.35 ? Ans., 2 mo. 10.5+ da. 


24. At what per cent. will $325 produce $3.25 interest in 


2 months ? Ans., 6%. 
Solution.—Same as above, finding 7 from the equation i = ee 


100” 
_ 100i 100 x 8.25 


pe  4xem 

25. At what per cent. will $40 produce $13.36 interest 
in 2 yr. 9 mo. 12 da.? Ans., 12%. 

26. At what per cent. will $125 produce $32.375 interest 
in 3 yr. 6 mo. ? Ans., (2%. 

27. At what per bane will $124 prodacs $29. 174 interest 
in 4 yr. 3 mo. 10 da, ? Ans., 53%. 

28. At what per cent. will $2,360.25 amount to $2, 470.395 
in 7 months ? - Ans., 8%. 


Suggestion.—Find the interest and then proceed as before. 
29. At what per cent. will $230 amount to $249.832 in 
11 mo. 15 da. ? Ans., 9%. 


30. What principal will in 3 yr. 8 mo. 15 da., at 6% per 
annum, give $76.095 interest ?. Ans., $342. 
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Solution.—Solving 7 = ~ for p, I have 


100 
_ 100i _ 100 76.095 _ 100x 76.095 _ 44, 
PTs) RBA neat jag ew) bande 
81. What principal will in 4 yr. 9 mo. 18 da., at 9% per 
annum, give $65.016 interest ? Ans., $150.50. 
82. What principal will in 8 yr. 8 mo. 12 da., at 5% per 


annum, give $147.9435 interest ? Ans., $340.10. 


33. How long will it take for $200, at simple interest, at 
6% per annum, to amount to $500 ? Ans., 25 years. 


Solution.—-I have under consideration p, 7, a, and ¢, the latter of 
which is the unknown quantity. The relation between these is 


a=p ws . Solving this for ¢, I find 
, — 100(a—p) _ 100(600-200) _ 200», 


pr ex200 . 4S 
34. How long will it take $1, at simple interest, at 10% 
per annum, to amount to $100 ? 
35. How long will it take $75, at interest at 5% per an- 
num, to amount to $100? 


89. Cor.—To find the time required for a principal to 
double, triple, or become n times itself at any rate of simple inter- 
est, we have a = 2p, 3p, or np. Hence the last formula becomes 


100(2p— ; 
ti ee — & for the time required to double. To 


triple we have t = 


| to quadruple, t = a oe 


become n times itself t = cegenae ; 


Scholium.—It appears that the time in such a case is independ- 
ent of the principal, as might have been anticipated. 


36. How long will it take $100 to become $500 at 8% 
perannum? Ans., 50 years. . 
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37. How long does it take a principal to double at 6% per 
annum ; at 7%; at 5%? 


38. Sold property amounting to $3,000, on a credit of 12 
mo. without interest. Money being worth 8% per annum, 
what sum in hand is equivalent to the $3,000 under the 
contract ? Verify it. Ans., $2,777.77-+. 


Solution.—I am to find a sum which put at interest for 1 yr. at 
8% will amount to $3,000. I therefore have given a, 7, and ¢ to 


find p. The relation of these is given in the formula a = p a a 
: 1002 _s. 300000 

fi = i i ————— is 

rom which p 004% (in this case) 108 QT + 


89. A debt of $500 will be due in 3 yrs. without interest. 


What isits present worth if money commands 6% per annum ? 
Ans. $423.73. 


40. What discount should be allowed for the present pay- 
ment of a note of $400, due 3 yrs. 5 mo. hence, the note not 


bearing interest, though money is worth 6% per annum? 
Ans., $68.05. 


41. A man buys a piece of property to-day for $5,000, 
giving his note with security at 12% per annum, payable 
2 yrs. 9 mo. hence.. What is the present worth of this note 


if money brings in market 6% per annum ? 
Ans., $5,708.13 —. 


Operation. «=p ee as = 50(100 +12 x $$) =50 x 188=6650. 


100a _ 665000 prog 15. 


Pi 0+, 1165 


42. A merchant buys $2,000 worth of goods on 90 days 
time, at 2% month. He could have borrowed money at 
14% a month. How many more goods could he have bought 


for the same money if he had borrowed ? 
Ans., $28.71 worth. 
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43. July 20th, 1869, I hold a note for $500 dated April 
6th, 1867, due Jan. 1st, 1872,, and bearing interest at 7% 
per annum. What is the present worth of this note, money 
being worth 10% per annum ? Ans., $534.86 +. 


90. Prob.—To find what each payment must be in order 
to discharge a given principal and interest in a given num- 
ber of equal payments at equal intervals of time. 


Solution.—Let p represent the principal, r the rate per cent., 
t one of the equal intervals of time, 2 the number of payments, (é. @., 

nt is the whole time), and 2 one of the payments. 

There will be as many solutions as there are different methods of 
computing interest on notes upon which partial payments have 
been made. 

Ist. By the United States Court Rule.—As the payments must 
exceed the interest in order to discharge the principal, this rule 
requires that we find the amount of * for time ¢, at r per cent. 
This is done by multiplying by 147 00° and gives p (1435): 
From this subtracting the payment a, the new principal is 


p(1 + 10 a0) —, Again finding the amount of this for another period 


of time, ¢, and subtracting the second payment 


(1455) - o(1+555)— @. 


In like manner, after the third payment there remains 


(1 ns a) o(1 ‘1 i o(1 - ae ca 


After the 4th payment, the remainder is 


(1+ 355) ~ 214499) —* “(1+355) - “(t+m)- 2, 


Finally, after the nth payment, we have 


1 it ‘ 1 rt \n—2 
p(1+ i90) > (1+) af ans — --+------------ 


rt \2 rt, 
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Whence ( 1 
P +750) 


1 1 haa eA Bb) rt n—1 
+( +795) + (1455) = (14-75) (14555 


This denominator being the sum of a geometrical progression whose 


a= 


first term is 1, ratio (1+ 55) and number of terms n, its sum is 


100) 
rt prt rt \" 
eee pre, ee 
( +790) f+ 300) 
ae eae Hence 2 = ———_—_—_- 
100 (150) oe 


Qnd. By the Vermont Rule.—The amount of the principal for the 


rtn 
whole time is p (1 +79 730) . 
The amount of the 1st payment is - - - - - - - - z| 1 et oped 
P 100"? 
“ « “ nd Te gel 45 Nie lee Shee Sie ea al L+sa5(n—2) j 
0) af 1+s55(0—8) | 
Ete., etc., 2 tr ceric A 
74 WE a ae ee 14 
The nth payment (with no interest) is------ 2. 
The sum of the amounts of these payments is 
rt 
nat spake D4) +0-8) ~~ -- Uh 


The series in the brackets being an arithmetical progression 
whose first term is (n—1), common difference —1, last term 1, and 


—1 
number of terms (n—1), its.sum is >) n. Hence the sum of the 
mt 
Z rt _(n—1 00"? 
payments is ne +759” (“> )n, or v) 2+ — |. But by the 
condition this sum equals the amount of the principal; conse- 
quently 


mrt 


a[ na 7000" » +m) 
es +700) gow 
art 
*P a es =) 
eae ES Aad : 
2n+——(n— * 


100 
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ee ae —If the payments are made annually, ¢=1. And let- 


ting 7 = is , i. e., letting the rate per cent. be expressed decimal- 
ly, the formulas become 
te pe Shs yh 
By the U. 8. Rule ‘ie G4ry°—1! 
2p(1+7’n) ; 
2n+17/n(n—1) 


By the Vermont Rule «= 


44. What must be the annual payment in order to dis- 
charge a note of $5,000, bearing interest at 10% per annum, 
in 5 equal payments ? 

Ans., By the U. 8. Rule, $1,318.99 within a half cent. 
By the Vermont Rule, $1,250. 


Query.—What occasions the great disparity between the pay- 
ments required by the different rules? 


45. What annual payment is required to discharge a note 
of $300, bearing interest at 7 per cent. per annum, in 4equal 


payments? 


46. The sum of $200 is to be applied in part towards the 
payment of a debt of $300, and in part to paying the inter- 
est, at 6% in advance, for 12 months, on the remainder’ of 
the debt. What is the amount of the payment that can be. 
made on the debt ? 


Suggestion.—Let z represent the payment; then (300—2) x +8, 
is the interest on the remainder of the debt; and we have therefore 
the equation, z+ (300—2) x 7%, = 200. 


Ans., $193.62.° 


47. A is indebted to B $1,000, and is able to raise but $600. 
With this sum A proposes to pay a part of the debt, and the 
interest, at 8% in advance, on his note at 2 years for the 
remainder. For what sum should the note be drawn ? 


Ans., $476.19. 


[Note.—For definitions, see Practical Arithmetic, ] 


91. Principle.—IJn Simple Partnership, t. e., when 
all the capital is employed the same length of time, 
the fundamental principle is that the shares of the 
Sains shall bear the same ratio as the shares of the 
stock. 

EXAMPLES. 

Ex. 1. A and B enter into partnership. A puts in $1,200 
and B $1,800. They gain $900. What is each one’s share 
of the gain? 


Solution.—Let x and 2, be their respective shares of the gain. 


~ Then r+, = 900 
and @:%, :: 1200: 1800 :: 2:3. 
Whence #+@,:7::5:2 
or 900: a:: 5:2 


x = 860, and 2, = 540. 


9. A, B, and C enter into partnership. A puts in $340, 
B $460, and © $500. They gain $390. What is the gain 
of each? Ans., A’s $102, B’s $138, and C’s $150 

Operation. %+0,+%, = 390. wa :a@, 2: 840: 460: 500, or 
a+x,+2,:0:: 1800: 340, or 390:a:: 180: 84,,0or 82:71:34. 

-, @= 102. 242,+%,:@, ::1800:460, or 390:2, :: 180: 46. 
or 8:4,::1:46.  .°. @ = 188. @+%,+0,°%, °° 1300 : 500, or 
390: a, :: 180: 50, or 8:2, ::1:50. .°. a = 150. 


8. Any number of persons as A, B, C, D, etc., unite in a 
partnership, putting in respectively a, b, c, d, etc., dollars 
each. The gain or loss is s. What portion falls to each ? 
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Solution.—Let 2z,, %, %, va, etc., be the respective shares of the 
gain or Joss, Then 74+%+%+at+, ac, == 6, 
and %:%:%:%at+ --~- ete. ::a:b:c:d--- ete. 
Whence #,+2,+@.+% + etc. :% i: a+b+¢e+d+ete.:a@ 
or 8:%4,::4+b+c4+d+4, ete.:a. 


int as 
“+ Ya = Trb+et+dt, ete. 

bs 
In like manner ca anbaepds ete.” 

ct 68 
ve G4 b+ o+d+t, ete.’ 

ds 

va 


~ a+b+o+d+, etc. 


Scholium.—This is the common rule for Simple Partnership, viz. : 
Multiply the gain or loss by each partner’s stock and divide the 
products by the whole stock. 


[Note.—In such examples the solution is so simple that the 
equation scarcely renders any assistance. In the following its 
advantages will appear.] 


4, Two men commenced trade together. The first putin 
$40 more than the second ; and the stock of the first was to 
that of the second as 5 to 4. What was the stock of each? 

Ans., $200, and $160. 

Operation.—Let # = what the first put in. Then 2—40 = what 


the second put in. And we have 2: a—40:: 5:4, or #:40::5:1. 
-. @ = 200, 


5. Three men trading in company gained $780, which was 
to be divided in proportion to their stock. A’s stock was 
to B’s as 2 to 3, and A’s to O’s as 2 to 5. | What part of the 
gain should each have-recéived ? ’ 

Ans.; A, $156; B, $234; C, $390. 

6. Three men trading in company, put in money in the 
following proportion : the first, 3 dollars as often as the 
second 7, and the third 5. They gain $960. What is each 
man’s share of the gain? ¢ 

Ans., $192; $448; $320. 
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7. A, B, and C found a purse of money ; and it'was mu- 
tually agreed that A should receive $15 less than one half, 
that B should have $13 more than one quarter, and that © 
should have the remainder, which was $27. How many 
dollars did the purse contain ? Ans., $100. 


92. Principle.—Jn Compound Partnership, i. e., 
partnership in which the several partners’ shares of 
the capital are in for different lengths of time, the 
gain or loss is divided in the ratio of the products of 
the several amounts ofestock into the time which they 
respectively remained in the business. This is assum- 
ing that the use of $a for time t in business is equal to 
Sat for time 1. 


8. A and B enter into ose A furnishes $240 for 
8 months, and B $560 for 5 months. They lose $118. How 
much does each man lose? Ans., A 48, and B $70. 

Solution.—Let x, = A’s share of the loss, and 4, B’s. Then 
Gq + %=118, and a:%::8 x 240:5 x 560:: 24:35. Whence 
Vq+%:q :: 59: 24,or 118: a, :: 59: 24, or 2:42 :: 2:48, .. 2 = 48, 
and x, = 118—48 = 70. 

9. A, B, and C entered into partnership. A put in $100 
for 4 months, B $300 for 2 months, and C $500 for 3 months. 
They gained $250. How much was each man’s gain? 

Operation. @+%;+2. = 250, and 

Wa 20 2%, 224x100 :2 x 800:8x 500 ::4:6:15. Whence 
250 :@,::25:4, or 10:9,::1:4. .. @ = 40. 

250 :@ 2: 25:6, or 10:% Boe 6s Ria ei 60? 

260 ae Ob bor dGise. ss! 1s 1bes: e741 50, 

10. A, B, and C hire a pasture for $180. A puts in 8 ~ 
cows for 10 weeks, B 20 for 5 weeks, and O 30 for 9 weeks. 
How much ought each to pay ? 

Ans., A $32, B $40, and C $108, 
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11. To gather a field of wheat, A furnished 8 laborers for 
5 days, B 12 for 3 days, and C 6 for 4 days. Forthe whole 
work A, B, and C received $45.50. How much should each 
have received ? Ans., A $18.20, B $16.38, and C $10.92. 


12. Any number of persons, as A, B, C, D, etc., unite in 
partnership, A putting in $a for time ¢, ; B, $d for time #,; 
C, $c for time ¢,; D, $d for time ¢,, etc. The gain or loss 
is s. How is it to be shared by the partners ? 

Solution.— Letting 2, 2, v,, v4, etc., represent the respective shares 
of the gain or loss, we have 

Uy i Se phe = 8, and 


Lq Up Vei%q -- - etc., 2: ata: bt: ct.: diz --- etc. Whence 
at, 
83%, °: at, + bt, + ct. + dta -- ete., $ Obes 2 Lg = at, + bt, + cl, + dlg-~ ete, &, 
bt, 


82%, 1: tat bt,+ct,+dty--etc.:bh. .. & = hd Lae 8. 
And in like manner for the others. . 
Scholium.—This is the common rule for Compound Partnership, 
viz.; Take the product of each partner’s share of the stock into its’ 
time in trade. For any partner’s share of the gain or loss multiply 
the whole gain or loss by the product of his stock into its time. and 
divide by the sum of the several shares of the stock into their 
respective times. 


Ex. 1. A farmer mixes together 10 bushels of oats, at 40 
cents a bushel, 15 bushels of corn at 50 cents a bushel, and 
25 bushels of rye at 70 cents a bushel? What is the value — 
of a bushel of the mixture ? Ans., 58 cents. 
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Solution.—Let 2 be the value of a bushel of the mixture of which 
there are 10+15+25 = 50.bushels. Hence 502 represents the value 
of the whole mixture, and 50” = 10x 40415 x50 +25 x '70 = 2900, 
Saas 


2. A grocer mixes 120 pounds of sugar at 5 cents a 
pound, 150 pounds at 6 cents, and 130 pounds at 10 cents. 
What is the value of a pound of the mixture? Ans., $0.07. 

3. A liquor dealer mixes 8 gallons of alcohol 100%, 12 
gallons 80%, 25 gallons 60%, 40 gallons 40%, and 60 gallons 
20% strong. What is the strength of the mixture ? 

Ans., 41334. 

4. One kind of wine is 40 cents a quart, and another 24. 
How much of each must be taken to make a quart worth 
28 cents ? 

Statement. wz+y=1. 40x+24y = 28. 


- §. Three kinds of sugar are worth respectively 6, 8, and 
10 cents a pound. How much must be taken of each to 
make a mixture worth 7 cents a pound ? 


Solution—Let 2, y, and z be the amounts of each required. 
x pounds at 6 cents a pound arc 6x; y at 8, 8y;.2 at 10, 102. The 
whole amount is x+y +4, and the whole value 67+8y+10z. Hence 
6a+8y+102 = 7(2+y+z). But here are three unknown quantities, 
and the example gives but one set of conditions. The problem is 
therefore indeterminate; that is, there are not conditions enough: 
given to fiz the values of the unknown quantities. 

Suppose we add the two conditions: To make a mixture of 
48 lbs. ; and that twice as much of the 6 cent sugar shall be used 
as of both the others. We then have the two additional equations 
a+y+2 = 48, and «= 2(y+z2). These equations, together with the 
former, 6z+8y+102 = 7(@+y+2) readily give « = 82, y= 8, and 
2=8. : 

93. Scholium.—The last example is a case in Alligation Alter- 
nate, as it is denominated in our Arithmetics. Such examples, as 
they are usually stated, are simply problems in which there are 
more unknown quantities than equations, and are hence Jndctermi- 
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nate. The Indeterminate Analysis can not be treated in this volume, 
but a few further illustrations of such examples will be given. All the 
various methods of treating Alligation Alternate usually given in our 
Arithmetics are exceedingly cumbrous and perplexing to the pupil, 
and, after all, fail to give a full view of it. The propriety of puz- 
zling pupils with any of them is exceedingly questionable. They are 
very clumsy and incomplete efforts at doing a thing which becomes 
very simple when the proper principles are developed, which prin- 
ciples cannot be brought forward in Common Arithmetic, 

6. How much of each sort of grain, at 48, 50, and 68 cents 
a bushel, must be mixed together, so that the compound will 
be worth 60 cents a bushel ? 


Statement. «, y, and 2 being the amounts of each kind respec- 
tively, we have 487+ 50y +682 = 60(a+y+2), or 62+5y—=— 42. Now 
any real, positive values may be assigned to either two of these 
unknown quantities, which will give a positive value for the other. 

Thus if z=4, and y= 2, 6=16~—10, or z= 1. Verify these 
results. ¢ : 

Again, if = 5, and y = 1, 6a = 20—5, ora = 23. Verify these 
results. 

Again, if z= 6, and y = 8, 6a = 24—15, ore= 1}. Verify these 
results. 

In like manner an unlimited number of-sets of answers can be 
obtained. 

If, however, we try 2 = 2, and y= 3, we have x= —11. The 
negative sign in this case shows an impossibility. The cause of this 
is evident when we notice that 2 bushels, at 68 cents, and 3 at 50, 
make 5 bushels, worth 286 cents, or 57} cents per bushel. This 
mixture cannot be made worth 60 cents per bushel by putting in 
grain worth only 48 cents. 

The —14 of the 48 cent grain indicated by this result, may be 
understood to mean that we are to take out of the 5 bushels, worth 
286 cents, 14 bushel, worth 48 cents per bushel. This leaves 
38 bushels, worth 280 cents, or just 60 cents per bushel. 


7. A merchant has two kinds of wine. The first kind is 
worth 12 shillings per gallon, and the second is worth 7? 
shillings per gallon. How many gallons of each kind must 


he use in order to form a mixture worth 9 shillings per 
gallon ? 
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Ans., Letting « and y represent the quantities respec- 
tively, he may take any quantity he pleases of either, so that. 
he takes such an amount of the other as to preserve the 
relation 8a = 2y. That is, he must take 14 times as much 
of the latter as of the former. If he takes 2 of the former, . 
he must take 3 of the latter. If he takes 6 of the former, 
he must take 9 of the latter, etc. ‘ 


8. How much corn at 48 cents, barley at 36 cents, and 
oats at 24 cents per bushel, must be taken to make a com- 
pound worth 30 cents per bushel ? 

Suggestion.—Show that he can take any amount he pleases of 
either one, if he takes proper amounts of the other two respectively. 
Show what he may take of the second and third kinds if he take 
1 bushel of the first. Is there any limit to the number of ways he can 
make up the mixture when he takes 1 bushel of the first kind? Can 
hé take 3 bushels of the first kind and 2 of the second? What value 
would this give to 2 (representing the amount of the third kind) ? 


9. A merchant wishes to mix 32 pounds of tea at 36 cents 
per pound, with some at 48 cents, and some at 72 cents. 
How many pounds of each kind must he take to form a 
mixture worth 56 cents per pound ? 

Suggestion.—The relation is 2y—z= 80. Any value for either 
a2 or y may be taken which gives a positive value for the other; and 
any positive value of a will give in this case a positive value for the 
y, for 24y= 80+e. Ife=4, y= 42. Ife=10,y=45. If *=1, 
y = 404, ete. 

- If we add to this example the condition that the whole amount 
of the mixture shall be 102 pounds, the problem becomes deter- 
minate; as there are then two equations with two unknown quanti- 
ties. The equations, when reduced, are 2y—# = 80, and y+ = 70. 
Whence x = 20, and y = 50. 


10. A man bought horses at $50 each, oxen at $40, cows 
at $25, calves at $10, so that the average price per head was 
$30. How many were bought of each? ; 


Suggestions,—The conditions to be met are 4a + Qy=2+4u, nega- 
_ tive and fractional values being excluded by the nature of the prob- 
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lem, Can the conditions be met by taking 8 cows and 5 calves? 
Why? Can they by taking 2 cows and 5 calves? How? Can they 
by taking 4 horses and 6 cows? How? 

11. A bought 240 barrels of molasses for $4,320 ; worth, 
respectively, $10, $14, $20, and $22; how many barrels of 
each did he buy ? Ans., 40, 20, 160, and 20. 

Suggestion.—The conditions are «+y+2+w = 240, and 47+2y 
=2+2w. Here are two equations with four unknown quantities, 
hence any other to conditions may be imposed which do not 
conflict with the nature of the example. Can a= 60 and y = 20? 
Yes. This reduces the equations to 2+ = 160, andz+2w = 280; 
from which w = 120, and z= 40, Can the condition that half 
the quantity shall be of the first two kinds be met? No. This 
gives 2+# = 120, which subtracted from 2+2w = 4a+2y, makes 
w = 2(2x+y)—120. But since x+y = 120, 2(2e+y)—120 > 120. 
.*. > 120, which would make z negative. 

12. I have two kinds of molasses which cost me 20 and 30 
cents per gallon; I wish to fill a hogshead, that will hold 
80 gallons, with these two kinds. How much of each kind 
must be taken, that I may sell a gallon of the mixture at 25 
cents per gallon and make 10 per cent. on my purchase? 

Ans., 58%, of 20 cents, and 21,% of 30 cents. 
18. A lumber merchant has several qualities of boards ; 
and it is required to ascertain how many,.at $10 and $15 per 
thousand feet, each, shall be sold on an order for 60 thousand 
feet, that the price for both qualities shall be $12 per thousand 
feet. Ans., 36 thousand at $10, and 24 thousand at $15. 

14. How many ounces of gold 23 carats fine, and how 
many 20 carats fine, must be compounded with 8 ounces 18 
carats fine, that the alloy of the three different qualities may 
be 22 carats fine? Ans., 48 oz. of the 1st, and 8 oz. of the 2d. 

[Note.—These applications might be extended to much greater 
length, did space permit. The equation renders important aid in 
many problems in Compound Interest, but their discussion usually 


requires a knowledge of Quadratics, and some of them of Loga- 
-rithms. They must, therefore, be reserved for the future.] 
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“Q(CHAPTER IV. 
QD ECTION I. 


PURE QUADRATICS. 
94, A Quadratic Equation is an Equation of the sec- 
ond degree (6, 8). r 
95. Quadratic Equations are distinguished as Pure 
(called also Incomplete), and Affected (called also Complete.) 


96. A Pure Quadratic Equation is an equation which 

contains no power of the unknown quantity but the second ; 
“as aat+b = cd, 2—3b = 102. 

97. An Affected Quadratic Equation is an equation 
which contains terms of the second degree and also of the 
first, with respect to the unknown quantity or quantities ; 
as a— 4a = 12, dey—a—y? = 16a, may+y = 6. 

98. A Root of an equation is a quantity which sub- 
stituéed for the unknown quantity satisfies the equation. 


Note the difference between this use of the word root, and its 
former use as defined in Art. 39. Here we speak of “the root of 
an equation,” meaning the value of the unknown quantity; in the 
former sense we speak of “the root of a number,” meaning one of: 
its equal factors. 


99. Prob.—To solve a Pure Quadratic Equation. 


Rule.—J. Transpose all the terms containing the 
unknown quantity into the first member, and unite 


_ them into one, clearing of fractions if necessary. 
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Il. Transpose the known terms into the second 
member. 

III. Divide by the coefficient of the unknown quan- 
tity, and extract the square root of each member. 

Demonstration.—According to the definition of a Pure Quadratic, 
all the terms containing the unknown quantity contain its square. 
Hence they can be transposed and united into one by adding with 
reference to the square of the unknown quantity (16). Extracting 
the square root of the first member gives the first power of the 
unknown quantity, 7. ¢., the quantity itself. And taking the square 
root of each member does not destroy the equation, since like roots 
of equal quantities are equal. 


100. Cor. 1.—EHvery Pure Quadratic Equation has two 


roots numerically equal but with opposite signs. 


This is apparent since every such equation, as the process of 
solution shows, can be reduced to the form «* = a (@ representing 
any quantity whatever). Whence, extracting the root, we have 
x = +4/a; as the square root of a quantity is both + and — (203). 


Scholium.—The question naturally arises, Why not put the ambigu- 
ous sign (the +) before the «, as well as before the second member? 
It is proper to ; but there is no advantage gained by it. Thus, if 
we write +2 = +4/a, we have +2 = +4/a, or —t = +,/a. But 
the former is « = +4/a, and the latter becomes so by changing the 
signs of both members. §o that all we learn in either case, is that 
a= +4/a, and z= —v/a, 

101. Cor. 2.—The roots of a Pure Quadratic Equation 
may both be imaginary, and BOTH will be if ONE is. For if 
after having transposed and reduced to the form 2?=a, the 
second member is negative, as v= —a, extracting the square 
root gives = + /—a, and z=—+/—a, both imaginary. 


EXAMPLES. 


Ex. 1. Given 322—10—2?=12+ 42?—54 to find the value of a. 
Model Solution. 
Operation. 82°—10—a? = 12+42?—54, 
(2) - —2a? = —32, 
(3) x as 16, P= +4, 
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Explanation.—Transposing and uniting terms, I have —2a?=—32. 
Dividing each member by —2, I have x? =16. Extracting the 
square root of each member, I find a= +4 (read, “a equals plus 
and minus 4”), 


Yerification—Substituting +4 for x, the equation becomes 48 
—10—16 = 12+64—54, or 22 = 22. Substituting —4 gives just 
the same since —4 squared, (—4)’, is the same as +4 squared. 


2 
2. Given 2?+1 = it to find z. Roots, «= +2. 


2(9+22)  32+6 


3. Given ee agra ae to find z. 
Roots, x = +3. 
4, Given cae a ts = £ to find the values of 2. 
ee ey ee ck 


Reon 8, a=" 4. 


5. Given z?—ad = d, to find the values of 2. 
Roots, «= +Vd-+ab. 
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6. Given gatas 24 a ha, to find the values 


of 2. Roots, «= +3. 


7. Given 13—/32*+16 = 5, to find the values of 2. 
Roots, x = +4. 


8. Given #+ V/2+a= A , to find the values of «x. 
/2+a 
Roots, x = +4V/3a. 


per ene aoe Robes, 2 = 9. 
V/ 224-5 


10. Given eee Roots, = / 2a(a +6) +2 
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x a : a 
11. Given a = = az. Roots, = Ae are 
12. Given 7-2 = av'mn er 

x x 


x 
Roots, « = +(Vm—Vn). 
' 2 w@ Mad & 
18. Given BO prl =, l+5 
Roots, « = +V@—P. 
14. Given 12—2?: 4a? :: 100: 25. Roots, x= +2. 


Operation. 12—2?: $a°:: 100: 25 
12—a? sa? +: 50:25 ::2:1 
19st eyes t 
4:a7s:1:1 .. w= +2. 


[Note.—Use the principles of proportion in solving these.] 
15. Given 42°+ }o®—3 : fa?@—40?4+3 ::9:3. 
Roots, x = +42. 


16. Given $(2?—5)?:2?—5::2:1. Roots, x= £5. 
Operation. 3(v’?—5)?:2°—5 ::2:1 
v@—5:1::4:1 
. @—5:5::4:56 
es Gres OkS th SS ghee, 
17. Given $(11 +2) : 4(4a?—2) :: 
* Rables = £2, 


18. Given 2*+4:2?—11 :: 100: 40. 
Roots, « = +21. 


; B+a+8 e+a4—8 Ay 
19. Given A. i 2— ar ad Roots, x = +2. 
7 TAs ¢—e4. ~ 10 
20. Given cay" + Te eee Roots, x = +8. 
21. Given (+2)? = 47+ 5. Roots, «x = +1. 
22. Given $(22?—12) = 42?—1. Roots, « = +6. 
23. Given eae ee, 


e—ie w2+%e at—B a 
Roots, x = +9. 
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24, Given 4+ Va'—V/2—4z = 1. Roots, x= +4. 


25. Given Vata = Ve4V248. 
Roots, x = +V@—2B 


26. Given VIF 24+ V14+e24V1—-2@ = Vi-w 
Verify. Roots, x = +2V—6. 
27. Given +2! = Va?+22. 
Roots, « = +5 V2(0—a). 


ta es a—zz 
28. Given J0—V @+22 = ——_-——.: 
at at+Ve+2 
ae 26 
Roots, «= a ae 
a: VA+8—o 2aV/b 
29. Given —————_ = 8 Roots, x=" . 
ee Vet e +a Lae 
80. Given cok ada es i Roots, « = +2. 
322 +4—2 
_. V#$1I—-V 21 
31. Given ———— _—"—— = 1. Roots, «= +475. 
Ve+1+/2—1 - $ Ve 
; a Q 
32. Given ——_—_———- + ——_"——— =. 
a+/2—-2 2—-V2—2 
Roots, «= ++/3. 
dh fs a : 
33. Given —————— _ — —__ == = 5: 
a a a—Ve—2@ atVe-2 © 
Roots, = +4avV/3. 
ae er Kas 
34. Given Ve+e+e = . ‘Roots, a 4H c) 


V a2 +-a2®#—2x 2 be 
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; : 1 i 1 
35. Given uae + aes =2 
Roots, « = +4V/3. 
Lae ae eal 1 
l4e+Vite — l—2+ V1+2* 
Roots, x = +V(a—2P—1. 


36. Given 


1 uf 
37. Given — + ——_ = 
2+V/2—2 2—-V/2—2 
Roots, x= + a+1, 
a 
88, Given Mitel , Viqe+1 _ 


ZV er ieee a ae ep 


Roots, x = +- en ae = 


APPLICATIONS. 


Ex. 1. What two numbers are those whose sum is to the 
greater as 10:7, and whose sum multiplied by the less pro- 
duces 270? Ans., 21 and 9. 


Suggestion.—Let 102 = the sum of the numbers, and 7 the 
greater. 


Scholium.—It is customary to omit the negative roots in giving 
answers to examples, the nature of which renders such answers 
impossible. In this case the question is about pure number, and 
hence the answers should be given without signs. 


Q.. There are two numbers whose ratio is that of 4 to 5, 
and the difference of whose squares is 81. What are the 
numbers? Ans., 12 and 15. 

3. What two numbers are those whose difference is to the 


greater as 2 to 9, and the difference of whose squares is 128 ? 
Verify. 
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4, Find three numbers which bear the same ratio to each 
other as 4, $, and 3 do to each other, and the sum of whose 
squares is 724. Numbers, 12, 16, 18. 


5. Find three numbers in the ratio of m, 7, and p, the 
sum of whose squares is equal to a. 


am ane 
Numbers, Var mene p +4/ m+ net p?’ and 


eer 


6. Divide 14 into two parts so that the greater part divid- 
ed by the less shall be to the less divided by the greater as 
16 to 9. 


14—a 
x 
aw: (14—a)?:: 16:9, and #:14—a::4:3, and #:14::4:7%. .@ 

= 8, and 14—« = 6. 


Suggestion.—Having i a ae :: 16: 9, it follows that 


”. Divide a into two parts so that the greater part divided 
by the less shall be to the less divided by the greater as 
m to n. 

_avm aa avn 
Vntva m+n 

Scholium.—Example 7 is example 6 generalized. The pupil 
should deduce the results in the former from these. Thus, sub- 
ayn == 8,F etc, 


” ne 


8 What two numbers are they, whose product is 126, and 
the quotient of the greater divided by the less, 3}? Gener- 
alize this. Ans., 6 and al. 


Parts, 


stituting a = 14, m= 16, and n= 


9. The sum of the squares of two numbers is 370, and 


the difference of their ela 208. Required the numbers, 
; “kia 9 and 1% 
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10. Generalize the 9th, and show that 4/2(s-+d) and 
44/2(s—d) are general results. 

11. For comparatively small distances above the earth’s 
surface the distances through which bodies fall under the 
influence of gravity are as the squares of the times. ‘Thus, 
if one body is falling 2 seconds and another 3, the distances 
fallen through are as 4:9. A body falls 4 times as far in 2 
seconds as in 1, and 9 times as far in 3 seconds. These facts 
are learned both by observation and theoretically. It is 
also observed that a body falls 164, feet in one second. 
How long is abody in falling 500 feet ? One mile (5280 ft.) ? 
Five miles? Ans., To fall 500 ft. requires 5.58 seconds. 
To fall 5 miles requires 40.51 seconds. 


12. A and B lay out some money in a speculation. A 
disposes of his bargain for $11, and gains as much per cent. 
as B lays out. B succeeds in gaining $36; and it appears 
that A gains four times as much per cent. as B. Required the 
capital of each. Reswlts, $5 = A’s capital, and $120 = B’s. 

13. A money safe contains a certain number of drawers. 
In each drawer there are as many divisions as there are 
drawers, and in each division there are four times as many 
dollars as there are drawers. The whole sum in the safe is 
$5,324; what is the number of drawers ? Ans., 11.: 


14. Two travelers, A and B, set out to meet each other; 
A leaving the town C at the same time that B left D. They 
travelled the direct road from C to D, and on meeting it 
appeared that A had travelled 18 miles more than B; and 
that A could have gone B’s journey in 153 days, but B would 
have been 28 days in performing A’s journey. What is the 
distance between C and D? Ans., 126 miles, 

M D 
: dae 
If « = CM = the distance A travelled, then zg—18 = MD = the did- 


Sug. 
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tance B travelled. ane = distance A travelled a day; and a 
4 


= distance B travelled a day. Notice that the times are equal. 


15. From two places at an unknown distance, two bodies, 
A and B, move toward each other till they meet, A going 
a miles more than B. A would have described B’s dis- 
tance in n hours, and B would have described A’s distance 
in m hours. What was the distance of the two places 
from each other? Vmn+vVn 
Vm—Vn 

16. A and B engaged to work for a certain number of 
days. A lost 4 days of the time and received $18.75. 
B lost 7 days and received $12. Now had A lost 7 and 
B 4 days, the amounts received would have been equal. 


How long did they engage to work and at what rates? 
Ans., Whole time, 19 days. 


ANns., aX 


Suggestion.—If 2 = the whole time, what represents A’s daily 
wages? What B’s? After the equation is formed, see if you can- 
not strike out a numerical factor from both members, and extract 
the root without expanding. 


17. A vintner drew a certain quantity of wine out of a 
full vessel that held 256 gallons ; and then filled the vessel 
with water, and drew off the same number of gallons 
as before, and so on for four draughts, when there were 
only 81 gallons of pure wine left. How much wine did 
he draw each time ? Ans., 64, 48, 36, and 27 gallons. 


Suggestion.—If he drew out = part of the contents of the cask 


* 


—1 
each time, there remained after the first drawing ——th of the 


&. cee ee? 
wine; after the second i 5 od or Ga and after the fourth 


Cape Ga a. op th Nae? 
etsy ow ts ober tT Pens 


ot 
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18. A number a is diminished by the zth part of itself, 
this remainder is diminished by the nth part of itself, 
and so on to the fourth remainder, which is equal to 8. 
Required the value of . 4 

” Ya—Vo 

19. There is a number such that, if the square root of 
three times its square + 4, be taken, the quotient of this 
root increased by 2, divided by the root diminished by 2, is 3. 
What is the number? 

Query.— Which of the equations in the preceding part of this 
section does this give rise to? 

20. If the square root of the difference between the 
square of a certain number and 2, be both added to and 
subtracted from the number itself, the sum of the recip- . 
rocals of the result is 1; of the number itself. What is the 
number ? 


Query.— Which of the equations in the preceding part of this 
section does this give rise to? With what modifications? 


ac 
ac 


ADRATIC| \jpQUATIONS 


ae 


GRECTON IL 


102. An Affected Quadratic equation is an 
_ equation which contains terms of the second degree and 
also of the first with respect to the unknown quantity? 
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2Qaxr + 3b22 ye 
aba fod oe ee 


— 32 — 12, 42-4302 = 
aes grins MAE tes 


= 0, are affected quadratic equations. 


103. Prob.—To solve an Affected Quadratic Equation. 


Rule.—l. Reduce the equation to the form x*+ax 
ag Sigs 


| IT. Add the square of half the coefficients of the 
second term to each member of the equation. 


IIT. Extract the square root of each member, thus 
producing a simple equation from which the value of 
the unknown quantity is found by simpletransposition. 


~ Demonstration.—-By definition an Affected Quadratic Equation 
contains but three kinds of terms, viz.: terms containing the square 
of the unknown quantity, terms containing the first power of the 
unknown quantity, and known terms. Each of the three kinds 
of terms may, by clearing of fractions, transposition, and uniting, as 
the particular example may require, be united into one, and the 
results arranged in the order given. If, then, the first term, 7. ¢. the 
one containing the square of the unknown quantity, has a coeffi- 
cient other than unity, or is negative, its coefficient can be rendered 
unity and positive without destroying the equation by dividing 
both the members by whatever coefficient this term may have 
after the first reductions. The equation will then take the form 


2 
x? +az= +6. Now adding (5) to the first member makes it a 


a ‘ : fe See 
perfect square (ine square of # + 5): since a trinomial is a perfect 
square when one of its terms (the middle one, aa, in this case) is 
+ twice the product of the square roots of the other two, these two 
being both positive (123, Parrl). But if we add the square of 
half the coefficient of the second term to the first member to make 
wwe ee ee EE EE 

* The characteristics of this form are, that the first member consists of two 
terms, the first of which is positive and contains simply the square of the unknown 
quantity, its coefficient being unity, while the second has the first power of the 
unknown quantity, with any coefficient (a) positive or negative, integral or frac- 
_ tional ; and the second member consists of known terms (6). ’ 
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it a complete square, we must add it to the second member to pre- 
serve the equality of the members. Having extracted the square 
root of eacli member, these roots are equal, since like roots of equals 
are equal. Now, since the first term of the trinomial square is 2’, 

2 
and the last ¢ 
consisting of «+ the square root of its third term, or half the co- 
efficient of the middle term, and hence a known quantity. The 
square root of the second member can be taken exactly, approxi- 
mately, or indicated, as the case may be. Finally, as the first term 
of this resulting equation is simply the unknown quantity, its value 
is found by transposing the second term. 


) does not contain 2, its square root is a binomial 


EXAMPLES. 
; a e 
Ex. 1. Given 6—2—— = w— Rte , to find the value of 


#, and verify. 
Model Solution—Operation. 


a ia 

—¢~— — — g— 91 cay 

6—2 el oc Sa 
48—8¢—2* = 8%—18+2" | 


—2a?—162 = —66 


2’? +82 = 33 
o?+8e+16 = 384+16 = 49 
e+4—= +7, 


= +%—4=8, and —11 


Explanation.—Clearing the equation of fractions, transposing and 
uniting, and dividing each member by —2, I have «7482 = 33. 
Now since 8x contains the square root of z? as one of its factors, the 
other factor, 8, is twice the square root of the other term of a trino- 
mial square (123, Part I). Hence } of 8 squared (16) is the third 
term. Adding this term I have x? + 8¢+ 16, which isa perfect square. 
But as I have added 16 to the first member to make it a perfect 
square, I must add it to the second member to preserve the equality. 
This gives #°+8¢+16=49. Extracting the square root of both 
members, I have »+4=+7%. Finally, transposing the 4, I have 
x= —4+7,7.¢ «©=3 and —11. Both are correct. Hence there 
are two roots (values of z) of this equation, 3 and —11, = 
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Verification.—To verify the value z = 3, I substitute 8 for vin the 

given equation, and have 6—8—% = 83-2144, or 8—2 = $42, or 
+f =1). To verify the valuez=—11, I substitute for @, —11, in the 
given equation, and have 6+ 11—1g1 = —11—214.121 or 17—1g4 
= —18}+4§4, or 46 = 4. 


2. Given z*—8x+5 = 14, to find the values of x, and 
: Verueys- > Result, «= 9, and —1, 


8. Find the roots of the equation 2*—127+430 = 3, and 
verify. Roots, 9 and 3. 


47—9 
2 


‘ 4, Find the roots of z—2 = 


Suggestion.—This reduces to z>—6z2 = —9. Whence, completing 
the square, °—6z+9 = 9-9= 0, and x-3= 0, or~= 3, In this 
case it appears that the equation has but one root. ; 


5. Given 5 eee , to find the values of z. 
6. Find the roots of 3(z—4) = => 


Suggestion.— This reduces to 278% =—20. Whence, completing 
the square, z7—8x+16 = 16—20 = —4, and extracting the root, 


a—4 = + 24/—1, ora =4 + 24/—1, two imaginary roots, 


et 9 
7. Find the values of « in = ae ana 
Results, x = 5+20/—5, and 5—20/—5. 
Fes 300° 


8. Find the roots of re OT = =2 
Roots, og and —40. 


set §) +. 6) as 
Qu 


—2. 


9. Find the roots of 


Only one root, —2. 


3) 
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10. Find the roots of 7(7+ 7) +———_ ae 
Roots, 5(—1+ V —]), and eshte or as the 
same may be written, —5(1—*/ —1), and —5(1+~~/—1). 


11. Find the roots of 42°—40 +20} = 42%, and verify. 
Roots, 7, and —64. 


Scholium.—This process of adding the square of half the co- 
efficient of the first power of the unknown quantity to the first 
member, in order to make it a perfect square, is called CoMPLETING 
THE Square. ‘There are a variety of other ways of completing the 
square of an affected quadratic, some of which will be given as we 
proceed; but this is the most important. This method will solve 
all cases: others are mere matters of convenience, in special cases. 


12. Given 2?—2+3 = 45, to find its roots, and verify. 
13. Given 22?+8zr—20 = 70, to find its roots, and 
verify. 
10z 5a?— 65 


14. Given ae = 1342 oak Bae to find its roots, 
and verify. 
35 —32 
15. Given 62+ “eee 44, to find the values of 2. 


Suggestion.—Clearing of fractions, 627 + 35—38a¢ = 44a, 
Transposing and uniting, 627—47x = —35, 
Dividing by 6, 27—47¢ = —35, 
Completing the square, «*’—47a+ (44)? = (44)’—35 = 1353, 
Extracting the root, z—43 = + 34, 
Transposing, « = 44+ #4 = 7, and 3. 


16. Find the roots of be = a 

Suggestion.—Notice the compound negative term. Cleared of 
fractions and reduced, the equation becomes 2?—32=4. .. a= 4, 
and —1. 

17. Find the roots of “© — 10092 _ 


Suggestion.—Multiply by me to clear of fractions, 
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18. Find the roots of 322—202—62 — Ya—2a?+4 100. 
3 Roots, 9, and —3g.- — 


19. Find the roots of 22—2 — 20. 
Roots, 3, and —1, 


20. Find the roots of 30? — fe +7 = 8-3. 
Roots, 3, and —&. 


21. Find the values of z in the equation a +5 


165 


= e-10 - Result, -# = 52, and 5. 


$a 4 20 
22. Find the values of x in the equation PEG tal A 6. 


Result, « = 10, and —3. 


23. Given Ha+4)——2 =4$(4¢%+7)—1, to find the 


3 
values of e, Hasult, 2.21, and 5. 
ae 12 as ee . E 

24. Given + eae 535, bs find the roots, and 
verify. 

25. Find the roots of Cae aad ite = 4(% — 2), and 
verify. 

2x . : 47—3 _ 37—16 

26. Find the roots of + gn 34+ - 8 —,and 
verify. 

27. Find the values of w in the equation 32°—2ax = 0b. 

atVa+3b 


: Result, x i at saoe GR 
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Operation. 32°—2aa = b; 
ney 2a b 
Dividing by 3, oe =% - 

: 2a Oo 30? bs oc BD 
Completing the square, #—Fe+(5) hh teks pS 
Extracting the square root, a—* ee av a? +3, 

72 1. 2h 411 th 
_ Transposing, ome Va +8 A hades Va? +36 
3 3 3 
Scholium.—The form na ed yee oe signifies that there are two 


values of v; 7. ¢., that each of Fe signs + and — may be used. Thus 
the values in this case are 
a a) BO or Tracy 
ree? aod pay ee we +36— 
28. Find the roots of 32°+5az = m. 
—5at / 25a? + 12m 
i <a ——e 


t= 


Roots, 


29. Find the roots of 9atd42?— 6arse — 8. 


30. Find the values of z in the equation - oe Sie 
‘Result, x =14+V1—a#, 
31. Find the roots of See =: 
—2u i 


Roots, $a, and 3a. 


104, Cor. 1.—An affected quadratic equation has two 
roots. These roots may both be positive, both be negative, or 
one positive and the other negative. They are both real, or 
both imaginary. 

Demonstration.—Let 2+ px = q be any affected quadratic equa- | 


tion reduced to the form for completing the square. In this form 
p and q may be either positive or negative, integral or fractional. 
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. : ae 
Solving this equation we have z= ~ zt / re +9. We will now 


observe what different forms this expression can take, depending 
upon the signs and relative values of p and g. 
Ist. When p and q are both positive. The signs will then stand as 


Se P /p? Wee ea oe 

PIVEN 4, 1, 0. ae =e / a +q. Now, it is evident that /e+9 
P Rigg, 9 

9? for 4/ rohe ae the square root of something more than 


= 
a Hence a P< 4/P 49 P oe i itive ; but P 
iM: me 7 5 4 q 18 positive; bu rs 


— 7 i +q is negative, for both parts are negative. Moreover the 


negative root is numerically greater than the positive, since the 
former is the numerical sum of the two parts, and the latter the 
numerical difference. .. When p and gare both + in the given 
form, one root is positive and the other negative, and the negative 
root is numerically greater than the positive one. See Example 1, 
above. 


2nd. When p is negative and q positive. We then have a=— 


as 2 
yrvgee P) vee ae ate If we take the plus sign of the 


radical, « is positive ; ei if we take the — sign, zis negative, since 


at 
A P+g >. Moreover, the positive root is numerically the 


greater. .*. When p isnegative and g positive, one root is positive and - 
the other negative; but the positive root is numerically greater than 
the negative. See Example 2, above. 


8rd. When p aud q are both negative. We then have «= — + 
24/9 eas + (— —g= ={s Pg In this it > 4 eq is 


real, and as it is less than Pp both values are positive. See Ex. 3. If 


fp 9 —q = 0, and there is but one value of @, and this is posi- 


on (It is customary to call this two equal positive roots, for the 
_ sake of analogy, and for other reasons which onnnot now be se: 
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2 7 2 
ciated by the pupil.) See Examples 4 and 5, If a Hilts f a 


becomes the square root of anegative quantity and hence imaginary, 
See Examples 6 and 7. — 


4th. When p is positive and q negative. We then have z= ae 


ot oe 2 
+ y/ 7-4. As before, this gives two real roots when ¢ < t. When 


this is the case both roots 7 negate. [Let the pupil show how 


this is seen.] When g = t , the roots are equal and negative; 7. ¢. 
there is but one. When/ - <q both roots are imaginary. See 
Examples 8, 9, and 10. 

[Note.—It is not important that the pupil remember all these 
forms; but it is an excellent exercise to give the discussion. The 
ingenious student can put the results in a very neat analytical table.] 

Scholium.—It may be asked why, when we nasi the square 

2 
root of each member of the equation 2* + pa +7 i q+ , we write 


the ambiguous sign only before the root of the second a The 
reason is the same as given under the Pure Quadratics, Arr. 100, 
Scholiuwm. Thus, in strict propriety, the square root of each mem- 


ber of this equation being taken or indicated gives + (=+5) 


a 
= VA f +q. But take these signs in any order we can, it amounts 


to taking the roots as having like signs (both +, or both —) or 
unlike signs (one + and the other —). Hence it is sufficient to give 
the ambiguous sign to one member only; and it is most convenient 
to give it to the second. 


32. Given /z-+5 x Vx+12=12, to find the values of z. 
Result, x = 4; and —21. 
Suggestion.—First clear the equation of radicals. 
33. Given /47+5 x »/7z+1 = 30, to find the values 
of a. Values, x = 5, and —644. 


84, Given ebb a = /7%+5-+46, to find the values of z. 
Values, « = 4, and —1. 
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85. Given 24+16—7/2+16 = 10—4/z+16, to find 
the values of 2: Values, x = 9, and —12, 


Suggestion.—Put’ the equation in the form x+6 = 34/2+ 16, 16, 
and then square. 


36. Given 31/27+6+42 = 2+ Vz+6, to find the values 
OF ax Result, x = 10, and —2. 
. 1 4 
37. Given y+— = ——, to find the roots. 
wry V3 
Result, « = V3, 4V3. 


Suggestion.—Multiply by y and eee. and 7? Cet, de Fath 


4 4 


Completing the square, Saad —1l= 1 Extracting the . 


if. 8 
Q = 
Toot, y—-—==#Aj/h wi y= 
? f3 V4 y 


and 4/} = 4/3, and 34/3. 

105. Cor. 2.—An affected quadratic being reduced to the 
form x’+px =q, the value of x is half the coefficient of 
the second term taken with the opposite sign, +- the square root 
of the sum of the square of this half coefficient, and the known 
term of the equation. This is observed directly from the form 


x= —= Pia /P eg +4, and more in detail in the demonstration 


of the preceding corollary. 

[Note.—The pupil should use this method in practice, but be 
careful that the complete method and its full demonstration is not 
lost sight of. ] 

38. Write out the roots of the following without going 
through the operations of completing the square, etc.; 
2+42—60; y—4y = 60; 2+16¢= —60; 2 — loz 
= —60. 

39. Reduce the fottowina to the form z?+pu = q, and 
_ then write out the roots as above : 


4 
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322+2¢+6 = 11, gives 22+% = § Whence a= —}4 
+V7$+h = —444 =1, and —}. 
922 30x 20 64 


aa fees —4, gives e+ & =F" Whence z = 


10 100 64 =—10+6 _ 
a —14, and —54. 


= 14, gives aaa =.% Whence z = 2 
& 4 


8 
81 9+23 _ 
sities == a4, and —1}. 


40. Given 9a-*—12a-1 = —3, to find the values of 2. 
Values, x = 3, and 1. 


f 9 
Suggestion. 92? =— 


i. 1 
y+o 142 
41. Given —£ + f= = 43,.to find the roots. 
Caer, ice cael 
; y 


Suggestion.—Reduce the complex fractions to simple ones by 


multiplying numerator and denominator by y. Whence - Z i ey 

y—1 
=. Multiply by 4(y’—1), and 4y°+4+4y7+8y+4 = 18y?—18. 
“. y = 3, and —. 


Ra 


42. Given Va+2+Va—2 = 
BV/a+e 


to find z. 


4a 3 
Result, 2 = re and = 
43. Given /z+a—V/2+b = 2z, to find the roots. 
a-b 
Suggestion. 4/a+a—/2e = 4/z4b, 2+a—2,/2a*+2ae+ 2a. 


=2+b, —24/2e?+2ac = b—a—2e, 8x? +8ae = 0 —2ab—4be +a? 
+4ae+4e°, 
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: 5 sad 1 
2 Uiven ——.— (at —3})2 = ————_—_" to find 
20 ne eae BWP ie 

the values of z. Result, « = a, and —8d. 
Suggestion. : Sad Whence the given equa- 


(aby 4+ (a) at at 


tion becomes 2°—(a—b)x = ab. 


45. Given -——— oh aan siRud 
Tea Ve* fen Gomes a = 
the roots. Roots, x = b+ VP—2 Sab 


2 
Suggestion.—Add the fractions in the first member, and ave 


——. Whence 2a? = 2ba—ab. 


106. Cor. 3.— Upon the principle that the middle term of 
a trinomial square is twice the product of the square roots of the 
other two (94, 95, Parr I.), we can often complete the square 
more advantageously than by the regular rule. 


46. Solve 42?+162 = 33. 


Solution.—Dividing 16x by twice the square root of 42”, i. ¢., by 
4z, and adding the square of the quotient, (4)?, to each member, 
4o?+16x+16 = 49. Extracting the root,2a+4=+7. .. ©= 3, 
and —4,. 


47. Solve 82°—12z7 = 36. 


Suggestion. —Divide the equation by 2, and proceed as above. 
4a*— 60+ (3)? = 84, 22-$ = + 3, and x= 8, and —1}. In this 
example the regular method is better. 


48, Solve 3u°+2x = 5. 


Suggestion.—Multiply by 3 and 92? +6x = 15. Whence 9a? + Bar 
#71 = 16, -e/= 1, amd fe 


1 
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49. Solve 110a?—21l¢ = —1. Result, x = #,, and 4. 


Suggestion Multiply by 110, and (110)’a*—21 x 1102 = —110, 
Whence 110°z?—21 x 110v+ (4)? = 4, and 110x—41 = +}, 


50. Solve 327+ 52 = 2. 


Suggestion. (8)’2*+3°52+($)*? =6+25 = 4%. Whence 32+ § 
=+f .. o= 4, and —2. 

- Scholium.—It appears that by this method the term to be added 
to complete the square is the square of 4 the coefficient of the first 
power of z. Therefore when this coefficient is odd, fractions arise. 
These can always be avoided by doubling the equation when this 
coefficient is odd, before completing the square. 


51. Solve 3a°—%z = 40. 


Solution.—Multiplying by 2 to avoid fractions, 6x*—14@ = 80. 
(6)°2?—6 - 140+(7)? = 494480 = 529. 6e—7 = +28. 2=5,and 


52. Solve 32(7+5) = 96+42(1—z2), and verify. 


Suggestion.—Perform as few multiplications as possible. When 
the square is completed, this stands (14)°a* +14 - 22a +(1 1)?=14- 192 
+121 = 2809. 


53. Solve $2?+ 474+ 13, = 0. 


Le eee 
ry ate Se: yee; 


55. Solve (ax—d) (be—a) = 


Suggestion. abx?—(a?+b")e = e’—ab. 2abs®?—(m) = 2c?—2ab, 
letting (m) stand for the term which becomes the middle term of the 
trinomial square and which disappears in the subsequent process. 
Then (2ab)’x* — (m) + (a* + b*)? = (@ + 0)? + 4abe* — 40%... @ 
Ute + WP) abe? 

a 


54. Solve —— 


2 
56. Solve aa Leal ae. Roots, = a, and ja. 
a+V/20x—72 ae © 


Suggestion.— ‘Clear of fractions and condense. 
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SECTION IL 


EQUATIONS OF OTHER DEGREES WHICH MAY BE 
SOLVED AS QUADRATICS. 


107. Prop. 1.—Any Pure Equation (i.¢., one con- © 
taining the unknown quantity affected with but one 
exponent) can be solved in a manner similar to a 
Pure Quadratic. 


Demonstration.—In any such equation we can find the value of 
the unknown quantity affected by its exponent, as ifit were a simple 
equation. If then the unknown quantity is affected with a positive 
integral exponent it can be freed of it by evolution; if its exponent 
be a positive fraction it can be freed of it by extracting the root indi- 
cated by the numerator of the exponent, and involving this root to 
the power indicated by the denominator. It the exponent of the 
unknown quantity is negative it can be rendered positive by multi- 
plying the equation by it with anumerically equal positive exponent. 
Q. E. D. 


EXAMPLES. 
1. Solve y — ‘i = a: 


Suggestion. y®= 8. .. y = 2. Why not put the + sign 
before the 2? 


6 3 oka 
2. Solve ye er 60+ 455 Result, y= —A, 
8. Solve 3a8—5 = 208, Result, x = 125. 

3 1 

2 z as 
4. Solve at b= '5 (=e —1)- Result, x = 82. 
pete ta Oe Be. Result, 2 = 2". 

} Bh ag IA | 
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6. Given {a+ (4a +17%a2)* +? — gb + af, to find the value 
of x. . Result, x = 16a. 


m m [db\* 
7. Solve 3aa* = 2az” + 50. Result, x =*/ (~°) : 


m m_y 
n 


8. Solve a—1 = ba" '-—2z 


9. Solve zt = 27. Alsoz® = 4, Also yi = 32. 
Roots, 81, +32, and 8. 


Query.—Why the + sign in one case and not in the others? 


108. Prop. 2.—Any equation containing one un- 
known quantity affected with only two different 
exponents, one of which is twice the other, can be 
solved as an Affected Quadratic. 


Demonstration.—Let m represent any number, positive or nega- 
tive, integral or fractional; then the two exponents will be repre- 
sented by m and 2m; and the equation can be reduced to the form 
xv" + pa" = 9. Now let y=a™, whence y?=x", whatever m may be. 


2 
Substituting, we have y°+py = g, whence y = a tv T+. But 
2 ate , ; 
you: hence w= (—2 54/7 +4) > 1Q, BD. 


EXAMPLES. 
Ex. 1. Solve 323+ 42a¢% — 3321. 


Solution.—Let y = as, whence y? = 2°; and 8y?+42y = 8821. 
From this y = 27, and —41. Taking the first value, w= 27, 1. @ 
= 9, Taking the second = —41. ..©= 4/1681. We there- 
fore find that e = 9, and 4/1681. 
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2. Solve v4 Yi = 44, z= +8, and +(—11)% 


Query.—How many values? Which are imaginary? 


3. Solve 4¢3+ at = 39. 2 = 729, and (=): 

4. Solve 32° +4223 = 3321. 2 = 3, and —V/H. 
8 17 

5. Solve at? See 4 a = 4, and 4V2. 


Scholium.—It is not necessary to substitute another letter for the 
unknown quantity as given in such examples. Thus, in Hz. 3, 
doubling, to avoid fractions, Sat 42a — 78. Completing the square 
Sat + (m)+1 = 8-78+1 = 625. Extracting root, Sat + 1 = +25, 


6 
at = 3, and Se .. & = 729, and (=) . 


[Note.—Solve the ‘next six without substituting. ] 


6. Solve 2° +3125 = 32. z= 1, and —2, 

7. Solve 2" +130 = "14, w= 1, and (—14)”. 
4 

8. Solve 322—42t = 7. t= Ee and 1. 


9. Solve 374+2V/2=1. 
10. Solve 2e—Tz = —52. x = 8, and 338. 


11. Solve 4+2Var+c=0. 
a= {—Vaiva—c}. 


eee ee 
12. Solve a/ Spa te. 
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/ 6a? —a* 
_ Suggestion.—The first member may be written sh Bhi Hence 
. xz 


dropping the denominator, a/2, and squaring, 62*—a*=1+ 20? +2". 


109, Prop. 3.—Hquations may frequently be put 
in the form of a quadratic by a judicious gsrowping 
of terms containing the unknown quantity, so that 
one Sroup shall be the square root of the other. 

Demonstration.—This proposition will be established by a few 


examples, as it is not a general truth, but only points out a special 
method. 


EXAMPLES. 


Ex. 1. Solve 2224+ 3¢2—5*/2a?+32+94+3=—0. 

Solution.—Add 6 to each member and arrange thus, (227+ 3” +4 9) 
—5(2a?+80+9)? = 6. Put (207+8e+49)? = y, and the equation 
becomes y?—5y = 6. Whence y=6, and —1. Taking y = 6, 
2a? +32+9 = 36. Whence = 3, and —4}. Taking y = —1, 
os bs a 55 


20° 4 32+9—-1. Whencez= 


2. Given (27+6)?+ (2e+6)4 = 6, to find the values 
of z. 


Suggestion. —Put y = (2x46)? ; whence 7?+y = 6, y = 2, and 
—8. .. 2e+6 = 16, and also 22+6 = 81. 2=5, and 87}. 

Query.— Will the value 2 = 874 verify? Why? 

Ans.—Since (2x +6)* and (2046) are even roots, their signs are 
strictly ambiguous, though not so expressed in the example. Sub- 
stituting for «, 37}, the equation becomes (81) + (81)¢ = =! O, eds 


now we regard (81)t = —8, as it j is, as really as it is +8, the value 
verifies. Such cases are frequen: 


3. Given (z+-12)t = = 6— (e--12yt to find the values of 
x, and verify both values. 
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seagt iy. } 2 
4 Given 7 mee Qa 


Qa— a= to find the values Ne ve 
Values, x = 3, and 1. 

Suggestion.—Put (2¢a—4)? = y. 

5. Solve e+5—V/x+5=6. z= 4, and —I. 
6. Solve 20/2?—32+11 = 2—32+8. 

Suggestion. 2?—87+8—2 4/2?—37+11=0. Add 8 to each 
member and 27—37+11—24/27—3¢+11=3. Put 4/2?—80+11 
=y, and y—2y=8. .. c=2, 1,and 4(8 + 4/—81.) 

7. Solve (z?—9)? = 3+11(z*—2). 

%= +5, and +2. 


; 8\2 3 
8. Solve («+°) +2 = 42——. 
t= 4, 2, and 4(—74V 17). 


; 1 \? . 
9. Solve a(1+<-) —(302+2) = 70. 


Suggestion. ‘(1 +2) = 4(807+a)*. Hence the equation may 
be written (8a7+«)?—9(827+a) = 630. 
Results, « = 3, —3}, and (—1+/ —251). 


10. Solve a+ Ve = ae Roots, x = 4, and 1. 


a—V 2 4 
me a3 
Suggestion.—Divide by #+ 4/2, and sat a 
2— fe 
4 = (w—a/2)?, or a—4/a = £2, 

110. Cor.—THE FORM OF THE COMPOUND TERM may 
sometimes be found by transposing all the terms to the first 
member, arranging them with reference to the unknown quan- | 
tity, and extracting the square root. 


In trying this expedient, if the highest exponent is not even it 
- must be made so by multiplying the equation by the unknown 


16 


Hence 
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quantity. In like manner the coefficient of this term is to be made 
a perfect square. When the process of extracting the root terminates, 
if the root found is a part, or a factor, or a factor of a part of the 
remainder, the root may be mace the compound term. 
x 30 12+42 ‘i 
. Solve — — = + —3 = 5G + (dY 

il. Solve ett ae a e 

Solution.——Cleared of fractions, transposed and arranged, this 
becomes 3x*—422° + 1682?—147~—180 = 0. Dividing by 3, 2*—142* 
+562?—49a--60 = 0. 

Extracting square root, a'—142° + 562°—492—60 | 2° —Ta. 

a 


2a —a| — 140° + 562" 
— 142° + 492? 

Ja? —492—60 

(a? —T2) —60 
After obtaining two terms of the root we observe the root itself as 
a factor in part of the remainder. The equation may therefore be 
written («?—7a)? + 7 (a*—Tz)—60=0, This is solved as before, 
a =4, 8, and $(7 + 4/69). 


12. Solve z*—12a%+ 44a*—482 = 9009. 


One value of x is 13. 
13. Solve «®—6a?+11la—6 = 0, ment br 3 


14. Solve dat +5 — 4984.33, 


v= 2, —§, and t (1+V/—43). 
15. Solve 24—2a°+2 = a. x= $+ Va4V/a+. 
16. Solve z!+a5—42?+474+1= 0. 


ce 1, and —84V5_ 
2 
Solution.—-Dividing by 2°, 40-442 + = = 0, which may be 
¢ 2 CS eee | ie 1 
written «*+2+4+—+#+-~ =6, or v+ 3) + (2+7) = 6. Whence 
2 a ® ¢ 


the compound term appears, 
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111. Prop. 4.— When an equation is reduced to the 
form x" + Axt-1+4 Bxn-2 4 Cxn-3--- +L = 0, the roots, 
with their signs changed, are factors of the absolute 
(known) term, L. 


Demonstration.—1st. The equation being in this form, if a is a 
root, the equation is divisible by v—a. For, suppose upon trial 
«—a goes into the polynomial «*+Aa"—'+, etc., Q times with a re- 
mainder R. (Q represents any series of terms which may arise from 
such a division, and R, any remainder.) Now, since the quotient 
multiplied by the divisor, + the remainder equals the dividend, 
we have (c—a) Q+R = 2"+ Ax" + Ba *+Ca"*+ ---+L. But 
this polynomial = 0. Hence (e—a)Q+R=0. Now, by hypothe- 
sis a is a root, and consequently z—a = 0. Whence R = 0, or there 
is no remainder. 


2nd. If now e—a exactly divides 2" + Aa" + Ba"? + Ca *--+ L, 
a must exactly divide L, as readily appears from considering the 
process of division. Hence —a is a factor of L, a being a root of 
the equation, "Q, EB. D. 


EXAMPLES. 


Ex. 1. Solve 2a!— 68a = 32—1'%25. 


Solution.—This may be written at +2 840-16 = 0. By 
Prop. 4 the roots of this equation are factors of 16. We therefore 
try in order +1, +2, +4, +8, +16 (all the integral factors of 16) till 

we find whether there is an integral root. We see at once that 
- neither +1 nor —1 satisfies the equation. Trying +2 we find it is 


Yad 


cose d 1 
a root. Hence #—2 is the divisor sought. Dividing x‘+ = 


—84a—16 = 0, by w~—2, we have e+ eat teats =0. Butas 


2 satisfies the equation as well as +2,2+2 isa divisor. Dividing 
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24 at 4 Bie+8 = 0 by x+2, we have w+ Tet =0. From 


this equation « = —8, and —}, The roots therefore are 2, ~&, 
—8, —}. 


2 
2. Solve z—1 = 2+-——: 
bar 


Suggestion.—Put y = 4/z, and clearing of fractions and trans- 
posing, y°—3y—2 = 0. If there are integral roots of this equation 
they are +1, or +2. +1 does not satisfy the equation and hence is 
not ardot. But —1 does. Hence y+1 isa divisor, Dividing, we 
get y’—y—2=0. Whence y= 2, and —1. .. The roots of the 
equation y°—3y—2 = 0 are —1, 2, and —1, there being two equal 
roots. Now asy = 4/a,x=1, and 4. 


' 


3. Solve 23—32?+2+2 = 0. 
The irrational roots are 4(1+/5). 


4, Solve 2 = 62+-9. 
Imaginary roots, 4(—3 + —8). 
5. Solve 22—622—27+30 = 0. ; 


6. Solve #®—172?+592+77 = 0. 


7. Solve «+ Yat = 22. (Put at = y.) 
Imaginary roots, 29-77 —10. 
8. Solve 24t—2a5—132*—4r—30 = 0. 


1248V a 


z—d 


Imaginary roots, 4(—3 V/V —7). 
10. Solve #8—22°+4274+-7 = 0. 


9. Solve « = 


11. Solve ty a %, and y?+2=11. 
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Suggestions. —From the Ist, z*=:7—y, and from the 2d, #7=121 

—22y?+y'. Whence y‘—22y?+y+114 = 0. From this we readily 
find y = 8; whence from either of the given equations we can find a 
value of 2. 


There are, however, three other values of each of the unknown 
quantities. These can not be found without some knowledge of 
Higher Equations. 


This example is inserted here because it isso often propounded to 
teachers. It is not a proper example to propose for solution by the 
lower algebra, 7. ¢., by the method of quadratics. (See 113.) 


12. Solve 2*+-2?—2 = 0. 
Also a?—22?4+x2—2 = 0. 
Also 2°4+627?+117+6 = 0. 


oS x «—65 
13. Solve 4 = ea aie 
os, = 7 
Suggestion.—Putting this in the form required, the absolute term 
is —1296; the integral factors of which are very numerous. But 
trying +1, +2, +3, +4, +6, +8, +9, we find —4 and 9 to be two of 
the roots. 


The method of solving this by putting it in form so as to com- 
a the square of both members, is to multiply by 2, and add 


81 BG — 18 Soar towld 

36 ah be 36 to both members, obtaining — ates ace 36 + > + .: 
4 6 3 oe : 
Extracting root, = ate + 5} Whence « = 9, —4, —4, and 


—9, there being two roots —4. 


x 


Oe 


14. Given z—3 = to find the roots. 


Suggestion.—The roots being all surds and imaginaries in this 
equation cannot be found by the principle in the proposition. The : 
following special expedient will, however, effect a solution : 


Clear of fractions and add «+1 to each member aes 2 —20+1 
es oP tckies +m, 
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14. Solve the following by the principle in the propo- 
sition : 


be ee 5, (40-410). 


e—1 8, 18 #41 
+5 v2 @& £+5 
a4+8—d4?t+oe+1—0. (See Hz. 16, Prop. 3.) 


[Note.—Many of the examples under Prop. 3 can be readily 
solved in this manner. | 


SIMULTANEOUS EQUATIONS OF THE SECOND DE- 
GREE BETWEEN TWO UNKNOWN QUANTITIES. 


112. Prop. 1.—Two equations between two unknown 
quantities, one of the second degree and the other of 
the first, may always be solved as a quadratic. 


Demonstration.—The general form of a ae Beg Equation 
between two unknown quantities is 


acc? + boy + cy? + da+ey +f = 0, 


since in every such equation all the terms in 2? can be collected into 
one, and its coefficient represented by a; all those in zy can also be 
collected into one, and its coefficient represented by 6, etc. 


The general form of an equation of the First Degree between two 
unknown quantities is 


vet+bly+e¢ =0. 


— 4 — 
Now, from the latter # = a nA which substituted in the for- 


mer gives no term containing a higher power of y than the second, 
and hence the resulting equation is a quadratic. Q. B. D. 
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EXAMPLES. 
3 
Ex. 1. Given —“_4 — 4, mete ee ae Bei, 
2 aes 
Suggestion.—From the first ¢ = 8—y. Substituting this value 
of # in the second, we have fats. i te! =i or eeree =1; 
8—y+2 : 10—y : 


whence y?—9y = —18, and y = 6 and 3. 


2. Given z+y = 7, and z?+2y? = 34. Verify. 
3. Given 4 : = 2,anda+y=2. Verify. 


4, Given x+y = 100, and zy = 2400. 
: 1 (14 

’ Given 2x+3y = 37, and a 7 a5 

6. a 20 + ay—dy? = 20, and 2a—3y = 1. 

7. Given t+4= es cee and ay — Ee 

8. Given .ly+.125¢ = y—za, and y—.5u = .15ay—3z. 

Results, x = 0, and 4; and y = 0, and 5. 
9. Given .387+4.125y = 38x—y, and 3x—.dy = 225ary 


+ 3y. 


Results, x = 0, and —1; aa y = 0, and —23. 


113. Prop. 2.—ZIn general, the solution of two 
quadratics between two unknown quantities, requires 
the solution of a biquadratic. 


Demonstration.—Two General Equations between two unknown 
quantities have the forms 


(1) av +hay+cy’+de+ey+f = 0, and 
QQ) ae®+Vaytey?+dae+ey+f' =0. 


bytd . , /ytd® cy +eytt 
: Brom) tes ar gap dat a 
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Now, to substitute this value of # in equation (2), it must be | 
squared, and also, in another term, multiplied by y, either of which 
operations produce rational terms containing y’, and a radical of the 
second degree. Then, to free the resulting equation of radicals will 
require the squaring of terms containing y?, which will give terms 
in y‘, as well as other terms. Q. EH. D. 


[Note.—Since it is not the purpose of this treatise to embrace the 
resolution of the higher equations, only such special cases of Simulta- 
neous Quadratics with two unknown quantities, will be introduced, 
as can be resolved by the methods of quadratics.] 


114. Prop. 3.—Two Homogeneous Quadratic Equa- 
tions between two unknown quantities can always be 
solved by the method of quadratics, by substituting 
for one of the wnknown quantities the product of a 
new unknown quantity into the other. 


Definition. —A Homogeneous Equation is one in which each term 
contains the same number of factors of the unknown quantities, 
2u* — 3ey — y? = 16 is homogeneous. 32° — 2y + y? = 10 is not 
homogeneous. 


Demonstration.—The truth of this proposition will be more 
readily apprehended by means of a particular example. Taking 
the two homogeneous equations 2*—ay+y? = 21, and y —2ay +15 
=0. Let e=oy, » being a new unknown quantity, called an 
auxiliary, whose value is to be determined. Substituting in the given 


equations, we have o’y?—»vy? +7? = 21, and y?—20y*? = —15. From 
eee 15 
eee ve s 
these we find y? = foe and 7? = wot Equating these values 
: 21 15 : , 
of y’, ; whence 420—21 = 150°—1504+15. This 


v—o+l > Bee? 

latter equation is an affected quadratic, which solved for 2, gives 

» =8,and 4. Knowing the values of » we readily determine those 
15 = : 

of y from y? = > and find y= + 4/8 whenv = 8, andy= +5 © 


when v=. Finally as w = oy, its values are @ = + 34/8, and + 4. 
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By observing the substitution of vy for x in this solution it is seen 
that it brings the square of y in every term containing the unknown 
quantities, in each equation, and hence enables us to tind two values 
of y? in terms of 0. It is easy to see that this will be the case in any 
homogeneous quadratic with two unknown quantities, for we have in 
fact, in the first of the given equations, all the variety of terms which 
such an equation can contain. Again, that the equation in 0 will 
not be higher than the seeond degree is evident, since the values of 
y? consist of known quantities for numerators, and can have denom- 
inators of only the second, or second and first degrees with reference 
to». Whence » can always be determined by the method of quad- 
ratics; and being determined, the value of y is obtained from a pure 


aah? 
equation (# = vy in this case). 


quadratic (y*? = = in this case), and that of a from a simple 
] Ww ? yp 


EXAMPLES. 
‘Ex. 1. Given 32?+ay = 18, and 49?+3ay = 54. 
Roots, x = +2, and +2/3; and y = +3, and +33. 


2. Given + ay+2y? = 74, and 222+ 2ay+y* = 7. 
Roots, « = +3, and #8; and y= +85. 


3. Given 22+3ay = 54, and ay+4y? = 115. 
Roots, « = +3, and +36; andy = +5, and +114. 


4. Given 222+ 3ay = 26, and 3y?+2xy = 39. 
Roots, x = +2, andy= +3. The other roots are «. 
5. Given 2?—4y? = 9, and ay+2y’ = 3. 
15 . 3 
Roots, «= +—=; andy = +—=" The other roots 
ee nie ak, ak 2 


are ©. 


6. Given 322+2y—9 = 9, and 4y?+3ay—4 = 50. 
(See Zz. 1.) . Roots, x = +2, y= +3. 


7. Given 2—ay = 70, and ay—y* = 12. 
 §. Given 2?+2y = 84, and a—y? = 24. 
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115. Prop. 4.—When the unknown quantities are 
similarly involved in two quadratic, or even higher 
equations, the solution can often be effected as a quad- 
ratic, by substituting for one of the unknown quanti- 
ties the sum of two others, and for the other unknown 
quantity the difference of these new quantities. 


[Note.—As this and the following are merely special expedients, 
they need no demonstrations other than is furnished by applying 
them to examples, ] 


EXAMPLES. 


Ex. 1. Given 27+ 4? = 52, and z+y+2y = 34, 


Solution.—In these equations x and y are similarly involved, and 
hence I try the expedient of putting z=m+n, and y=m—n, whence 
a+? = 2m*?+2n? = 52, and z+y+ay = 2m+m’*—n? = 34, Now, 


from the two equations m+n? = 26, and 
2m +m7—n? = 34, by adding 
T have 2nm+2m* = 60, whencel find m=5, and 


—6. Substituting these values in m*+n?=26, n=+ 1, and + ,/—10, 

Whence the real values of « are found to be 6, and 4; and of y, 4 
and 6. 

2. Given 2?+a+y = 18—y?, and zy = 6. 
Rational roots, « = 3, and 2; and y = 2, and 3. 
3. Given — oe eee , and 2+ 4? = 45, 
he Oy 3 

Suggestion.---Using the same notation as above, = + “ = =f 

and 2m? + 2n?=-45 ; whence 8m?+8n? =10mn, and we have 4mn=27, 

or Peagalh m= +~-, and aot r= pied hs 


4n 2 2? 2 Be 
om +6: and y = + 8. 


The roots are 


4. Given 4(a+y) = 3ay, and rty+e+ty => a0, 
Roots, x = 4, and 2; ¥=2, and 4, Also x= —ip 
+4V377, and y = —18F 4/377. 
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Definition and Scholium.—It will be observed that the above 
equations are of the second degree, and that they have the unknown. 
quantities similarly involved; that is, in the last, for ‘example, in 
the first member there is +42, and also +4y; in the second mem- 
ber 2 and y are multiplied together; in the second equation there is 
+2, also +y; there is +2*, and also +y?. Such equations can 
usually be readily solved in this manner. But the equations 2?+y? 


5 i 
= 5% and #—y = 7 have the unknown quantities similarly 


jnvolved in the first but dissimilarly in the second. There is +2 
in the second, but no +y, hence they are not similarly involved. 
Whether the solution of such equations will be facilitated by this 
expedient can be ascertained only by trial. In thiscase the expedient 
will be found successful. 


5. Given 2?+ 4? = $ay, and r—y = }xy. 
Roots, x= 0, 4, and —2; y= 0, 2, and —4. 
6. Given 2?+2y+4y? = 6, and 32°+ 8y? = 14. 
Roots, « = +2, and #4/10; and y= +4, and +3v/10. 
7, Given 2?—4,? = 9, and ay +24 =o os 
‘Suggestion.—The student will find by experiment that the above 


expedient is of no service in this example. The example is readily 
solved by finding thé value of « from the first equation and sub- 


stituting it in the second, thus obtaining y 4/4y*+9 = 8— 2y’, or 
4y* + 9y? = 9—12y?+4y*. Whence 21y° = 9, and y = + ge Or 


the equations can be treated as in (104), they being homogeneous. 


. ee gore 
_ 8. Given A = 18, and #+y = 12. 

Suggestion.—In these equations the unknown quantities are 
similarly involved, and although the first is of the third degree the 
expedient of the proposition is successful. «= 8, and 4; and y=4, 

_and 8. 


Scholium.—In all symmetrical equations the value of the unknown 
quantities must, of course, be the same numerically, but taken in 
the reverse order, since the letters can change places in the equation 
without altering the equations. When, therefore, in such equations 
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the values of one of the unknown quantities are found the values of 
the other are known. 


9. Given 2?—2y?+y? = 19, and a—ay+y = 4. 
‘Suggestion.—Putting c=m+n, and y=m—n, 27 +y?=2m* + 2n’. 
and zy? = (m+n)*(m—n)?=(m+n)(m—n) x (m+n\(m—n)=(m*—n’)’. 
Hence 2m?+42n?—(m?—n’)? = 19. From the second equation, n’ 
= 44+m?—2m. 


Roots, #=14(9+V7%3); and y=}(9F V7). 


10. (liven «+y = 11, and a+ 4° = 407. 
Roots, x=", and 4; and y = 4, and 7, 


11. Given z—y = 3, and a+ y4 = 641. 
Roots, x= 5, and —2; y= 2, and —5. 


SPECIAL EXPEDIENTS. 


116. Many equations of other degrees than the second, 
and which do not fall under the preceding cases, may still 
be solved as quadratics by means of special artifices. For 
these artifices the student must depend upon his own inge- 
nuity, after having studied some examples as specimens. 
These methods are so restricted and special that it is not 
expedient to classify them; in fact, every expert algebraist 
is constantly developing new ones. 


Ex. 1. Given at + ys = 5, and ah ys = 13. 


Suggestion.—In case of fractional exponents, it will usually be 
found expedient for the learner to put the unknown quantities with 
the lowest exponents, equal to the first powers of new unknown 
quantities, and thus make the exponents integral. Thus, putting 
at = m, and ys =n, we have = m?, and ys =n", Whence the 
equations become m+n =5, and m?+n?=18, These equations are 
readily solved by methods already learned, and we find m = 8, and 
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2, and n = 2, and 3. Hence at =3, givesa = 81; and at = 2, gives 
z=16. Also yi = 2, gives y= 8; and ys = 8, gives y= 27. 


2, Given zt+y% = 6, and zi+y* = 126. 
Roots, x = 625, and 1, and y = 1, and 3125. 


3. Given ziy? = 2y’, and 8et—y? = 14. 


4, Given z—y = Vz+ Vy, and xi—y} = 37. 


Suggestion.— Observe that both members of the first are divisible 
by o/2+/y, giving /z7—+/y = 1. «=16,and9; y= 9, and 16. 

5. Given a?+a+y = 18—y’, and zy = 6, 

Suggestion.—From the first, by adding twice the second, we may 
write 2?+2ay+y?+a+y = 80, or (w+y)?+(wt+y) = 380. .. e+ y=, 
and —6. 


6. Given 22+ y? = 52, and z+y+2y = 34. 
Roots, «= 6, 4, and —6+V—10; y = 4, 6, and —6 


Fv —10. 
"7. Given 2+ 7+4V8+Y = 45, and 24+ 44 = 337. 


Suggestion.—In the first, put 4/ z?+y? =», whence v* +40 = 45; 
and » = 5, and —9. 2«=8, and 4; y = 4, and 3. 


ve 
8. Given a + a == 934, and x? +4? — 65, 
2 
Suggestion.—In the first, put ; = v, whence »?+2v = 924. 


Real and rational roots, x= 4, y= 7. 


9. Given a+ ay + y+ 2x = 120—2y, and ay—yP = 8. 
Roots, y=1, 4, —3—V5, and Sag Adie 2 =O. 6. 


94-5, and —9—V5. . 
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10. Given zy? = 180—8zy, and +3y = 11. 
Roots, «= 5, and 6; y = 2, and §. 


11. Given 2+3¢+y = 73—2zy, and y’4+-3y+2= 44. 


Suggestion.—Add the two equations together, and proceed as 
before. w=4, 16, and —12+ 1/58; and y=5, —%, and —1 


+ /58. 
12. Given zy+ay? = 12, and x+y = 18. 


. 12 * 
Suggestion.—F rom the first, « = wat’ and from the second, 
18 a 18 


c= iaat) “gee = i Dividing denominators by 1+y, 
2 3 

and numerators by 6, we have _ =e = whence 2—2y + 2y* 

= 8y. Hence z= 2, and 16; and y = 2, and 3. 


13. Given 2?+ay+y? = 26, and 24+ a*y’?+ y4 = 364. © 


Suggestion.—From the first, 2*+ 4°? = 26—ay; and from the sec- 
ond, by adding «’y’ to both members and extracting the square root, 
a?+y? = 4/364+a%y*. Equating these values of 2?+y’, and squar- 
ing, we have 676—52ay+a7y? = 364+2°y*, whence zy = 6. Squar- 
ing this and adding it to the second, and extracting the square 
root, 27+47 = 20. Also subtracting 3x*y? = 108 from the second, 
and extracting the square root, a@7—y? = 16. Whence 2* = 18, and 
Ew: 


Another Solution.—Dividing the second by the first, we have a? 
—a+y’ =14. Subtracting this result from the first, we have 2ay 
= 12. Whence the solution proceeds as above, 


[Note.—Though this field is illimitable, it is not thought necessary 
for the learner to pursue special methods farther, inasmuch as what 
is given will enable him to catch the spirit of such solutions, 
and no writer in discussing a problem involving processes even as — 
complex as some given above, would fail to give hints at his methods 
of solution.] 
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APPLICATIONS. 


[Note.—One of the most important things to be learned from the 
following examples is several devices frequently found serviceable 
in stating a problem, which make the equations arising more simple 
and easy of solution. These devices are of special necessity in 
examples involving progressions. ] 


Ex. 1. What number is that which being divided by the 
product of its two digits, the quotient is 2, and if 27.is 
added to it the digits are reversed? 

2. There are three numbers, the difference of whose dif- 
ferences is 8; their sum is 41; and the sum of their squares 
is 699. What are the numbers ? 

Notation.—Let 2 be the second number, and y the difference 
between the second and first, so that x—y represents the first. The 
first equation is 8¢+8 = 41, and the second (11—y)?+121+(19+y)? 
= 699, 

3. There are three numbers, the difference of whose dif- 
ferences is 5; their sum is 44; and their product is 1950. 
What are the numbers ? 


4, A grocer sold 80 Ibs. of mace and 100 lbs. of cloves for 
$65; but he sold 60 Ibs. more of cloves for $20 than he did 
of mace for $10. What was the price of a pound of each ? 


5. A and B have each a small field, in the shape of an 
exact square, and it requires 200 rods of fence to enclose 
both. The contents of these fields are 1300 square rods. 
What is the value of each, at $2.25 per square rod? 

Ans., One, $900; other, $2,025. 


6. Find two numbers, such that the sum of their squares 
being subtracted from three times their product, 11 remain ; 
and the difference of their squares being subtracted from 
twice their product, the remainder is 14. (See 114.). 


376 SIMULTANEOUS EQUATIONS 


7. What two numbers are those whose difference multi- 
plied by the difference of their squares is 32, and whose sum 
multiplied by the sum of their squares is 272 ? 


8. The difference of two numbers is 2, and the square of 
their quotient added to four times their quotient is 94. 
What are the numbers ? Ans., 5 and 3. 


9. There are two numbers, whose sum multiplied by the 
less, is equal to four times the greater, but whose sum mul- 
tiplied by the greater is equal to 9 times the less. What are 
the numbers ? 


10. Find two numbers, such that their product added 
to their sum shall be 47, and their sum taken from the sum 
of their squares shall leave 62. Ans., 5 and %. 


11. Find two numbers, such that their sum, their pro- 
duct and the difference of their squares shall be all equal to 


each other. Ans., $+4V5, and 44+4V5. 

12. Find two numbers whose product is equal to the dif- 
ference of their squares, and the sum of their squares equal 
to the difference of their cubes. 


Ans., $5, and (54/5). 


13. A person has $1,300, which he divides into two por- 
tions, and loans at different rates of interest, so that the 
two portions produce equal returns. If the first portion 
had been loaned at the second rate of interest, it would 
have produced $36, and if the second portion had been 
loaned at the first rate of interest, it would have produced 
$49. Required the rates of interest. 
Ans., 7 and 6 per cent. 


14, The fore wheel of a wagon makes 6 revolutions more 
than the hind wheel in going 120 yards; but if the periphery. 
of each wheel be increased 1 yard, the fore wheel will make. 
only 4 revolutions more than the hind wheel in going the 
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same distance. What is the circumference of each 
wheel ? Ans., 4 and 5._ 

15. The sum of two numbers is 8 and the sum of their 
cubes is 152; what are the numbers ? 

Suggestion.—Let z+¥y be one of the numbers, and z—y the other. 
Then w= 4, and 2y°+ 6ay* = 152 (RHE). 

16. The sum of two numbers is 7, and the sum of their 
4th powers is 641. What are the numbers? 


17. The sum of two numbers is 6, and the sum of their 
5th power is 1056. What are the numbers ? 


18. The product of two numbers is 24, and theirsum multi- 
‘plied by their difference is 20; find them. Avs. 4 and 6. 


19. What two numbers are those whose sum multiplied 
by the greater is 120, and whose difference multiplied by 
the less is 16? Ans., 2 and 10. 


20. What two numbers are those whose sum added to the 
sum of their squares is 42, and whose product is 15 ? 
bs Ans., 3 and 5. 
21. A’s and B’s shares in a speculation altogether amount 
to $500; they sell out at par, A at the end of 2 years, B of 
8, and each receives in capital and profits $297. How much 
did each embark ? - Ans., A, $275; B, $225. 
Suggestion.—Letting 7 be A’s capital, and y B’s, A gained 297° 
—a, and B, 297—y. And as the gains are proportioned to the pro- 
ducts of the respective times into the capitals, 2a: 8y :: 297—a 
: 297—y. 


22. What three numbers are those in A. P., whose sum is 
120, and the sum of whose squares is 5600? Ans., 20, 40. 60. 


Suggestion.—In solving examples involving several quantities in 
arithmetical progression, it is usually expedient to represent the 
middle one of the series, when the number of terms is odd, by x, and 
let y be the common difference. If the number of terms is even, rep- 

resent the two middle terms by ~—Y, and #+y, making the common 


—_ 
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difference 2y. Thus the statement of the above problem becomes 
a—y+e+oe+y = 120, or 8a = 120; and (ey)? +2*+(«+y)’=5600, 
or 8x?+2y? = 5600. 

23. What four numbers are those in A. P., the sum of 
whose squares is 84, and their product 105? 

Suggestion.—Call the numbers «—3y, z—y, 7+y, and #@+3y. 

24. The sum of five numbers in A. P. is 35, and the sum 
of their squares 285; find the numbers. 

25. What three numbers are those in A. P., the sum of 
whose squares is 1232, and the square of the mean greater 
than the product of the two extremes, by 16 ? 

26. Find four numbers in A. P. such that the sum of the - 
squares of the extremes is 4500, and the sum of the squares 
of the means is 4100. 

27. The product of five numbers in A. P. is 945; and their 
sum is 25. What are the numbers? 

Ans., 1, 3, 5,7, 9. 

28. The product of four numbers in A. P. is 280, and the 
sum of their squares 166 ; find them. 

29. The sum of nine numbers in A. P. is 45, and the sum 
of their squares 285 ; find them. Re 

Ans., 1, 2, 3, ete., to 9. 

30. The sum of seven numbers in A. P. is 35, and the sum 

of their cubes 1295; find them. Ans., 2, 3, etc., to 8. 


31. There are three numbers in geometrical progression, 
whose sum is 52, and the sum of the extremes is to the 
mean as 10 to 3. What are the numbers ? 

Ans., 4, 12, and 36. 


Suggestion. —Let « be the first term and y the ratio. Then 
a+oy+oy? = 52 and x+ay*:ay:: 10:8, or 1+y?:y:: 10:3, 
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$2. The sum of three numbers in geometrical progression 
is 13, and the product of the mean and sum of the - 
extremes is 30. What are the numbers? 
Ans., 1, 3, and 9. 
Suggestion—We have 2+7y+ay*? = 13, and (e+ay’)ay = 30 
From the first 2+ay? = 13—ay, and from the secoud, 2+2y* 


30 30 
= —:; whence 13—ay=—, or v’*y?—132y=— 30 
ay? wy wy’ y y 


33. If the seventh and tenth terms of a geometrical pro- 
gression are 6 and 750 respectively, what are the inter- 
mediate terms? 

Suggestion.—The equations are xy® = 6, and zy?’ = 750. Divide 
the second by the first. 

34. If the third and fifth terms of a geometrical progres- 
sion be 75 and 300 respectively, what will the fourth term 
be? Ans:, 150. 

35. If the first and fourth terms of a geometrical progres- 
sion are 3 and 24 respectively, what are the two inter- 
mediate terms ? 

36. There are four numbers in geometrical progression. 
The sum of the means is 30, and the product of the 
extremes 200; what are the numbers? 


Suggestion.—Represent the numbers by — y wen Y; and © y yin which” 2 


is the ratio. The equations are @+y = 30, ibe Nii 500, 


3 
For an odd number of terms, as five, use = Bs, CY 8", v. 


37. The sum of three numbers in G. P. is 26, and the 
sum of their squares is 364 ; required the numbers. 


Suggestion. —The equations area? +ay+y" = 26, and 2+ +a7y? +y' 
= 864, which have already been solved. 
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Test Questions.—If one of two equations between two unknown 
quantities is of the first degree, and the other of the second, what 
will be the degree of the resulting equation after eliminating one of 
the unknown quantities? Prove it. How may such equations he 
solved? In general, what is the degree of the equation arising from 
eliminating one unknown quantity from two equations, each of the 
second degree? Prove it. Mention the several cases given in which - 
such equations can be solved by quadratics, and state the process 
in each case. 


“@CHAPTER Y. 


[Note.—It is the purpose of this chapter to give a simple, 
arithmetical view of the nature of logarithms, with some illustrations 
of their practical utility. For the production of the Logarithmic 
Series and its use in computing Logarithms, see Appendix II. 
Enough, however, is here given for practical use in trigonometry, as 
usually studied, and to enable the student to understand the use of 
logarithms in ordinary operations. | 


117. A Logarithm is the exponent by which a fixed 
number is to be affected in order to produce any required 
number. The fixed number is called the Base of the 


System. 


{llustration.—Let the Base be 3 : then the logarithm of 9 is 2; of 27, 
3; of 81, 4; of 19683, 9; for3°=—9; 3°=27; 3'=81; and3’= 19683. 
rae if 64 3 is the ae, the logarithm of 8 is $, or .5, since 642, or 
645 = 8; 4. ¢., 3, or 5 is the exponent by which 64, the base, is to be 
affected in order to produce the number 8. So also, 64 being the 
base, 4, or .888+ is the logarithm of 4, since 645, or 6433+ — 4; . 
i. @., , or .883+ is the exponent by which 64, the base, is to be 
affected in order to produce the number 4. Once more, since 643, 
or 64 6+ — 16, 2, or .666+ is the logarithm of 16, if the base is 64. 
Finally, 64-3, or 64-5 = 4, or .125; hence —}, or —.5, is the 
logarithm of 4, or .125, when the ome is 64. In like manner, with 
the same tere —4, or —.333+ is the logarithm of 4, or .25. 


EXAMPLES. 
Ex, 1. If 2 is the base, what is the logarithm of 4? of 8? 
of 82? of 128? of 1024? 
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Mode! Solution. 
7 is the logarithm of 128, if 2 is the base, since 7 is the exponent 
by which 2 is to be affected in order to produce the number 128. 

2. If 5 is the base, what is the an e 625? of 
15625? of 125? of 25? 

3. If 10 is the base, what is the logarithm of 100? of 1,000? 
of 10,000 ? of 10,000,000 ? 

4, If 2 is the base, what is the logarithm of - or .25? of 
t, or .125 ? of pg, or .03125? Ans. to the last, —5. ; 

5. If 8 is the base, of what number is %, or .666+4 the 
logarithm? of what number is 4 or 1.3334 the logarithm? 
of what number is 2 the logarithm ? of what number is 24, 
or 2.3334 ? of what number 3%, or 3.666 + ? 

Ans. to the last, 2048. 

Scholium.—Since any number with 0 for its exponent is 1, the 
logarithm of 1 is 0, in all systems. Thus 10° = 1, whence. 0 is the 
logarithm of 1, in a system in which the base is 10. 

118. A System of Logarithms is a scheme by which 
all numbers can be represented, either exactly or approxi- 
mately, by exponents by which a fixed number (the base) can 
be affected.” Negative numbers can have no logarithms. 

119. There are Two Systems of Logarithms in common 
use, called, respectively, the Briggean or Common System, 
and the Napierian or Hyperbolic System. The base of the 
. former is 10, and of the latter 2.771828+. 


120. One of the most. important uses of logarithms is 
to facilitate the multiplication, division, involution, and the 
extraction of roots of large numbers. These processes are 
performed upon the following principles : 


- 121. Prop. 1.—The sum of the logarithms of two - 
numbers is the logarithm of their product. — 
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Demonstration.—Let @ be the base of the system. Let m and-n 
be any two numbers whose logarithms are # and y respectively. 
Then by definition at = m,and a’ =n. Multiplying these equations 
together we have a#+¥ = mn. Whence z+y is the logarithm of 
mn. Q. B.D. 


122. Prop. 2.—The logarithm of the quotient of 
two numbers is the logarithm of the dividend minus 
thz logarithm of the divisor. 

Demonstration.—lLet @ be the hase of, the system, and m and n 


‘any two numbers whose logarithms are, respectively, z and y. 
Then by definition we have a = m, and a” = n. Dividing, we have 


ip [a =. Whence x—y is the logarithm of ~ 1 @ Bas 


123. Prop. 3.—The logarithm of a power of a 
number is the logarithm of the nwmber multiplied by 


the index of the power. 


Demonstration.—Let @ be the base, and x the logarithm of m. 
Then a? =m; and raising both to any power, as the eth, we have 
Ori Nir. Whence a2 is the logarithm of the ath power ofm. Q.E.D. 


124. Prop. 4.—The logarithm of any root of @ 
number is the logarithm of the nwmber divided by 
the number expressing the degree of the root. 

Demonstration.—Let @ be the base, and « the logarithm of m. 
Them a? =m. Extracting the eth root we have az = \/m. 


Whence < is the logarithm of //m. Q, B. D. 


, 125. In order to apply Poe principles practically, we 
ite what is called a Table of Logarithms. That is, a table 
from which we can readily obtain the logarithm of any 
number, or the. number corresponding to any logarithm, 


= eg 
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We will, therefore, proceed to show how such a table can 
be computed. Though the method about to be given is 
not the most expeditious now known, it is, nevertheless, the 
one used when our tables were first computed. 


126. Prob.—To compute the common logarithm of any 
decimal number. 


Demonstration.—1st. It is evident that it is necessary to com- 
pute the logarithms of prime numbers only, since the logarithm of a 
composite number is the sum of the logarithms of its factors (121). 

2nd. To compute the logarithms of the series of prime numbers. 
In the first place we know that the logarithm of 1 is 0, since 10°=1. 
Also the logarithm of 10 is 1, since 10'= 10. Now if we find the 
logarithm of 5, we can get the logarithm of 2 by subtracting the 
logarithm of 5 from log. 10.* If there be any number which is the 
logarithm of 5 it is eyident it must lie between 0, which is log. 1, 
and 1, which is log. 10. Therefore starting with 


10° = and 
10’ = 10 multiplying them together 
we have 10) =" 10 


Extracting the square root, 10° = 4/10 = 3.162277+. 
Again, as 5 lies between 10 and 8.162277 + its logarithm lies between 1 
and .5. Multiplying the last two equations we have 10'°=31.62277+. 


Extracting the square root, 107° = 4/81.62277+ = 5.623418+. 


Again, 10° = 8,1622774 
and 10° = 5.623413 + 
Multiplying, 10'° = 17.7827895914 + 


Extracting the square root, 10°°° = 4/17.7827895914 + —4.216964 +. 
Again, multiplying this last by 107° = 5.628413+, as 5 lies: 

between these numbers, and extracting the square root, we have 

10° = 4.869674 +. In each case the exponent of 10 is the logarithm 

of the number; thus .6875 is log. 4.869674+. Continuing this 

process to 22 operations (!) we have log. 5.000000+ = .698970+, 

which is sufficiently accurate for ordinary purposes. 8 
Now log. 10—log. 5 = log. 2 = 1—.698970 = .3010380. 


* This is the common abbreviation of ‘ logarithm of 10,” and should be read 
“logarithm of 10,” not “log ten,” which is grossly inelegant, 
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To find log. 3, we would take 10°° = 8.162277+, and 10° = 1, and 
proceed as before. ; 

Were it our purpose to find log. 11, the computation w ould be as 
follows: 


LOSS 20 
; 10? = 100 
10° = 1000 
10 = 10'-* = 4/1000 = 81.62277+ 
10! = 10 


103 = 10° = 316.2277+ 

10%* = 4/316.2277+ = 17.78278+ 
10? zs 10 

10?-> — 177.8278 + 
10° = 4/177.8278+ = 18.83521+ 
10° = 10 

10°""5 = 133.3521 + 

4Q'0e25 — 4/ 183.3521 + = 11.54782— 
10? ue 10 
107-985 — 115.4782 + 


1025 — 4/115.4782+ = 10.74607+ 
19s 11.54782— 


4102-99379 — 124.09368+ 
40'-040875 _ a/ 124. 09368 + = 11.13973+ 
10)1:03225 — 10.74607 + 
10°75 — 119.70845 4 
101+9890825 — 10,94113 + 


Whence 1.0390625 is log. 10.94113; and proceeding with the com- 
putation, the logarithm of 11 may be found with sufficient accuracy. 


Scholium.—The pupil will not fail to be impressed with an idea 
of the immense labor involved in computing a table of logarithms. 
The common tables give the logarithms of numbers from 1 to 10,000, 
with provision, as will be seen hereafter, for using them to find the 
logarithms of much larger numbers, with sufficient accuracy for 
practical purposes. One page of such a table is given. (Page 386.) 


12%. Prob.—To find the logarithm “a a number from 


the table. | 
pe eee 


(A PAGE OF) A TABLE OF LOGARITHMS. 


| 6 tf 8.1.9 bi. | 


5. ll eae 


447158 | 7318 | 7468 | 7623 7778 | 7983 | 8088 | 8242 | 8897 | 8552 | 155 
8706 | 8861 | 9015 | 9170 | 9324 | 9478 | 9633 | 9787 | 9941 | --95| 154 
450249 | 0408 | 0557 | 0711 | 0865 | 1018 | 1172 | 1826 | 1479 | 1633 | 154 
1786 | 1940 | 2098 | 2247 | 2400 | 2558 | 2706 | 2859 | 3012 | 3165 | 153 
3318 | 8471 | 3624 | 3777 | 8930 | 4082 | 4235 | 4387 | 4540 | 4692 | 153 


4845 | 4997 | 5150 | 5302 | 5454 | 5606 | 5758 | 5910 | 6062 | 6214 | 152 | 
6366 | 6518 | 6670 | 6821 | 6973 | 7125 | 7276 | 7428 | 7579 | 7731 | 152 
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Solution.—Page 386 is one page of a table of logarithms giving 
the logarithms of numbers from 1 to 10,000 directly, and from which 
the logarithms of other numbers can also be found with little trouble. 
Thus, let it be required to find the logarithm of 325. Now, as the 
logarithm of 100 is 2, and of 1000 is 3, the logarithm of 325 must 
be between 2 and 3, 7. ¢. 2 and a fraction. The fractional part is 
all that is given in the table, as the integral can be known by simple 
inspeetion. Looking in the table down the column marked N 
(numbers), we find 825, and opposite it in the column headed 0, we 
find 1883, but just above this we observe 51, which belongs to this. 
logarithm and which is simply omitted to save space in the table, 
since it really belongs as a prefix to all the logarithms clear down to 
the number 332 where it is replaced by 52. Prefixing the 51 to the 
1883, we have .511883 as the decimal part of the logarithm. Hence 
log. 325 is 2.511883. In like manner the logarithm of any number 
represented by three figures is found from the table. 


To find the logarithm of a number represented by four figures, Let it 
be required to find the logarithm of 2936. Looking for 293 (the 
first three figures) in the column of numbers, and then passing to the 
right until reaching the column headed 6, the fourth figure, we find 
7756, to which prefixing the figures 46, which belong to all the 
logarithms following them till some others are indicated, we have 
for the decimal part of the logarithm of 2936, A67756. But, as 3 is 
the logarithm of 1000, and 4 of 10,000, log. 2936 is 3 and this decimal, 
or log. 2986 = 3.467756. 


To find the logarithm of a number represented by more than 4 figures. 
Let it be required to find the logarithm of 2845672. Finding the 
decimal part of logarithm of the first 4 figures 2845, as before, we 
find it to be .454082. Now the logarithm of 2846 is 153 (millionths, 
really) more than that of 2845. Hence, assuming that ifan increase 
of the number by 1000 makes an increase in its logarithm of 153, an 
increase of 672 in the number, will make an increase in the logarithm 
of 383.2, or .672 of 153, or 108, omitting lower orders, and adding 
this to .454082, we have .454185 as the decimal part of log. 2845672. 
The integral part is 6, since 9845672 lies between the 6th and 7th 
powers of 10. Hence log. 2845672 = 6.454185. Q. EB. D. 


Scholium |.—If in seeking the logarithm of any number any of 
the dots noticed in the table are passed, their places are to be 
filled with 0’s, and the first two figures of the decimal of the loga- 
rithm taken from the 0 column in the line below. Thus log. 3166 is 


am 


- 
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3.500511. This arrangement of the table is a mere matter of con- 
venience to save space. , 


Scholium 2.—The column marked D is called the column of 
Tabular Differences; and any number in it is the difference between 
the logarithms found in columns 4 and 5, which is usually the same 
as between any two consecutive logarithms in the same horizontal 
line. The assumption made in using this difference; viz., that the 
logarithms increase in the same ratio as the numbers, is only approxi- 
mately true, but still is accurate enough for ordinary use. 


128. The Integral Part of a logarithm is called the 
Characteristic, and the decimal part the Mantissa. 


129. Prop.—The Mantissa of a decimal fraction, 
or of a mixed number, is the same as the mantissa 
of the number considered as integral. 


Demonstration.—Above it was found that log. 2845672—6.454185. 
Now this means that 10454185 — 2845672. Dividing by 10 suc- 
cessively we have 


105454185 = 284567.2, or log. 284567.2 = 6.454185, 
104:454185 — 28456.72 or log. 28456.72 = 4.454185, 
103454185 — 2845.672  orlog.  2845.672 = 3.454185, 
102:454185.=- 284.5672 or log. 284.5672 = 2.454185, . 
LOSS ASC 28.45672 or log. 28.45672 = 1.454185, 
Oss oA 615) 2.845672 or log. 2.845672 = 0.454185. 


Now if we continue the operation of division, only writing 0.454185 
—1, 1.454185, meaning by this that the characteristic is negative 
and the mantissa positive, and the subtraction not performed, we 
have 
107-454185 


ll 


2845672, or log. 2845672 = 1.454185, 
02845672, or log. 02845672 — 3.454185, 

105-454185 — 002845672, or log. .002845672 — 3.454185, 
ete.) O.P D, 


{02-454185 


Scholium.—The characteristic of an integral number, or of a 
mixed integral number and decimal, is one less than the number of 
integral places, as will appear by comparing such numbers with the 
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powers of 10, as is done in demonstrating (126). The character- 
istic of a number entirely decimal fractional, is negative, and one 
greater than the number of 0’s immediately following the decimal 
point, as appears from the last demonstration, or as appears from 
the fact that 107=j,=.1; 10° =7i,= 01; 10° =o 
= .001 ; etc. 

EXAMPLES. 


Find the logarithms of the following numbers: 289 ; 
3145; 29056; 30942; 298.026; 32.56; 2.864; .3205 ; 
.00317 ; .00000328. aie 
Results, log. 298.026 = 2.474254 ; log. .00317 =3.501059. 


130. Prob.—To find a number corresponding to a 
given logarithm. 


Solution. —Let it be required to find the number corresponding 
to the logarithm 5.515264, Looking in the table for the nezt less 
mantissa, we find .515211, the number corresponding to which is 
$275 (no account now being taken as to whether it is integral, frac- 
tional or mixed; as in any case the figures will be thesame). Now, 
from the tabular difference, in column D, we find that an increase of 
133 (millionths, really) upon this logarithm (.515211), would make 
an increase of 1 in the number, making it 3276. But the given loga- 
rithm is only 58 greater than this, hence it is assumed (though only 
approximately correct) that the increase of the number is +35, of 1, 
or 538-133 = .8984+. This added (the figures annexed) to 8275, 
gives 827539844. The characteristic, being 5, indicates that the 
number lies between the 5th and 6th powers of 10, and hence has 
G integral places. .°. 5.515264 = log. $27539.84+. 


EXAMPLES. 


Find the numbers corresponding to the following loga- 
rithms: 3.467521; 2.467521; 0.467521; 4.520281; 
1.520281; 4.520281; 0.520281; 1.520281; 2.490160; 
3.490160; and 0.490160. 

Results, 2.490160 = log. 309.1435-+3; 2.490160 = log. 

.030914-+; 0.490160 = log, 3.091435 +. 


i 
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131. As logarithms are largely used to facilitate numer- 
ical computations, it is important that the student be able 
to take any formula representing such operations and write 
at once the equivalent logarithmic operations. 


EXAMPLES. 


Ex. 1. If 28.0385 : 3.2781 :: 3114.27: a, what logarithmic 
operations will find 2 ? 

-Suggestion.—The logarithm of the product of the means is the 
sum of their logarithms; and the logarithm of the quotient of this 
product divided by the first extreme, is the logarithm of said pro- 
duct minus the logarithm of the other extreme. .. log. « = log. 
3.2781 + log. 3114.27—log. 28.0385 = 0.515622 + 3.493356 — 1.447700 
= 2.561278. Having a table sufficiently extended, the number 
corresponding to this logarithm could be found, and would be the 
value of z. 

2. Find the product of 23 14, by 5.062, knowing that log. 
23.14 is 1.364363, log. 5.062 is 0.704322, and log. 117.1347 
is 2.068685. 

3. How is 287 raised to the 5th power by means of loga- 
rithms ? How is the 5th root extracted ? 

4, Extract the 5th root of 31152784.1 by means of loga- 
rithms, knowing that log. 31152784.1 = 7.493497. 

Suggestion.—Log. 4/81152784.1 = } log. 31152784.1= 1.498699. 
The number, therefore, is 31.52+. 

5. What is the eube root of 30? Ans., 3.107+. 

6. What is the cube root of .03? 

Suggestion.—Log. .03 = 2.477121. Now to divide this by 3, we 
have to bear in mind that the characteristic alone is negative, i. ¢., 
2.477121 = —2+.477121, or —1.522879. This divided by 3 gives 
— .507626, or 0O—.507626=1.492374. But a more convenient method 
of effecting this division is to write for the —2, —8+1, whence we 
have for 2.477121, —34 1.477121, which divided by 8 gives 1.492874, 
nearly. 

7. Divide 3.261453 by 2, by 4, by 5. 

Last quotient, 1.4522906. 


e) 
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[This subject is inserted as the best method of reaching the demon- 
stration of the Binomial Formula and the production of the Logarithmic 
Series. While it is equally simple, to say the least, with the old 
method, it is more direct, and gives the student nothing but what is of 
fundamental importance in subsequent mathematical work.] 


132. In certain classes of problems and discussions 
the quantities involved are distinguished as Constant and 
Variable. 

133. A Constant quantity is one which maintains 
the same value throughout the same discussion, and is 
represented in the notation by one of the leading letters 
of the alphabet. 


134. Variable quantities are such as may assume in 
the same discussion any value within certain limits deter- 
mined by the nature of the problem, and are represented 
by the final letters of the alphabet. 


Inu.—lIf z is the radius of a circle and y is its area, y = 7a’, as we 
learn from Geometry, 7 being about 3.1416. Now if a, the radius, 


Norsz.—The preceding part of this volume furnishes a course in Algebra quite as 
full as will be found practicable or desirable in most high schools and academies, 
and is an adequate preparation for college. This appendix, selected from OLNEY’s 
UNIVERSITY ALGEBRA, is inserted for such of the above schools as desire a fuller 
course, and as adapting the book to the needs of many of our colleges which do not 
find it expedient to give as much time to this subject as is required to master the 
University Algebra. There is nothing in,the ordinary college course which 
requires more Algebra than is found in this volume, 
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varics, y, the area, will vary ; but 7 remains the same for all values 
of x and y. In this case @ and y are the variables, and 7 is 
a constant. 

Again, if y is the distance a body falls in time @, it is evident 
that the greater # is, the greater is y, 7. ¢., that when « varies y varies. 
We learn from Physics that y= 16,,2?, for comparatively small 
distances above the surface of the earth. In the expression y = 
16,4,a°, x and y are the variables, and 16, is a constant. .. y @2?. 

Once more, suppose we have 7 = 26a°—82*—5, as an expressed 
relatidn between 2 and y, and that this is the only relation which is 
required to exist between them; it is evident that we may give 
values to z at pleasure, and thus obtain corresponding values for y. 
Thasifie=1).y= + 4/17, if «= 2, y = +4/183, etc., etc. In sucha 
case and y are called variables. But we notice that if we give to 
such a value as to make 32°+5>252% (as, for example, 3, 4, ete.), y 
will be imaginary. This is the kind of limitation referred to in our 
definition of variables. 


135. Scu.—The pupil needs to guard against the notion that the 
terms constant and variable are synonyms for known and unknown, 
and the more so as the notation might lead him into this error. The 
quantities he has been accustomed to consider in Arithmetic and 
Elementary Algebra have ali been constant. The distinction here 
made is a new one to him, and pertains to a new class of problems 
and discussions. 


136. A: Function is a quantity, or a mathematical 
expression, conceived as depending for its value upon some 
other quantity or quantities. 


Int.—A man’s wages for a given time is a function of the amount 
received per day, or, in general, his wages is a function of the time 
he works and the amount he receives per day. In the expression 
J = 16,,0? (154), second illustration, y is a function of 2, 7.¢., the 
space fallen through is a function of the time. The expression 
2ax*—3a+ 5b, or any expression containing z, may be spoken of as a 
function of @. 


_ 137. When we wish to indicate that one variable, as y, 
is a function of another, as’z, and do not eare to be more 
specific, we write y= f(z), and read “y equals (or is) a 


. 
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function of x.” This means nothing more than that y is equal 
to some expression containing the variable z, and which 
besides may contain any constants. If we wish to indicate 
several different expressions each of which contains x, we 
write f(x), »(z), or f’ (x), ete., and read “the f function of 
x,” “the » function of z,” or “the f’ function of 2.” 

Inu.—The expression f (#) may stand for z?—2z+5, or for 3(a’—2"), 
or for any expression containing x« combined in any way with itself o1 
with constants. But in the same discussion f(#) will mean the same 
thing throughout. So again, if ina particular discussion we have a 
certain expression containing a (¢. g., 3e’—ax+2ab). it may be repre- 
sented by f(2), while some other function of a, ¢. g., 5 (a®’—2*)+2a°, 
might be represented by f’ (x), or ¢ (2). « 


138. In equations expressing the relation betweeen two 
variables, as in 9? == 3a28—2®, it is customary to speak of 
one of the variables, as y, as a function of the other, a. 
Moreover, it is convenient to think of 2 as varying and 
thus producing change in y. When so considered, « is 
called the Independent and y the Dependent variable. Or 
we may speak of y as a function of the variable «. 


139. An Infinitesimal is a quantity conceived 
under such a form, or law, as to be necessarily less than 
any assignable quantity. 

Infinitesimals are the increments by which continuous 
number, or quantity (8), may be conceived to change value, 
or grow. 

Inu.—Time affords a good illustration of continuous quantity, or 
number. Thus a vies of time, as 5 hours, increases, or grows, to 
another period, as 7 hours, by infinitesimal increments, 7. ¢., not by 
hours, minutes, or even seconds, but by elements which are less than 
any assignable quantity. 


140. Consecutive Values of a variable are values 
which differ from each other by less than any assignable 
quantity, 7. ¢., by an infinitesimal. Consecutive values of a 
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Junction are values which correspond to consecutive values 
of its variable. 


141, A Differential of a function, or variable, is the 
difference between two consecutive states of the function, 
or variable. It is the same as an infinitesimal. 


ItL.—Resuming the illustration y = 16,42° (134), let x be thought 
of as some particular period of time (as 5 seconds), and y as the dis- 
tance through which the body falls in that time. Also, let 2 represent 
a period of time only infinitesimally greater than 2, and y’ the distance 
through which the body falls in time 2’. Then 2 and 2’ are consecu- 
tive values of 2, and y and y’ are consecutive values of y. Again, the 
difference between x and 2’, as «'—a, is a differential of the variable 
x, and y'—y is a differential Of the function y- 

142. Notation.—A differential of xz is represented by 
writing the letter d before 2, thus dz. Also, dy means, and 
is read “differential y.” 

CauTiIon.—Do not read da by naming the letters as you do az; but. 
read it “differential a.” The d is not a factor, but an abbreviation for 
the word differential. 


143. To Differentiate a function is to find an 
expression for the increment of the function due to an 
infinitesimal increment of the variable; or it is the process 
of finding the relation between the infinitesimal increment 
of the variable and the corresponding increment of the 
function. 


RULES FOR DIFFERENTIATING. 


144. Rule I.—To differentiate a single variable, 
simply write the letter d before it. 


This is merely doing what the notation requires, Thus, if 2 and 
x’ are consecutive states of the variable 2, @. ¢., if 2’ is what x becomes 
when it has taken an infinitesimal increment, z’'—z is the differential 
of x, and is to be written dz. In like manner, y'—y is to be written 
dy, y' and y being consecutive values, 
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145. Rule I1.—Constant factors or divisors ap- 
pear in the differential the same as in the function. 


Drem.—Let us take the function y = ua, in which a is any constant, 
integral or fractional. Let ¢ take an infinitesimal increment da, 
becoming x +dz; and let dy be the corresponding * increment of y, so 
that when # becomes x+da, y becomes y+dy. We then have 


~ 1st state of the function . . siaats 
2d, or consecutive state . . y+dy=a(e+da)= an+-ada. 
Subtracting the 1st from the 2d dy = ada, 


which result being the difference between two consecutive states of 
the function, is its differential (141). ‘Now a appears in the differ- 
ential just as it was in the function. This would evidently be the 


4 ; 1 
same if @ were a fraction, as ae We should then have, in like man- 


ner, dy = 2 da, for the differential of y = a. Q. E. D. 


146. Rule Il.—Constant terms disappear in dif- 
ferentiating ; or the differential of a constant is 0. 

Dem.—Let us take the function y = av+b, in which @ and 3 are 
constant. Let @ take an infinitesimal increment and become 2 +dz ; 
and let dy be the increment which y takes in consequence of this 
change in 2, so that when becomes w+dz, y becomes y+dy. We 
then have 


ist state of the function . . y=ax+d; 
Qd, or consecutive state . . y+dy=a (a+ da)+b = ax+ado+b. 
Subtracting the 1st from the 2d dy = ada, 


which being the difference between two consecutive states of the 
function, is its differential (141). Now from this differential the 
constant 6 has disappeared. 

We may also say that as a constant retains the same value, there 
‘3 no difference between its consecutive states (properly it has no con- 
secutive states). Hence the differential of a constant may be spoken 


ofas0. Q. E. D, 


* The word ‘‘ contemporaneous ” is often used in this connection. 
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147. Rule IV. —TZo differentiate the algebraic 
sum of several variables, differentiate each term sep- 
arately and connect the differentials with the same 
signs as the terms. 

Drem.—Let u=a+y—z, w representing the algebraic sum of the 
variables z, y, and —z. Then is du = dx+dy—dz. For let da, dy, 
and dz be infinitesimal increments of 2, y, and z; and let du be the 
increment which w~ takes in consequence of the infinitesimal changes 
in a, y,and z. We then have 


ist state of the function. . . . UW= 2+Y—2; 
2d, or consecutive state. . . . w+du=a2+de+yidy—(e+ dz). 
Or i - 2 Utdu=a+dety+dy—2—d. _ 


Subtracting the det state ee the 2d du=dxr+dy—dz. QE. D. 


148. Rule V.— The differential of the product | 
of two variables is the differential of the first into 
the second, plus the differential of the second into the 


first. 


Drm.—Let vu = ay be the first state of the function. The consecu- 
tive state is u+du = (w+ d2) (y+dy) = wy+yda+ady+da-dy. Sub- 
tracting the 1st state from the consecutive state we have the differ- 
ential, i. ¢., du = yda+ady+du-.dy. But, as dx- dy is the product of 
two infinitesimals, it is infinitely less than the other terms (yd and 
ady),and hence, haying no value as compared with them, is to be 
dropped.* Therefore, du = ydv+ady. Q.E.D. 


* It will doubtless appear to the pupil, at first, as if this gave a result only 
approximately correct. Such is not the fact. The result is absolutely correct. Wo 
error is introduced by dropping da.dy. In fact this term must be dropped accord- 
ing to the nature of infinitesimals. Notice that by definition a quantity which is 
infinitesimal with respect to another is one which has no assignable magnitude 
with reference to that other, Hence we must so treat it in our reasoning. Now 
dx .dy is an infinitesimal of an infinitesimal (é. ¢., two infinitesimals multiplied 
together), and hence is infinitesimal with reference to ydx and xdy, and must be 
treated as having no assignable value with respect to them; that is, it must be 
dropped. 
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149. Rule VI.—The differential of the product 
of several variables is the sum of the products of the 
differential of each into the product of all the 
others. 


Drem.—Let u = ayz; then du = yedv+wvedy+ayde. For the 1st 
state of the function is v= ayz, and the 2d, or consecutive state, 
u+du = (@+dz) (y+ dy) (¢+dz), or w+du = aye+ yeda + aedy + xydz+ 
adydz + ydadz +2edady+dadydz. Subtracting, and dropping all infini- 
tesimals of infinitesimals (see preceding rule and foot-note), we have 
du = yedx+ wady + xydz. 

In a similar manner the rule can be demonstrated for any number 
of variables. Q. E. D. 


150. Rule VII.—The differential of a fraction 
having a variable numerator and denominator is the 
differential of the numerator multiplied by the 
denominator, minus the differential of the denom- 
inator multiplied by the numerator, divided by the 
square of the denominator. 


ts For, clearing of frac- 


Drem.—Let uv = : then is du = 
tions, yw =a. Differentiating this sa Rule 5th, we we aed +ydu = 
dz. Substituting for u its value ? this becomes ““Y = Y ydu = da. 


Finding the value of du, we have du — ere. Q. E. D. 

151. Cor.—The differential of a fraction having a con- 
stant numerator and a variable denominator is the product 
of the numerator with its sign changed into the differential 
of the denominator, mepaed by the square of the denom- 


inator. 


Let u=”. Differentiating this by the rule and calling the dif- 
y 
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- —ad 
ferential of the constant (a) 0, we have du = 2. a — ere 2 


Q. E. D. 


152. Scu.—lIf the numerator is variable and the denominator 
constant, it falls under Rule 2.” 


153. Rule VII.—The differential of a variable 
affected with an exponent is the continued product 
of the exponent, the variable with tts exponent 
diminished by 1, and the differential of the variable. 


Drm.—Ist. When the exponent is a positive integer. Let y=2", 
m being a positive integer; then dy=ma"—"'dz. Fory=a"=@.@.@.@. 
to m factors. Now, differentiating this by Rule 6, we have dy= 
(aaz..to m—1 factors) dr+(aax..to m—1 factors) dv+ ete, to m 
terms; or dy = a"—dv+2a"—"da+a"—da+ ete, to m terms, There- 
fore dy = ma”™—dz. 


2d. When the exponent is a positive fraction. Let y =a", ~ being 


mm 
——1 . 
a positive fraction ; then dy = ae dz. For involving both members 
to the nth power we have y" = a”, Differentiating this as just shown, 
m : 


we have ny"—"dy = ma™—"'da, Now from y =" we have y*—! = 


mn—m mn—m 


a ” . Substituting this in the last it becomes na * dy=ma"dz ; 
pe ees m ie 
whence dy = “a " de=-—a» dz. Q. =. D, 


3d. When the exponent is negative. Let y=a-", n being integral 


or fractional; then dy = —na—"—"'dz. For y=a-" = i, which dif- 
an 
ferentiated by Rule 7, Cor., gives dy = — M i = — na-—dz, 
oe 4 
Q. E. D. 


EXAMPLES. 
1. Differentiate y = 32®—2a2+44, 
SoLuTion.— The result is dy = 62dx — 2dz. Which is thus 
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obtained : By Rule 1, the differential of y is dy. To differentiate the 
second member we differentiate each term separately according to 
Rule 4. In differentiating 32°, we observe that the factor 3 is 
retained in the differential, Rule 2, and the differential of a is, by 
Rule 8, 2ada. Hence, the differential of 32° is 6ada. The differential 
of —2a is —2da. By Rule 8, the constant 4 disappears from the dif 
ferential, or its differential is 0. 


2. Differentiate y = 2av’+ 4aa%*—x+m. 

Result, dy = 4axdz+12ax*dx—dz. 
3. Differentiate y = 5ba8—302°+ 4a. 
4, Differentiate y = Ag+ Bz + Cx'. 


154. Scu.—It is desirable that the pupil not only become expert 
in writing out the differentials of such expressions as the above, but 
that he know what the operation signifies. Thus, suppose we have 
the equation y= 5a. This expresses a relation between « and y. 
Now, if x changes value, y must change also in order to keep the 
equation true. In this simple case it is easy to see that y must 
change 5 times as fast us # in order to keep. the equation true. 
This is what differentiation shows. Thus, differentiating, we have 
dy =5dx. That is, if a takes an infinitesimal increment, y takes an 
infinitesimal increment equat to 5 times that which @ takes ; or, in 
other words, y increases 5 times as fast as a. 


Now let us take a case which is not so simple. Let y=8a*—2a+4, 
and let it be required to find the relative rate of change of x and y. 
Differentiating, we have dy = 6rdx—2dz = (6a—2) da. This shows 
that, if 2 takes an infinitesimal increment represented by da, y ‘takes 
one (represented by dy) which is 6c—2 times as large ; i. @., that y 
increases 62—2 times as fast as x. Notice that in this case the rela- 
tive rate of increase of # and of y depends on the value of «. Thus, 
when «=1, y is increasing 4 times as fast as 7; when «= 2, y is 
increasing 10 times as fast as @ ; when x = 8, y is increasing 16 times 
as fast as @; etc. 


5. Differentiate y = 2°—2%, and explain the significance 
of the result as above. Result, dy = (5a+—32*) da. 

6. In order to keep the relation 2y = 32? true as # varies, 
how must y vary in relation tow? What is the relative 
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rate of change when = 4? Whenz=2? Whenz=1? 
When z=}? -Whenz =}? 

Answers. When « = 4, y increases 12 times as fast as 2. 
When « = 4, y increases at the same rate as z. In general 
y increases 3a times as fast as z. When z is less than 4,7 
mereases slower than 2. 

27 1 
3y oe re ee 
af = ee; u=op+b6e; y= v—d3e2'+4e8—2'+1; and 
y= iv — qa +2. 

13 to 1%. Differentiate y = (a*+2°)®; y= (a+2%)5 ; 


y = (30—2)23 y = (2Q—2°); and y = (14-2) 2. 


’ to 12. Differentiate the following: w= 


Sua’s.—Such examples should be solved by considering the entire 
quantity within the parenthesis as the variable. This is evidently 
admissible, since any expression which contains a variable is variable 
when taken as a,whole. Thus to differentiate y = (a+2%)3, we take 
the continued product of the exponent (%), the variable (4+2”) with 
its exponent diminished by 1, [7. ¢., (@ +22) 8], and the differential of 
the variable (¢. e. the differential of a+a°*, which is 2¢dz). This gives 


us dy = 2 (a-+2%) ®2ada, or dy = 4a (a+a%) te = rasa ‘ 
34/a+a? 
: : : i) Hi 1 
18 to 22. Differentiate ine’ OG tae G+ 2) : | 
1 

en laa Co 

23. In the expression 673, when z is greater than 1 does 
the function (62%) change faster or slower than x? How, 
when « is less than $? What does the process of differ- 
entiating 62° signify ? 


and 


— Answer to the last. Finding the relative rate of change of 623 


and of 2, or finding what increment 62° takes when @ takes the 
increment da, 
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Or, in still other words, finding the difference between two con- 
secutive states of 62°, and hence the relation between an infinitesimal 
increment of # and the corresponding increment of 62°, 
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155. Indeterminate Coejjicients are coefficients 
assumed in the demonstration of a theorem or the solution 
of a problem, whose values are not known at the outset, but 
are to be determined by subsequent processes. 


156. Prop.—If A+Bx + Ox? + Dx’ + ede. = A’+ 
B’x+0'x?+ D'x3+ etc, in which x is a variable and the 
coeficients A, B, A’ B’, etc., are constants, the coefficients of 
the like powers of x are equal to each other. That is, A = 
A’ (these being the coefficients of x!) ses BO ce O', ete. 

Drem.—Since the equation is true for any value of 2, it is true for 
2x—0. Substituting this value, we have A = A’. Now as A= JA’ 
are constant, they have the same values whatever the value assigned 
tow. Hence for any value of z, A= A’. Again, dropping A and 4’, 
we have Bz+ 02? + Da? + etc. = B’a+ 0'2?+ D'z’+ etc., which is true 
for any value of x. Dividing by z, we obtain B+ Oz+D2?+ ete. = 
B'+Oe+D'2?+ ete., likewise true for any valueofa. Making x—0, 
B= B’, as before. In this manner we may proceed, and show that 
C=C, D=D', ete: -Q.. E D: 


157. Cor.—If A+Bx+Cx?+ Dx°+ efc. = 0, ts true 
for all values of x, each of the coefficients A, B, ©, ete., ts 0. 


For we may write A+ Ba +Cx°+Da*+ Het+ Fo'+ etc. = 0+004- 
Oa? + 02? + O2#+025+ etc. Whence by the proposition A = 0, B=0; 
o=—0, ete. : 
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Dp CTION Ki. 


DEMONSTRATION OF THE BINOMIAL FORMULA. 


158. Theorem. — Whatever the value of m, i. e@, 
whether integral or fractional, positive or negative. 


m(m—1) 
i 


(a+a)™ = a”™4+ma"—tz 4 —~ (n—2y2 


(m—1)(m—2) 
4m sims 

m(m—1)(m—2)(m—3) 
eer car ag 


Gn—3q3 


ar—ot 4 ete, 


Drem.— Assume 


(a+a)" = A+ Bot Ca? + Dx? + Hit + Fe + ete. (1) 


in which A, B, C, etce., are indeterminate coefficients independent of 
x (¢. &. constants), and are to be determined, To determine these co- 
efficients we proceed as follows: 


Differentiating (1), we have 
mMa+e"—de = Bde+20ade+3Da°de+4hxdze+ Fatde+ ete. 
Dividing by dx, we have 
ma +e)" = B +20e+ 3D? + 4x3 +5 Ft+ ete. (2) 
Differentiating (2) and dividing by dz, we have 
mm—1(a+a"—? = 2042 * 83Dx+3 ° 4Ha°+4* 5Fe*+ ete. (8) 
Differentiating (3) and dividing by dx, we have 
m(m—1)\(m—2)(a+ 2" = 2° 8D+2°3°4Hv+8° 4+ 5 Fe? + ete, (4) 
Differentiating (4) and dividing by dz, we have 
m(m—1)\(m—2)(m—8)(a+ a4 =2°3°4H+2°3°4:5F e+ ete. (5) 
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Differentiating (5) and dividing by dz, we have . 


mm—1)(m—2)(m—8)\(m—A)(a+a)"-§ = 2'3°4°5F+ etc. (6) 


We have now gone far enough to enable us to determine the co- 
efficients A, B, OC, D, E, and F, and doubtless to determine the law of 
the series. 


As all the above equations are to be true for all values of a, and as 
the coefficients A, B, C, ete., are constants, 7. ¢., have the same values 
for one value of x as for another, if we can determine their values for 
one value of 2, these will be their values in all cases, Now, making 
g=0, we have from (1) A=1; from (2), B=m; from (Bye 
a eu from (4), D= ee sadly ; from (5) H= 
m(m—1)(m—2)(m—3) | mim — 1am — 2)(m — 3)(m — 4) 

‘(4 - 


; from (6), = 5 


These values substituted in (1) give 


(a+2)" = a™+ mara" — }) an % 


% m(m— 3 _ 2) m3 ie. m(m—1 rs 2)(m—8) por 


m(m—1)(m—2)(m—8)(m—4) 
: 5 


Which is the Binomial Formula. 


a> + ete, 


159. Cor. 1.—The nth, or general term of the series 18 


m(m—1) (m—2) ie (m—n +2) qm—nelyn—l 


n—1 


For we observe that the last factor in the numerator of the co- 
efficient of any particular term is m— the number of the term less 
2, i. e., for the nth term, m— —(n—2), or m—n+2; and the last 
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factor in the denominator is the number of the term —1, 7, e., for the 
mth term, 2—1. The exponent of x in any particular term is m— 
the number of the term less 1, 7. ¢., for the nth term, m—(n—1), or 
m—n+1; and the exponent of y in any term is one less than the 
number of the term, 7. ¢., for the nth term, n—1. 


160. Dzr.—In a series the Scale of Relation is the 
relation which exists between any term or set of terms and 
the next term or set of terms. 


161. Cor. 2.—The scale of relation in the binomial 


series is fasts — 1) y, since the nth term multiplied by 


this produces the (n + 1)th term. 


This is readily seen by inspecting the series, or by writing the 
(n+1)th term and dividing it by the nth. Thus, substituting in the 
general term as given above, +1 for n, we have 


am(m—1)(m—2) - - - - - (m—n+1) 
sil Sele 2 Damn, 


as the (7+1)th term. This divided by the nth, or preceding term, 
pesca ee ee —1)!. 
n & 


ives 
g n x 


<> 
‘A 


y 
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162. The Modutus of a system of logarithms is a 
constant factor which depends upon the base of the system 
and characterizes the system. 


163. Prop.—The differential of the logarithm of a 
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number is the differential of the number multiplied by the 
modulus of the system, divided by the number ; 


Or, in the Napierian system, the modulus being 1, the 
differential of the logarithm of a number is the differential 
of the number divided by the number. 


Drem.—Let x represent any number, é.e. be a variable, and 7 be a 
eonstant such that y= a". Then log y=n log «(128). Differen. 
tiating y = a", we have dy = nz"—'dz; whence 


dy 

dy _ dy — dy y 
See iis ae. oe ae (1) 

aie Ode “ae ge 

® ® £ 


Again, whatever the differentials of log y and log @ are, being a 
constant factor we shall have the differential of logy equal to n times 
the differential of log «, which may be written 


d (log ¥) 
d(log y) =n: d (log a), whence 2 = q (log 2) (2.) . 
Now equating the values of 7 as represented in (1) and (2), we have 
dy 
Oren 2 - th me ratio to dy as 
dtloe a) > de" Whence d(log y) bears the sa y 5 
x 
; ; dz c . oe mdy d 
d(log «) does to —-- Let m be this ratio. Then d(log y) = ro an 
d (log 2) = ae y 
We are now to show that m is constant and depends on ‘the base of 
the system. 
To do this, take y = 2, from which we can find as above n' = 
dy 


d(log y) _ ¥ ie the ratio of d (log y) to , it is also the 
hoe Now as m is the ratio of d (log y) y? 


z 


ratio of d (log 2) to 2 ; and d(log 2) = — . Thus we see that in any 


case in the same system the same ratio exists between the differen- 
tial of the logarithm of a number and the differential of the number 
divided by the number, Therefore m is a constant factor. 
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Again = == ms indicates the relative rate of change of a loga- 


rithm and itsnumber. Now it is evident that the larger the base the 
slower the logarithm will change with reference to the number. (See 


examples under Art 117.) But the factor : varies inversely in the 


number ; hence m must vary with, or be a function of the base.* 


164, Prob.—To produce the logarithmic series. 


SoLuTion.—The logarithmic series, which is the foundation of the 
usual method of computing logarithms, and of much of the theory of 
logarithms, is the development of log (1+). To develop log (1+2), 
assume 


log (1+) = A+ Ba+ Cx? + Da? + Hat+ Ha’ + ete., (1) 
in which z is a variable, and A, B, C, etc., are constants. 


_ Differentiating (1), we have 


mdect = Bda+20rdr+3Darde+4Heda+5Fxide+ ete. 


1+2 
Dividing by da, : 
Tog = Bt 80+ 8Da + 4Hat + 5 Fat + ete, (2) 
Differentiating (2), and dividing by dx, we have 
= 1 — 2 
aly Berar pa hE +4.5f2+ ete. (8) 
Differentiating (3), and dividing by 2 and by da, we have 
1 
1 2S SS D ’ 8. 2 
ew, 8D+3.-4He+2-3-5F 2+ ete. (4) 


Differentiating (4), and dividing by 3 and dz, we have 


barge 
crag pti Monta ete. (3) 


* What the relation of the modulus to the base is, we are not now concerned to 
know ; it will be determined hereafter, 


+ The number is 1+; hence the differential is m times the differential of 1+2 
Givided by the numer 1+a, 
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Differentiating (5), and dividing by 4 and dz, we have 
t 
me Ses Ne Nhl 
m aaa 5+ ete. (6) 
We have now gone far enough to enable us to determine the coef- 
ficients A, B, 0, D, #, and F, and these will probably reveal the law 
of the series. 


As all the above equations are to be true for all values of 2, and as 
the coefficients A, B, C, etc., are constant, 7. ¢., have the same values 
for one value of # as for another, if we can determine their values for 
one value of 2, these will be their values in all cases. Now, making 
a = 0, we have, from (1), A = log 1=9; from (2), B= m,; from (3), 
C= —im; from (4), D= 4m; from 6), E= —4m; from (6), P=3m. 
These values substituted in (1) give 

ee of 2 


Fs ae 
log (1+a)=m@—a +3 —g tg ~ 


the law of which is evident. This is the Logarithmic Series, and 
should be fixed in memory. 

Scu.—The Napierian system of logarithms is characterized by the 
modulus being 1(m= 1). Hence the Napierian logarithmic series is 

ee ot ot ct 
log (l+a)=@—-g +g —G eae ete. 

165. Cor. 1—The logarithms of the same number in 

different systems are to each other as the moduli of those 


systems. 


This is evident from the general logarithmic series. Thus the 
logarithm of 1+# in a system whose modulus is m, is expressed 
ge @ tf # 
logn (I+a)f}=m@—s +3 —Z = etc.) ; 
and the logarithm of the same number in a system whose modulus is 
m! is expressed 


* Of course the student will observe what forms the succeeding terms in thie 
and the other similar cases would have. Thus here we should have 54+5-6@a+ 
3-5. 1Ha’+ ete. 

+ The subscripts m and m/ are used to distinguish between the systems, as log 
(1+) is not the same in one system as in the other. Read logm (1+), “logarithm 
of 1+ in a system whose modulus is m,” etc. 
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ee ate ar 
3 —7+_— ete): 


Now, as the number (1+2) is, by hypothesis, the same in both cases, 
zis the same, Hence, dividing one equation by the other, we have 


logm (1+2) =m co +> 


logim(L+a@) __ m 
logm({1+2)  m'” 


166. Cor. 2.— Having the logarithm of a number in the 
Napierian system, we have but to multiply tt by the modulus 
of any other system to obtain the logarithm of the same num- 
ber in the latter system. 


Or, the logarithm of a number in any system divided by 
the logarithm of the same number in the Napierian system, 
gives the modulus of the former system. 


16%. Prob.—To adopt the Napierian logarithmic series 
to numerical computation so that it can be conveniently used 
for computing the logarithms of numbers. 

Dem.—That log (1 + #) = ate + an + ; + ete., is not in a 
practicable form for computing the logarithms of numbers will be 
evident if we make the attempt. Thus, suppose we wish to compute 
the logarithm of 8. Making # = 2, we have log (1+2) = log 3 = 2— 

aig dee ae 
oe ae ae etc., a series in which the terms are growing 
larger and larger (a diverging series). 


We wish a series in which the terms will grow smaller as we 
extend it (a converging series). Then the farther we extend the 
series, the more nearly shall we approximate the logarithm sought. 
To obtain such a series, substitute —@ for @ in the Napierian loga- 
rithmic series, and we have 


log (1—2) = —a 2g il a 


Subtracting this from the former series, we have 


log (1+2)—log (1—2) = log (+) = = 2 (e+ 40° +10°+ 107+ etc). 
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1 22+2 : 
Now put os > wh = —2= 
Ne Me eet ae 
22 l+a 1+e 1+ 
Cara and <5 * Hence, as log (2 *) = log (1+2) — log z, 


substituting, and transposing, 


log (1+z)=log 2+ 2( 2 : 


5 ar aase 1 +ete. } (A) 
Qe+1 * 3241) * Faeriy * Tet )¢ 


This series converges quite rapidly, especially for large values of 
z, and is convenient for use in computing logarithms. 


168. Prob.—To compute the Napierian logarithms of 
the natural numbers 1, 2, 3, 4, ete., ad libitum. 


SoLuTion.--In the first place we remark that it is only necessary 
to compute the logarithms of prime numbers, since the logarithm of 
a composite number is equal to the sum of the logarithms of its 
factors (121). 


Therefore beginning with 1, we know that log 1 = 0 (Scu., p. 382). 
To compute the logarithm of 2, make z= 1, in series (A), and we 


Ds heat a aoe 
have log (141) —log 1 =log2=2(5+ emt eget apy togt 
1 i 


7 git 9.3 
1 
11.3% * 73.88 * 15.3 


The numerical operations are conveniently performed as follows: 


a5 ete.) < 


66666667 1 
07407407 | 38 
00823045 | 5 | .00164609 


9 .66666667* 
9 
9 
9 | .00091449 7 | .00013064 
9 
9 
9 


02469186 


00010131 | 9 | .00001129 
00001129 | 11 | .00000108 
00000125 | 13 | .00000009 
00000014 | 15 | .00000001 


“. log 2 = .69314718 * 


* 


* Though the decimal part of a logarithm is generally not exact, it is not cus- 
- tomary to annex the + sign, 
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SEconD. To find log 3, make 2 = 2, whence 


1 1 1 
log 8 = Weg 242 (5+ gant 5 gt cat get te): 
COMPUTATION, 
_5 | 2.00000000_ 00000000 _ 

25 ~ 40000000 | 1 | .40000000 

25 | .01600000 | 3 | (0588883 

25 | .00064000 | 5 | .000:2800 

25 | .00002560 | 7 | .C0000866 

00000102 | 9 | .co000011 

- 10546510 


log 2 = .69314718 


*, log 3 = 1.09861228 


Tuirp. To find log 4. 
Log 4 = 2 log 2 = 2 x .69314718 = 1.38629436. 


FourtH. To find log 5. Let «= 4, whence 


1 1 deg ial 
log 5= log 442 (5 + 3.98 + 5.93 t 7g + ete.) 
COMPUTATION. 
9 | 2.00000000 _ 

81 | .22222222 | 1 | 22222222 
81 | .00274348 | 3 | .00091449 
81 | .00008387 | 5 | .00000677 
00000042 | 7 | .00000006 
223814354 


log 4 = 1.38629436 


som i 1.60943790 


In like manner we may proceed to compute the logarithms of the 
prime numbers from the formula, and obtain those of the composite 


numbers on the principle that the logarithm of the product equals 
the sum of the logarithms of the factors, 


Thus, the Napierian logarithm of the base of the common system, 
10, = log 5+log 2 = 2,30258508, . 
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169. Prop.—The modulus of the common system is 
43429448 +. 


DrEM.—Since the logarithm of a number, in any system, divided by 
the Napierian logarithm of the same number is equal to the modulus 
of that system (166), we have 

Com. log 10 
Nap. log 10 

But com. log 10=1, and Nap. log 10=2 80258508, as found 

above. Hence, 


= modulus of common system. 


Modulus of common system = ee = .438429448 


170. Prop.—The Napierian base is 2.718281828. 


Drem.—Let ¢ represent the base of the Napierian system. Then 
by (165) 
: : com. log ¢ : Nap, log ¢ :: .48429448 : 1. 


But the logarithm of the base of a system, taken in that system is 1, 
since aia. Hence, Nap. log ¢=1, and com. log ¢= 43429448. 
Now finding from a table of common logarithms the number corres- 
ponding to the logayithm .43429448, we have ¢ = 2.718281828. 
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17/1. Since every equation with one unknown quantity, 
and real and rational coefficients, can be transformed into 
one of the form 

n+ Agn—t4 Bar-2+4 Cur3....L = 0, (1) 


this will be taken as the typical numerical equation whose 
solution we shall seek in this and the succeeding sections ; 
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and we shall frequently represent it by f(v) = 0, read 
“function # equals 0.” The notation f(x) signifies in 
general, as has been before explained (137), simply any 
expression involving . Here we use it for this particular 
form of expression. We shall also use f’ (x) as the symbol 
for the first differential coefficient of this function. 


172. Prop.— When an equation is reduced to the form _ 
x04 Axt-14 Bx®?4 Cx ,... L = 0, the roots, with their 
signs changed, are factors of the absolute (known) term, L. 


[For demonstration see p. 363.] 


173. Cor—/ff a is a root of f(x) = 0, f(x) is divisible 
by x—a; and, conversely, if f (x) is divisible by x—a, ais a 
root of £(x) = 0.. ; 


Drem.—The first statement is demonstrated in the proposition, and 
the second is evident, since as f(a) is divisible by w—a, let the 
quotient be ¢(%); whence (wx—a)4(7)=0. Now x=<a will satisfy 
this equation, since if renders z—a=0, and does not render 9(2) 
infinity, since by hypothesis @ does not occur in the denominator,* 


174. Prop.—If the coefficients and absolute term in 
xe Axe Bx -POxr 7 .>. a= Uae an integers, the 
equation can have no fractional root. 


Drem.—Suppose in this equation ¢ — ¥ ; ° being a simple fraction 


in its lowest terms. Substituting this value of 7, we have 


8” gl gn—2 gn—3 
pe ety 2 pay Coa oa 


phe a08 


¢c 
* Could there be a term of the form ce in ¢ (x), «= @ would render it oe, and 


(&—a) $ (@) would be 0x o, which is indeterminate, since 0x a = 0x4 


=o 
=e 
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Multiplying by ¢—! we obtain 
o + As + Bir? + Ote2.... Lt = 0. 


Now, by hypothesis, all the terms except the first are integral, and the 
first is a simple fraction in its lowest terms, as by hypothesis s and ¢ 
are prime to each other. But the sum of a simple fraction in its low- 
est terms and a series of integers cannot be 0. Therefore x cannot 


equal - , a fraction. 


175. Scu.—This proposition does not preclude the possibility of 
surd roots in this form of equation. These are possible. 


176. Prop.—An equation f(x) = 0 (171) of the nth 
degree, has n roots (if it has any), and no more. 


Drem.—Let @ be a root of f(z) = 0, which is of the nth degree. 
Dividing f (x) by « — a (178), we have 9 (x) = 0, an equation of the 
(n — 1)th degree. 

Let } be a root of ¢(z) = 0, and divide ¢(x) by e — b (173). Call 
the quotient ¢'(«), whence ¢’ (x) = 0, an equation of the (n — 2)th 
degree. In this way the degree of the equation can be diminished by 
division until, after n — 1 divisions, there results ¢"*(x) of the first 
degree, and the equation isa —/=0. Therefore, 

f (2) = (@ — a) ¢(2) = (@ —a) (&—B) ¢'(@) = (@ — a) (@—B) (w@—0) 
¢" («) = @— a) (@— Bb) (@—e).....@—)=0; 
t. é., f (2) is resolvable into » factors, of the form « — m. 

Now, a8 @ = 4, or a = b, or & = any one of the quantities a, b,c 
.... J, will render f (7) equal to 0, each one of these will satisfy the 
equation f(z) = 0. Therefore this equation has 7 roots. 

Again, since it is evident that we have resolved f(z) into its prime 
factors with respect to a, there can be no other factor of the form 
« — min f (x), hence no other root of f(z) = 0, and this whether m is 
equal to one or more of the roots a,6,¢....m, ornot. Therefore 
f (@) = 0 has only n roots. 


177. Cor. 1.—The polynomial x2 + Ax + Bxr* + Oxr 


os. L, or f(x), = (x —a) (k—b)(x—c).... (k—]), 
which a,b,¢.... lare the roots of f(x) = 0. 
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178. Cor. 2.—The equation f (x) = 0 may have 2, 3, or 
even n equal roots, as there is no inconsistency in supposing 
a=b, a=b=¢ ora=b=c=.... 1, in the above 
demonstration. 


179. Cor. 3.—Imaginary roots enter into equations 
having only real coefficients, in conjugate pairs ; that is, if 
f (x) = 0 has only real coefficients, if it has one root of the 
form « + 6/—1, it has another of the form « — 6/—1; 
or, tf it has one of the form 8 —1, tt has another of the 
form —86 Vt 

- This is evident, since only thus can f (7) = (#— a) (ew —b) (vw —e) 
....(e—n); that is, if one root, @ for example, is a—f4/—1, 
there must be another of the form a+Ba/- —! 1, in order that the pro- 
duct of these two factors shall not involve an imaginary. Thus, 
[a — (a+ B4/—1] x [ex — (a — Ba/— 1] = 2° — az + (a? + ), 0 real 
quantity. So also (e—8/—1) (+B Vv. —1) = a? + 6, a real quan- 
tity, But if the assumed imaginary roots be not in conjugate pairs, 
the product of the factors (e — a) (a — b) (t—c)....(e@—J) will in- 
volve imaginaries. 


180. Cor. 4.—Hence an equation of an odd degree must 
have at least one real root ; but an equation of an even degree 
does not necessarily have any real root. 


Cor. 5—If an equation has a pair of imaginary roots, 
the known quantities entering into the equation may be so 
varied that the two imaginary roots shall first give place to 
two equal roots, and then these to two unequal roots. 


As shown above, imaginary roots arise from real quadratic factors 
inf(). Let a—2aa+b be such a quadratic factor, whence a°—2ax+ 
b = 0 satisfies f(«) = 0, and a + 4/a?—d are the corresponding roots 
of f(x) =0. Now, if b < a?, these roots are imaginary. If, however, 
& diminishes or @ increases (or both change thus together), when 
b = a’ the two imaginary roots disappear and we have in their place - 


.- 
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two real roots, each a. If the same change in a and 6 continues, so 
that a becomes greater than b, the two real, equal roots in turn give 
place to two real, unequal roots. Now as a and 0 are functions of the 
known quantities of the equation f(x) = 0, such changes are evidently 
possible. 


‘181. By means of the property exhibited in (177), 
produce the equations whose roots are given in the follow- 
ing examples: 

1. Roots 1, — 3, 4. 
2. Roots V2, — V2, —1, 3. 
3. Roots 1, 2, 2, — 3, 4. 
Pena 5.2 V/ —1,2—V—& 
5. Roots 3, — 2, — 2, — 2, 1. 
6. Roots %, 4, — 2. 
%. Roots 1 + /W— 2,2 + V—3. 
8. Roots 14, 2, 3, — V3. 
9. Roots /— 2, — /— 2, Vd, — V5. 
10. Roots 10, — 13, 4, 1.. 
“11. Roots 3— 2 73,3 + 2V7/3,2-3V—1, 243 
ey ey : 


182. Prop.—TIf the equation f (x) = 0 has equal roots, 
the highest common divisor of f(x) and tts differential coeffi- 
cient,* £' (x), being put equal to 0, constitutes an equation 
which has for its roots these equal roots, and no other roots.t 


* The differential coefficient of a function is sometimes called its first derived 
polynomial, 

The student must not suppose that the roots of f(#) = 0, and its first differen- 
tial coefficient, /’ (w) = 0, are necessarily alike. f”(w) =a series of terms some of 
which may be + and some —, and which may destroy each other, so as to render 
J’ (#) = 0, for other values of x than such as renderf(x) = 0, and not necessarily 
for any which do render f (#) = 0, except the equal roots of the latter. 


e 
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Drem.—Let @ be one of the m equal roots of f(r) = 0, and let the 
other roots be b,c....1; then f(z) =(a@—a)"(a— b) (@—)..«.. 
(e —1) (177). Differentiating (149) and dividing by dz, we have 


f' @=m(e—a)" (x —b) (e—o).... @—-D+@—a(t@—0).... 
(a—l) +...- + (v—a)™(z@— bd) (1 — 0)... . + ete. 


Now («— a)"" is evidently the highest common divisor of f(a) and 
f (x), and (e—a)"-!=0 is an equation having a for its root, and 
having no other. 


In a similar manner, if f(7) = 0 has two sets of equal roots, so 
that 


Sf (v) = & — a)m (a — by (@ — 0) (a@— dd)... .@ — J), 
differentiating and dividing by dz, we have 


f (a) = m(a@ — a)" (a — by (@ — 0) (a@— d).... @—)D + @— ay 
r(a — by (@—e)@—d)....(@—JD 


+(@ — a)m(a — by (a — d)....(@— n) + (@ — 2)m (a — bY (x@ — 0) 
wees (U—)+....4-(@ — a (a — DY (@— cc) (ew — dd)... . 4 ete. 


Now the highest common divisor of f(#) and f’(a) is evidently 
(a — a)" (a — by. Putting this equal to 0, we have (« — a)" 
(a — b)'— = 0, an equation which is satisfied by = a.and 2 = b, and 
__ by no other values. 


Thus we may proceed in the case of any number of sets of equal 
roots. 


183. Scu.—In searching for the equal roots of equations of high 
degree, it may be convenient to apply the process of the proposition 
several times. Thus, suppose that f (2) = 0 has m roots each equal 
to a, and 7 roots each equal to 6, Then the highest common divisor 
of f(x) and f'(a) is of the form (#—a)"— (« — by; whence (a—a)"— 
(w—b)’"-* = 0 is an equation having the equal roots sought. There- 
fore we can find the highest common divisor of (a—a)"—(a—by'—, and 
its differential coefficient which will be of the form (a—a)"—%a—b)’ -2, 
and write («— a)"—* («—b)—* = 0, as an equation containing the 
roots sought. This process continued will cause one of the factors 
(« — a) or (x — }) to disappear and leave (« — a)" = 0, when m > 7; 
(x—by—" = 0, when r > m; or (e—a) (a —b) = 0, when m=7, 
From any one of these forms we can readily determine a root. 
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184, Prop.—In an equation f(x) = 0, f(x) will 
change sign when x passes through any real root, if there is 
but one such root, or if there is an odd number of such 
roots ; but if there is an EVEN number of such roots, f(x) 
will not change sign. 


Let a, 6,c....¢ be the roots of f(%)=0, so that f(¢) = («—a) 
(v—b) (a@—e).... ger =0 (177). Conceive x to start with some 
value less than the least root, and continuously increase till it 
becomes greater than the greatest root. As long as « is less than the 
least root, all the factors z—a, z—D, etc., are negative; but when x 
passes the value of the least root, the sign of the factor containing 
that root will become +,* and if there is no other equal root, this 
factor will be the only one which will change sign. Hence the pro- 
duct of the factors will change sign. But if there is an even number 
of roots, each equal to this, an even number of factors will change 
sign ; whence there will be no change in the sign of the function. 
If, however, there is an odd number of equal roots, the passage 
of « through the value of this root will cause a change of sign 
in an odd number of factors, and hence will change the sign of the 
function. 


Finally, as it is evident that the signs of the factors, and hence of 
the function, will remain the same while z passes from one root to 
another, and in all cases changes or does not change as above when @ 
passes through a root, the proposition is established. 


The following example will be found very instructive: a +4a*— 
142*—17%¢—6 = 0. The least root of this equation is —3. When w< 
—8, f(®) is —; when « = —8, f(#)=0; when x passes —8, increas- 
ing, f (@) changes from — to +, and remains + till ¢ = —1, when it 
becomes 0, and changes sign as w passes —1, notwithstanding they are 
equal roots. But there is an odd number of such roots, viz., three. 
But in 2°—142? + 64¢—96 = 0, two equal roots of which wre 4, if we 
substitute 2 we get f(a) = —16, and substituting 5, f(#) = —1, the 
function not changing sign, although a root has been passed. 


* Suppose c be the least root, and that ¢’ is the next state of x greater than c; 
then c/—<c is +. 7 
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185. Prop.—Changing the signs of the terms of an 
equation containing the odd powers of the unknown ae 
tity changes the signs of the roots. 


Drem.—If 2 = a satisfies the equation a*—Aa*t+ Bz'—Cz+D = 0, 
we have a’— Aat+Ba’—Ca+D=0. Now changing the signs of the 
terms containing the odd powers of a, we have a*—Aat—Ba'+Ca+ 
D=0. This is satisfied by = —a, if the former is by x= a. For, 
substituting —a for z, we have a’—Aa‘*+Ba'—Ca+D =0, the same 
as in the first instance. 


186. Cor.—Changing the signs of the terms containing 
the even powers will answer equally well, since it amounts 
to the same thing ; and if we are careful to put the equation 
in the complete form, changing the signs of the alternate 
terms will accomplish the purpose. 


Inu.—The negative roots of z3—Ta+6 = 0, are the positive roots of 
—2+%z+6=0, or of a8—Ta—6=0 (0 being considered an even 
exponent) ; or, writing the equation 2°+02°—7a+6 = 0, changing the 
signs of alternate terms, and then dropping the term with its coeffi- 
cient 0, we obtain the same result. 

Again, the negative roots of # — 7a’ —5at+8x8— 1322? + 508¢— 
240 = 0, are the positive roots of 2°+725—5a4—8a3— 13222—508a—240 
= 0,or of —a*—7a5 + 5a4 + 823+ 1322? + 5082 + 240 = 0. 


187. Prob.—To evaluate* f(x) for any particular 
value of X, as X = a, more expeditiously than by direct sub- 
stitution. 


SoLution.—As / (2) is of the form 2 + Aa" + Ba"-°+ Car-* .. L, 
let it be required to evaluate 2*+ Az?+Ba?+Cx+D for «=a. Write 
the detached coefficients as PEO, with a at the right in the form of 
a divisor ; thus 


* This means to find the value of. Thus, suppose we want to find the value of 
u°—ba* + 20*—3o5 +60°—e—12, fore = 5. Wemight substitute 5 for 2, of course, 
and accomplish the end. But there isa more expeditious way, as the solution of 
this problem will show. 


ei 
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1 +A +B +0 +D |a 
@ a+ Aa a®+ Aa®+ Ba at+ Aa+Ba?+Ca 


@+A @+Aa+B a+Ae?+Ba+C a+ Aa*+ Ba?+Ca+D 


Having written the detached coefficients, and the quantity a for which 
J (@) is to be evaluated as directed, multiply the first coefficient 1 by 
@, write the result under the second, and add, giving a+ A. Multiply 
this sum by a, write the product under the third coefficient B, and 
add, giving a@?+ Aa+B. In like manner continue till all the coeffi- 
cients (including the absolute term, which is the coefficient of 2°) 
have been used, and we obtain a+ Aa?+ Ba®+Ca+D, which is the 
value of f(x) for z = a. 


ILLUSTRATION.—To evaluate 26 —5a> + 2a — 323 + 6? —v—12, for 
e013 


th oh. adi8 —3 +6 -1 12/8 
oe... 10 35 205 ~=——«1020 
0 2 7 41 204 = 1008 


Now 1008 is the value of 2°—5z°+2ct—80* + 62*—a2—12, fora =5;__ 
and it is easy to see that much labor is saved by this process. 

We are now prepared for the solution of the following 
important practical problem : 


188. Prob.—To find the commensurable roots of numer- 
ical higher equations. . 

The solution of this problem we will illustrate by practical 
examples, 


EXAMPLES. 


1. Find the commensurable roots of a5 —2a*— 1528 + 82? + 
6827+48 = 0, if it has any. 

SoLution.—By (174), if this equation has any commensurable 
roots they are integral ;—it can have no fractional roots. 


Again, by (172), the roots of this equation with their signs 
changed are factors of 48. Now, the integral factors of 48 are 1, 2, 3, 
4, 6, 8, 12, 16, 24, 48. Hence, if the equation has commensurable 
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roots, they are some of these numbers, with either the + or — sign, 
We will, therefore, proceed to evaluate f(z) (i. ¢, in this case ¢ — 
2at— 15a + 82° + 682+ 48), fore = +1,7=—1,a= +2,2= —2, etc, 
by (187), as follows: 


1 —2 —15 + 8 +68 +48 | +1 
a eee 
—1 —16 —8 60 108 
Hence we see that fora = +1, f(x) = 108, and +1 is not a root of 
S(2)=90. Trying « = —1, we have . 
1 -2 —15 + 8 +68 +48 | —1 
-1 45 _12 ote ee 
—3 —12 20 48 0 


Thus we see that for 2 = —1, F (@) = 0, and hence that —1 is a root 
of our equation. 

We might now divide f(x) by «+1 (173) and reduce the degree 
of the equation by unity. But it will be more expeditious to proceed 
with our trial. Let us therefore evaluate f(z) forz= +2. Thus: 


1 -2 —15 + 8 +68 +48 | +2 
_2 Ba —30 —“4 +48 
0 —15 —22 24 96 


Hence for = +2, f(v) = 96, and +2is not a root. Trying ¢ = —2, 
we have 


1-2 -i6 48 +68 +48 | —2 
Se ge eens, . hee 
4 —-7 22 24 0 


Hence for «= —2, f(z) =0, and —2 is a root. Trying = +8, 
we have 


4-9 ~15 +8 +68 +48 +8 
_8 a ad —36 —84 —48 
1 ~12 —28 —16 0 


* Of course it is not necessary to retain the + sign, as we have done in the pre 
ceding operations: it has been done simply for emphasis. 
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Hence for x = +8, f(z) = 0, and +8 is a root. Trying « = —8, 
we have 


1 -—2 —15 + 8 +68 + 48 | —3 
Be aR ts vyenaee of San ye 
—5 ; 0 8 44 — 84 


Hence for « = —3, f eae —84, and —3 is not a root. Trying « a4 
we have 


1 -—2 AG? * e+ 8 +68 +48 | 4 
ies 1 RF BO, fy 48 Je 


2 —7 —20_ —12 0 
Hence for « = 4, f(x) = 0, and 4 is a root. 


We have now found four of the roots, viz., men —2, 3, and 4, 
Their product with their signs changed is 24. Hence, by (172) 48+ 
24 = 2 is the other root with its sign changed, 7. ¢., there are two 
roots —2. 


That our equation had equal roots could have been ascertained by 
the principle in (182) ; but as the process of finding the H. C. D. is 
tedious, it is generally best to avoid it in practice. 


to 11. Find the roots of the following: 


2. a!—a— 3927 + 24¢4+180 = 0; 

3. 2+52°—97—45 = 0; 

4, g+2a2%—23¢2—60 = 0; 

5. at—3a8— 14a? 4 482—32 = 0; 

6. 8—8a?+ 1372—6 = 0; 

% oA—l1la?+18¢—8 = 0;* 

§. 2—3a°+ 63—32?—327+2 = 03 

9. 2—132t+ 6728—1712? + 216z—108 = 0; 
10. a!—45a®— 407+ 84 = 0; 


— 
= 


. O—32t—9a3 4 21a’—102+ 24 = 0. 


* In order to apply the process of evaluation, the coefficients of the missing 
powers must be supplied. Thus we have 1+0—11+18—8. 
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12 to 17. Apply the process for finding equal roots (18% 
183) to the following: 

412. 24 82?+ 207416 = 0; 
13. 8—a—8r+12 = 0; 
14,- 8—5a°—82+48 = 0; 
15. a—11224+182—8 = 0; 
16. 24+1323+ 332°4+317+10 = 0; 
1%. 2—13at+ 67225—1712?+ 216x—108 = 0. 


18 to 24. Having found all but two of the roots of each 
of the following by (787), reduce the equation to a quad- 
ratic by (17), and from this quadratic find the remaining 
roots: 

18, 28—622+10e—8 = 0; 

19. at—428—82+ 32 = 0; 

20. 8—3er+242=—0; 

21. a4—6ae + 24~—16 = 0; 

22. aA—12a8 4 502?—847 4+ 49 = 0 ;* 

23. at— 9284 17274 2%2—60 = 0; 

24, a —4at— 16084 1122?—2082+128 = 03 


25. 2a—3a?+2a—3 = 05+¢ 

26. 3a8—2a2—62+4 —0; 

27. 8a8—262?+ 11lz+10 = 0; 

28. #t—to+ 3% = 0; (Look out for equal roots.) 
29. vt—6a3+ 94a°—327+44 = 0. 


* Apply the method for finding equal roots. 


3 a y y eo! 
+ We have © — 5a +e— =. Put G= 7s whence 7, sy + ifs =0, 


3k 3k? 
or y?— a y? + k°y— sae T 0. If now k=2, we have y°—3y?+4y—12 = 0, which 
can be solved as before, for one value of y, and the equation then poieee to a quad- 


ratic and solved for the other values, Finally, remembering that 7= an we have 
the values of x required, 


INTERPRETATION OF EQUATIONS. 423 


RRECTION V. 
eee) 
DISCUSSION, OR INTERPRETATION, OF EQUATIONS. 


189. To Discuss, or Interpret, an Equation 
or an Algebraic Expression, is to determine its 
significance for the various values, absolute or relative, which 
may be attributed to the quantities entering into it, with 
special reference to noting any changes of value which give 
changes in the general significance. 


Such discussions may be divided into two classes: 1st. 
The discussion of equations or expressions with reference 
to their constants; and 2d. The discussion of equations or 
expressions with reference to their variables. 


The following principles are of constant use in such dis- 
cussions: 


190. Prop.—A fraction, when compared with a finite 
quantity, becomes : 

1. Hgual to 0, when its numerator is 0 and its denomina- 
tor finite, and when its numerator is finite and its denomi- 
nator 0. 

2. Equal to ©, when its numerator is finite and its de- 
nominator 0, and when tts numerator is «© and tts denomi- 
nator finite. 

3. It asswmes an indeterminate form when numerator and 
denominator are both 0, and when they are both « .* 


Drm.—These facts appear when we consider that the value of a 
fraction depends upon the relative magnitudes of numerator and de- 
nominator. ; 


. # By this it is meant that > and = may haye a variety of values, not that they 
necessarily do have. 
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1. Let a be any constant and @ a variable, then the fraction < 
diminishes as « diminishes, and becomes 0 when zis 0. Again, the 


LS Maa * 
fraction 5 diminishes as 2 increases, and when 2 becomes ©, i. ¢., 


a 
greater than any assignable magnitude, 3 becomes less than any 


assignable magnitude or infinitesimal, and is to be regarded as 0 in 
comparison with finite quantities. (See 139 and 148, Drm., and 
foot-note.) 


Mi * 
2. As x increases, the fraction 4 increases, and hence when z be- 
comes infinite, the value of the fraction is infinite. Also, as # dimin- 


a 
ishes, the value of a increases; hence, when z becomes infinitely 


small, or 0, the value of the fraction exceeds any assignable limits, 
and is therefore 0. 


3. Finally, if @ and y are variables, > diminishes as @ diminishes, 
and inereases as y diminishes. What then does it become when 7=0, 


and y= 0? ¢. ¢., what is the value of ot Simple arithmetic would 
lead us to suppose that : was absolutely indeterminate, 7. ¢., that it 
might have any value whatever assigned to it, for = 5, since 
0=5x0=90; r= % since 0=7x0=0, etc. But a closer inspection 


0 
will enable us to see that the symbot 0 is not necessarily indetermi- 


nate, or rather that the expression which takes this form for particu- 
lar values of its components, has not necessarily an indefinite number 
of values for these values of its components. Thus, what the value 


" 
of y will be when # and y each diminish to 0 will evidentiy depend 
upon the relative values of x and y at first, and which diminishes the 
faster. Suppose, for example, that y =—5a;. then y= = . Now, 


suppose # to diminish ; the denominator will diminish 5 times as fast 
as the numerator, and whatever the value of z, the value of the frac, 
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: ; : x v , 
tion willbe}. Soif y= a, y= Te? which is 4 for any value of a, 
aaa | ah aa | 

Hence, when z=0, and y=0, we have 770 2% ee 
ieee. 1 x 
yO >t a5 — OE other value depending upon the rel. 
ative values of gand y. So, also, ife—=o,andy=o, 5 == =; but 
: 2 LID: BO 
if y = 62, we have f= == G- And so if y= 102, we have 
2 @ @ ql 

See ee Thus we see that the mere fact that numerator 


yo 10% 10° ; 
and denominator become 0, or become o, does not determine the value 
of the teapiion, t. @., ‘oes it an indeterminate i a 


191. A Real Number or Quantity is one which 
may be conceived as lying somewhere in the series of num- 
bers or quantities between — © and + oo inclusive. 


Inu.—Thus, if we conceive a series of numbers varying both ways 
from 0, ¢. ¢., positively and negatively to «, we have 


ee oe ety ek Oe Oe ae Se ee 


Now a veal number is one which may be conceived as situated 
somewhere within these limits; it may be +, —, integral, fractional, 
commensurable, or incommensurable. Thus, +15624 and —15624 
will evidently be found in this series. +4;4 may be conceived as 
somewhere between +5 and +6, though its exact locality could not be 
fixed by the arithmetical conception of discontinuous number. So, 
also, —1,¢ is somewhere between —5 and —6. Again, + VA 5 is some- 
where between +2 and +3, though, as above, we cannot locate it 
exactly by the arithmetical conception. 


The following Geometrical Illustration is more coniplete than the 
arithmetical. Thus, let two indefinite lines, as CD and AB, intersect 
(cross) each other, as at O. Now let parallel, equidistant lines be 
drawn between them, Call the one at a +1, that at 6 will be +2, at 
¢ +8, ete. So, also, the line at a’ being —1, that at d’ will be —2, at 
¢ —8, etc, Now conceive one of these lines to start from an infinite 
distance at the left and move toward the right. When at an infinite 
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distance to the left of O its value would be — », and in passing to O 


it would pass through all possible negutive values, In passing O it 
becomes 0 at O, changes sign to + as it passes, and moving on to 


c B 


9 : 
; = 
d 
r a } 3 ec 
- t 8 +/9 +09 
44/5 +/6 +7 + ee 
: 


4 D 


infinity to the right, passes through all possible positive values. Hence 
we see how all real values are embraced between — © and + 0, in- 
clusive.* 


192. An Imaginary Number or Quantity is 
one which cannot be conceived as lying anywhere between 
the limits of —o and +, as explained above. The 
algebraic form of such a quantity is an expression involving 
an even root of a negative quantity. 


EXAMPLES. 


1. What are the values of x and y in the expressions 
b' — db ab’ —a'b 
Z2=——,, ¥ = ———» when 0 = 0’ and a and a’ are 
a—eé a—4 
* For example, the student who is acquainted with the elements of geometry 
knows how to construct a line which is exactly equal to /5 (Gznom., Part I, 1220). 
This line he can locate between +2 and +8, and also between —2 and —3, since 
4/5 is both + and —. 


+ Transcendental functions afford other forms of imaginary expressions; for 
example, sin-?2, sec”? 34, log (—120), log (—m), etc. But our limits forbid the con- 
sideration of the interpretation of imaginaries, except in the most restricted sense, 
as indicating incompatibility with the arithmetical sense of the problem. 
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unequal? When 6=0' anda=a’? Whena=a' and 
6 and 0’ are unequal? What are the signs of « and y when 
b>6 and a>d’, the essential signs of a, a’, 6, and 0’ 
being +? When 0>0' and a<a’? If a and 0 are 
essentially negative, and a =a’, and 6 = 0’, what are the 
values of zand y? Ifa’ and 0’ are each 0? 


2. What general relation between a and a’ renders 


Grea 
7 —*_0? W ae 
1 + aa’ 0? What renders it of 


—a — 
ey ie 0, we must have a/—a=0, and 
1+aa! finite or infinite; or else we must have 1+aa’=o, while 
a/—a is finite or 0 (190). Now a'—a=0 gives a! =a; whence, 


SoLtuTion.—To render 


a—a 0 ra : c oa 
a ise which is 0 for any value of a, finite or infinite. 
Hence the relation a’ =a fulfills the first requirement. Let us now 
see if 1+aa/=o will also fulfill this requirement. This gives 


aa! = w, since subtracting 1 from o would not make it other than o. 
Thus we haye @ = “ . Hence, for all finite values of a (including 0) 


143 a’ —a ae ok ; 

a is wo, and ———, =, =~; which can only be 0 when a=m. 
z 1l+ad aa a 
je 
Therefore the particular values a! = ©» = a=, render oe = 0; 
but no general values do, unless a = a’. 
Te 

Again, in order that eae =o, we must have 1+aa' = 0, and 
a'—a finite or infinite; or else we must have a’—a =, and 1 +aa! 
finite or 0. Now 1+aa' = 0 gives 


1 
u == - 
1. wa t@ ails setaL =< 
Cra ae Tae wee aids Or ive :* 


* This reduction is made by dropping @ and 1, since the subtraction of a finite 
from an infinite, or the addition of a finite to an infinite, does not change the char- 
acter of the infinite. Thus, in this case, to assume that dropping @ and 1 affected 
the relation between numerator and denominator, would be to assign to @ and1 
some values with respect to the infinite a’. But this is contrary to the definition of 


an infinite. 
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for any value of a’, finite or infinite. Therefore the general relation’ 
é eee , 
“= nudes between @ and a’ renders ee =o.* Let us now see if 
a 1+aa 
the relation a/—a = © will dothe same. Now if a’—a =o, one or 
the other (a@’ or @ must be o. Let a’ =a. We then have 


' n 
aaa which can only be © whena=0. Hence the par- 


l+aa’~ aa’ a’ 
° a—a 
ticular values a! =o and a=0 render ero but no general 
‘ 1 
values meet the requirement unless a =——. 
a 


8. What general relation between a and a’ renders 


1— a _ 9? What renders it «0 ? 
a+a 
4. In the expression y = — 2a 44+ a? — 42 —5, 


how many values has y, im general, for any particular value 
of z? For what value or values of z has y but one value ? 
For what values of 2 is y real? For what imaginary ? For - 
what values of # is y positive? For what negative ? 


SOLUTION. — Writing the expression thus, 
y = —Qa—A4) + /2? — 4 —5, 
we see that the value of y is made up of two parts, viz., a rational 
part —Qa—4), and a radical part 4/2’°—42—5. But the radical part 
may be taken with either the + or the —sign. Hence, in general, 
for any particular value of @ there are two values of y. 2d. But if such 
a value is given to @ as to render the radical part 0, for this value of 2, 
y will have but one value, viz., the rational part. But the condition 
/v—4a—} = 0 gives ¢=5and—1. Thus, fore=—5, y = —6, but 
one value; and for e=—1, y= +6, also but one value. 3d. To 
ascertain for what values of a, y is real, we observe that y is real when 
e—dg— is positive, and imaginary when z*—4¢—5 is negative. 
Now for @ positive, °—(4%+5) is + when 2? >424+5; and for x nega- 


* It is to be observed that the relation q@ = — 5 requires that @ and a@/ have dif- 


ferent essential signs; while the relation @ =a ee that they have the * same 
essential signs. 
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tive, we have 2?+42%—5, which is positive when a?+4¢a>5. The 
former inequality gives a®’—4¢+4>9, or a>5; and the latter gives 
a’ +4¢+4>9, or z>1. Hence for positive values of x greater than 5, 
y is real, and for negative values of # numerically greater than 1, y is 
real. The 4th inquiry is answered by this: y is imaginary for all 
values of @ between —1 and +5. 5th. To ascertain what + values of 
# render y +, and what —, we observe that — (2a—4) + of P45 
can only be + when the + sign of the radical part is taken and when 
o/ P—ta—5 >2a—4. This gives «<2+4/—8, é.c, an imaginary 
quantity. Hence yisnever + forz +. Taking the negative sign of 
the radical, we see that both parts of the value of y are —, and conse- 
quently y is real and negative for all + values of # which render y 
real, 7. ¢, for values greater than 5. Finally, for « — we have 


y = +44 4/2+4¢—5. Now when we take the + sign of the radi- 
cal, both parts are + ; hence this value of y is always plus. When 


we take the — sign of the radical, y is negative if 2e+4<4/a?+4a—5. 


But this gives e< —2 + 4/ —8. Hence y is never negative for any 
negative value of x Therefore both values of y are positive and real 
for all negative values of # numerically greater than 1. 


5 to 22. Discuss as above the values of y in the follow- 
ing; 7. e, 1st. Show how many values y has in general, and 
whether they are equal or unequal; 2d. For what particular 
value or values of z, y has but one value; 3d. For what 
values of 2, y is real, and for what imaginary; 4th. For 
what values of 2, y is +, and for what —; 5th. Also 
determine what values of 2 render y infinite: 

5. y? + 2ay—2ae—4y—2+10 = 0;* 
6. y—2ary + 2a°—2y +22 = 0; 
% y+2ey+e—by+9 = 0; 
8. y+2ry+3e—4e = 0; 
9. yr—2xy + 32°+2y—4e—3 = 0; 

10. y+ 2ay—32°—4z = 0; 

ll. Y—2ay+e+a=0; 

* In all cases solve the equation for y in the first place. In this example 
y=—xt2+ V3u°— 8x — 6. 


S 
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12. yY—2ay+e—4y+e+4=0; 
13. Y—2ay+2*+2y4+1=—0; 
14. Y—2e'—2y + 6z—3 — 0; 
15. Y—2ay—3e8—2y+-Te—-1 = 0; 
16. y—2ey—2 = 0; 

1%. y’—2ay+2y+4ce—8 = 0; 
18. 4y?+ 4a? + 2y—3¢+4+12 = 0; 
19. 3y?—82? = 12; 

20. 12y?+ 4a? = 20; 

21. 2+y = 16; 

22. #—y? = 20. 


193. Arithmetical Interpretations of Nega- 
tive and Imaginary Solutions. 


1. A is 20 years old, and B16. When will A be twice as 
old as BP 


Sua’s.—We have 20+2 = 2 (16+); whence « = —12. The arith- 
metical interpretation of this result is that A will never be twice as old 
as B, but that he was twice as old 12 years ago, 7. ¢., when he was 8 
and B 4, - 


2, A is a years old, and B’. When will A be 7 times as 
old as B? For ”>1 what are the possible relative values 
of a and 0} consistently with the arithmetical sense of the 
problem? Interpret for a>nb, a = nb, a<nb when u>1. 
Also for n = 1, a>nb, a<nb, and a = nb. 


3. Two couriers, A and B, are traveling the same road in 
the same direction, the former at rate a, the latter at rate D. 


They are at two places ¢ miles apart at the same time. 
Where and when are they together ? 


SoLuTION AND Discusston.—Let XY represent the road which the 
couriers are traveling in the direction from X to Y, and A and B 
the stations which they pass at the same time, A being at A when B 
is at B,, and D or D’ the place at which they are together, Call the | 
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distance from B to the place at which they are together +z, +@ when 
D is beyond B, and —z when it is on the hither side of A and B, as at 


r 6 * + 


D’. Then the distance from A to the point at which they are together 
is c+(+a). Now disregarding the essential sign of x, and leaving it 
ta be determined in the sequel, we have 


Distance A travels from A=c+2, 
Distance B travels from B= 2; 


Time from passing A and B to the time they are together =! 


a 
and —. But these are equal. Hence we are to diseuss the equation. 


b 


—=-+ asi ae sndead=—> 
= ~ a—b’ ~ a—b- 


The points to be noticed in the discussion are, (1) when a>), (2) 
when a<b, (8) when a = b, ¢ being greater than 0 in each case but 
not ©. Also the like cases when c = 0. 


When c<0 but not ©. 


We have, for a>), a positive, which shows that the point at which 


they are together is at the right of B, i. ¢., in the direction which they 


are traveling. The time, 5 (or +2), is positive, which shows that 


they are together after passing A and B. 


For a<b, 2 is negative, and c+2, which equals = is also nega- 


tive. This shows that they were together at a point at the left of A, 


that is, before they reached the stations " and B. jes this the 
c+a 
expressions for the time also agree. Thus — b ” becomes —F,8 and —— 


is also negative, since in this case a>c. 
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be _ be ; 3 Sent aes 
When a=8, kage Ta tea and +e = ange 
which indicates that they are never together. 
When c = 0. 
: be ac 
In this case = = 0, and ¢+# =——- = 0, for a and b unequal, 


indicating that they are together when they are at A and B. This is 
evidently correct, since A and B coincide in this case. When a=), 
be 


{== ; ,and¢+a@= - which shows that they are always to- 


gether, 5 being a symbol of indetermination which in this instance 


may have any value whatever, as we see from the nature of the 
problem. 


194. Scu.—The student should not understand that the symbol 
O ahoays indicates that the quantity which takes this form has an 


indefinite number of values. It is frequently so, but not necessarily. 
The indetermination may be only apparent, and what the value of the 
expression is must be determined from other considerations. The 
Calculus affords the most elegant general methods of evaluating such 
expressions. But the simple processes of Algebra will often suffice. 
Thus for « = 1, 4 = sf But aac 1+2+2°, which, for 7=1 

1-7 0 1—a 4 


— = 38, for «=1. Here the apparent indetermina- 


is 8: Hence 


tion arises from the fact that the particular assumption (that « = 1) 
causes the two quantities between which we wish fhe ratio, viz., the 
numerator and denominator, to disappear. Let the student find that 
1—a 
1-«+2—a3 
stration.) 


= 24 for e=1, (See also 190, 3d part of demon- 


4. Two couriers starting at the same time from the two 
points A and B, ¢ miles apart, travel toward -each other at 
the rates a and 6 respectively. Discuss the problem with 
reference to the place and time of meeting. (Consider when 
a>b, a<b, and a = b.) 
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5. Two couriers, A and B, are traveling the same road in 
the same direction, the former at rate a, and the latter n 
times as fast. They are at two places ¢ miles apart at the 
same time. Discuss the problem with reference to place 
and time of meeting as in Ex. 3, adding the considerations, 
eet, 2 = 1, 2 0, 


6. Divide 10 into two parts whose product shall be 40. 


SOLUTION AND Discuss10on.—Let x and y be the parts, then « + y 


= 10, zy = 40, and @=5 + 4/—15, y=5 = »/—15. These re- 
sults we find to be imaginary. This signifies that the problem in its 
arithmetical signification is impossible: this indeed is evident on the 
face of it. But, although impossible in the arithmetical sense, the 
values thus found do satisfy the formal, or algebraic sense. Thus the 


sum of 5 + 4/— 15 and 5 — 4/— 15 is 10, and the product 40. 


_% The sum of two numbers is required to be a, and the 
product 6: what is the maximum value of 4 which will ren- 
der the problem possible in the arithmetical sense ? What 
are the parts for this value of 0 ? 


8. Divide a into two parts, such that the sum of their 
squares shall be a minimum. 


Sua’s.—Let x and a —~ be the parts, and m the minimum sum. 


Then 
e+ (a—2)P?= 20° — 2aa + PF = mM; 


whence a = 4a + 34/2m — a®. From this we see that if 2m > a’ z is 
imaginary. Hence the least value which we can have is 2m = a’, or 


m = 3a. 
9. Divide a into two parts, such that the sum of the 
square roots shall be a maximum. 


10. Let d be the difference between two numbers: re- 
quired that the square of the greater divided by the less 


shall be a minimum. 
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11. Let a and 4 be two numbers of which ais the greater, 
to find a number such that if @ be added to this number, 
and b be subtracted from it, the product of this sum and 
this difference, divided by the square of the number, shall 
be a maximum. 


Sue’ 8. —Let n be the number, and m the required maximum quo- 


n? + (a — b)n — ab 


tient. Then by the conditions = m, whence we 


n 
find 
ne Ob, VET REDS hai 
7 Wt Soe ly - 24 — me) i 
From this we see that the greatest value which m can have and ren- 
: (a+by eel eS are 
der 7 real is m = on oe This gives m = [et a 


12. To find the point on a line passing through two 
lights at which the illumination will be the same from each 
light. 


SoLution.—Let A and B be the two lights, and XY the line passing 
° LEGA ee ae 


through them, Let a be the intensity of the light A at a unit’s dis- 
tance from it, b the intensity of B at a unit’s distance from it, the 
distance between the two lights, as AB, and 2 the distance of the point of 
equal illumination from the light A, as AD (or AD’), Then, as we learn 
from Physics that the illuminating effect of a light varies inversely as 
the square of the distance from it, we have for the illumination of the 


point D by light A s , and for the illumination of the same point by 


light B But by the conditions of the problem these effects 


we 
"(e— a)" 


are equal ; hence we have the equation to be discussed ; viz.. 


ae b 
we (c— a)’ 
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This gives Com 2 ort t= i, fhe toe 


¢ 
a Wie a eal tee 


or, finally, 2 = ¢——_—_,, and # = ¢ ———_-~, 


which are the values of x to be discussed. 
Discussion.—l. Let c be finite and > 0. 
a 
1 When a4 >3,0 = eee —>de, since i Sines for 
fa + a/b fa + a/b 
a>b. This is as it should be, since for a> the point of equal 
illumination will evidently be nearer to B than toA. Again, the other 
a Ja 
value of @ gives © = ¢ —————= 76, since ————— is + and > 1, 
 Va— Vb /a— a/b 


when a >b, Hence we learn that there is a point beyond B, as at D’, 
where the illumination is the same from each light, 


If we assume 1/a = 24/0, AD = $e, and AD! = 2¢. 


9. It is evidently unnecessary to consider the case when a<b, since 
this would only situate the points of equal illumination with refer 
ence to A as the preceding discussion does with reference to B. 


8. When a =6, 


since, 


This ig as it should be, since it is evident that in this case the point 
of equal illumination is midway between the lights. Again, for the 


second value of 2, we have 


S66 ——— = 

a—v/b 
“This is also evidently correct ; for when the lights are of equal inten- 
sity there can be no point beyond B, for example, at which the illu- 


& @. 
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mination from A will be equal to that from B, except whenz=o, 
for which the illumination is 0 for each light. [Let the student give 
the reason. ] 

b 


Il. When c=0. In this case the original equation © = =e 


becomes - oe whence a=6. We then have 
we 8 
=C¢ MOLY _ Gg) 
/a+ar/b 
and gata ee hh ils Re 


The former shows that there is a point of equal illumination where 
the lights are (when. c =0 they are together), and the latter shows 
that any point in the line is equally illuminated by each light. Both 
these conclusions are evidently correct 


RECTION VI. 


PERMUTATIONS. 


195. Combinations are the different groups which 
can be made of m things taken m in a group, x being less 
than m. 


Itu.—Taking the 5 letters a, b, c,d, e, we have the 10 following 
combinations when the letters are taken 8 in a group, or, as it is 
usually expressed, taken 3 and 3: abe, abd, abe, acd, ace, ade, bed, bee, 
bde, cde. Taken 2 and 2, we have the following 10 combinations : ab, 
ac, ad, ae, be, bd, be, ed, ce, de. It is to be noticed that no-two combina 
tions contain the same letters ; i. ¢., they are different groups, 


196. Permutations are the different orders in which | 
things can succeed each other, 
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Int.—Thus the two letters a, b, have the two permutations ab, bu. 
The three letters a,b,c have the 6 permutations abc, acb, cab, bac, . 
bea, cba. 


197. Arrangements are permutations of com- 
binations. | 


Inu.—Taking the 10 combinations of 5 letters taken 3 and 3, and 
permuting each combination, we get the arrangements of 5 letters 
taken 3 and 8. Thus the combination abe gives the 6 arrangements 
. abe, acb, cab, bac, bea, cba. In like manner each of the 10 combina- 
tions of 5 letters taken 3 and 3 will give 6 arrangements ; whence, in 
all, 5 letters taken 3 and 3 have 60 arrangements. 


198. Prop.—The number of epabgonente of m things 
taken n and n is 


m (m—1) (m—2) (m—3).... (m—n+1). 

Drm.—Let us consider the number of arrangements which can be 
made of the m letters a, 0, c, d, etc., taken 2 and 2,.. Letting a stand 
first, we can have ab, ac, ad, etc., to m—1 arrangements. Letting b 
stand first, we can have ba, bc, bd, etc., to m—1 arrangements in each 
case, or m(m—1) arrangements in all. 

Again, each of these m(m— 1) 2 and 2 arrangements will give 
m—2 arrangements 8 and 3, by placing before it each of the letters 
not involved in it. Thus we have m(m—1) (m—2) arrangements of. 
m letters taken 3 and 3. 

Once more, each of these m(m—1) (m—2) 3 and 3 arrangements 
will give m—38 arrangements 4 and 4, by placing before it each of the 
letters not involved in it. Thus we have m(m—1) (m—2) (m—3) 
arrangements of m letters taken 4 and 4, 

Finally, we observe the law; 7. ¢., the number of arrangements 
is equal to the continued product of m(m—1) (m—2) (m—3).... 
{m—(n—1)} or m(m—1) (m—2) (m—8).... (m—n +1). 


199. Cor. 1.—The number of Permutations of m 


things is 
1.2. a 


This i is evident since arrangements become permutations when the 
number ina group is equal to the whole number considered ; 4. nn 


when 2 = ™. 
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200. Cor. 2—If » of the m letters are alike (as each a), 
q others alike, others alike, etc. the number of permuta- 
tions ts 
1-2-3-4....m 
Ip x lq x [rx ete. 


Thus consider the permutations of a, b, ¢, d, viz., abed, bacd, aedb, © 
eda, acd, bead, abde, bade, adcb, bdca, etc, Suppose 6 to become a, 
then since for any particular position of c and d, as in abed, there are 
as many permutations of the four letters as there can be permutations 
of the two letters a and b, viz.,1x2; if b becomes a there will be 
1x2 fewer permutations when these two letters are alike than when 

9-3-4 
they are different, 7. ¢., a 

So, in general, if p of the letters are alike, there will be 1-2-3... 

p, or |p fewer permutations than if they are all different, ete. 


201. Cor. 3.—The number of Combinations of m things 
taken n and n is 


m (m—1) (m—2) (m—3) .... (m—n+1) 
1-2-3-4....n 


Since arrangements are permutations of combinations, the number 
of arrangements of m things taken m and 7 is equal to the number of 
combinations of m things taken n and n multiplied by the number of 
permutations of 7 things. Hence the number of combinations is equal 
to the number of arrangements of m things taken n and n divided by 
’ the number of permutations of 7» things. 


EXAMPLES. 


1, How many permutations can be made of the letters in 
the word marble? Of those in home? Of those in 
logarithms? 

2. How many arrangements can be made of 10 colors 
taken 3 and 3? Of 7 colors taken 2 and 2? Taken 3 
and3? 4and4? 5and5? 6and 6? Yand 7? How 
many mixtwres in each case, irrespective of proportions ? 
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3. How many different products can be made from the 
9 digits taken 2and2? 3 and 3? 4 and 4? 5 and 5? 
6and6? Yand%? 8and8? 9and9? 

4. How many different numbers can be represented by 
the 9 digits taken 2 and2? 3and3? 4 and 4? ete. 

5. In a certain district 3 representatives are to be elected, 
and there are 6 candidates. In how many different ways 
may a ticket be made up-? 

6. There are % chemical elements which will unite with 
each other. How many ternary compounds can be made 
from them? How many binary? 

”. How many different sums of money can be paid with 
1 cent, 13-cent piece, 1 5-cent piece, 1 dime, 1 15-cent 
piece, 1 25-cent piece, and 1 50-cent piece ? 

Sua.—If taken 1 and 1, how many? If 2 and 2, how many? If3 
and 8, etc.? How many in all? 


8. In how many ways can 12 ladies and 12 gentlemen 
arrange themselves in couples ? 

9, If you are to select 7 articles out of 12, how many 
different choices have you? 

10. How many different sums can be made from 1, 2, 3, 
4, 5, 6, taken 2 and 2 ? 

11. How many permutations can be made from the 
letters in the word possessions? (See 200.) How . 
many from the letters in the word consisten- 
cies? 

12. How many different signals can be made with 10 
different-colored flags, by displaying them 1 at a time, 
2 at a time, 3 at a time, etc., the relative position of the 
flags with reference to each other not being taken into 


account ? 
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PHYSIOLOGIES. 
Hooker’s First Book in Physiology. For Public Schools. 
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Hooker’s New Physiology. Revised, corrected, and put 
into the most perfect form for text-book use. By J. A. SEWALL, 
M. D., of the Dlinois State Normal University. ; 

A few of the excellenci2s of these books, of which teachers and others have 
spoken, are: ist. Their clearness, both in statement and description. 2d. The 
skill with which the interesting points of the subject are brought out. 3d. The 
exclusion of all useless matter ; other books on this subject having much in 
them which is useful only to medical students. 4th. The exclusion, so far as 
is possible, of strictly technical terms. 5th. The adaptation of each book to 
its particular purpose, the smaller work preparing the scholar to understand 
the full development of the subject in the larger one. 6th. In the larger work 
the science of Physiology is brought out as it now is, with its recent important 
discoveries. ‘th. Some exceedingly interesting and important subjects are 
fully treated, which, in other books of a similar character, are either barely 
hinted at or are entirely omitted. 8th. These works are not mere conypilations, 
but have the stamp of originality, differing in some essential points from all 
other works of their class. 9th. In beauty and clearness of style, which are 
qualities of no small importance in books for instruction, they will rank as 
models. 10th. The subject is so presented that there is nothing to offend the 
most refined taste or the most scrupulous delicacy. 
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All the principles are clearly stated, fully WMustrated, and extensively ap- 
plied in a great variety of examples in every-day life, for practice in Book- 
keeping, 


Palmer’s Blanks to do. (5 numbers). 


Palmer’s Practical Book-Keeping. By Josmru H. 
PatMER, A.M., xastrnator in New York Free ra ie 12mo. 
167 pages. 
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Hills Elements of Rhetoric and Composition....... 
By D. J. Hit, A.M., President Lewisburg University, author 
of the Science of Rhetoric. Beginning with the selection of a 
theme, this book conducts the learner through every process 
of composition, including the accumulation of material, its 
arrangement, the choice of words, the construction of sentences, 
the variation of expression, the use of figures, the formation of 
paragraphs, the preparation of manuscript, and the criticism of 
the completed composition. ; 


Hill’s Science of Rhetoric, . Sens sae Feel omen ih Falslorgia ae 
An introduction to the Laws of Effective Discourse. By 
_ DJ, Hon, A.M., President of the University at Lewisburg. 
12mo, 300 pages. 
- This is a thoroughly scientific work on Rhetoric for advanced 
classes. : 


Intellectual Philosophy (ELEMENTS OF), 426 pages...... 
By Francis WayLAnD, late President of Brown Univer- 
sity. 


The Elements of Moral Science............06ceeeecees 

By FRANCIS Wavyanp, D.D., President of Brown Univer- 

sity, and Professor of Moral Philosophy. Fiftieth thousand, 
-12mo, cloth. 


Elements of Political Economy ..........000ccceeeeens 

By Francis WayLAnD, D.D., late President of Brown Uni- 
versity. 12mo, cloth, 403 pages. 

Recast by Aaron L. Cuapiy, D.D., President of Beloit 
College. 

No text-book on 1 the subject has gained such general accept- 
ance, and been so extensively and continuously used, as Dr. 
Wayland’s. Dr. Chapin has had chiefly in mind the wants of 
the class-room, as suggested by an experience of many years. 
His aim has been to give in full and proportioned, yet clear 
and compact statement, the elements of this important branch 
of science, in their latest aspects and applications. 
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